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= [ntroduction

Lightweight manipulators are the focus of robotics research
due to their low usage of energy and positive economic
aspect regardless of the complexity of their mechanical
model.

The mechanical modeling of any serial link flexible
manipulator is based on the one of a single-link flexible
manipulator.

The mechanical modeling of a single-link in this work is based on
the Euler-Bernoulli beams kinematics.




In the state of art, the kinematics of the Euler-Bernoulli
beam is usually approached by the assumed traditional
deformation field that cannot allow having an
orthogonal elastic rotation matrix to the second-order.

The kinematic model in this work is based on the complete
second-order deformation field.




= Mechanical modeling

The system consists of a base subIjected to an applied
torque Tmot by a motor, a flexible link modelec{) as an
Euler-Bernoulli beam with a circular cross-section with
radius R, and length L and a payload with mass mp
and inertia matrix Ip at the free end of the link.

The beam is subjected to an axial stretching u(x,t), a
horizontal detlection v(x,t), a vertical detlection w(x,t)
and a torsional deformation d(x,t).

The beam deformations and their partial derivatives are
assumed to be small, shear due to bending, warping due
to torsion, air viscous friction are neglected.




1. Kinematics

Front
view

Top View




Let Ro be an inertial frame with origin Oo, R1 a frame
attached to the motor with origin O1 that coincides with
Oo and Rdm a frame attached to the cross-section of mass
dm whose axes are parallel to those of R1 before
deformation and whose origin Odm is the center of the
cross-section that is at a distance x from O1 along the

neutral axis of the link before deformation.

The position of Odm relative to R1 expressed in R1 after
deformation is:

) 1 X
'O10m = [x +u — 5 / (02 + w™)ds, v, w]"
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The rotation matrix of Ram relative to R1 after deformation

1-1(@0?+w?) -V +uv—-we¢ —w+uw +0¢]
1 v —u'v 1- 1(v2+¢?) —¢p — 10w
Rim = - -

w —u'w ¢— 1v'w 1— 3 (w?+¢?)

Rdm is verified to be orthogonal to the second-order of
Taylor expansion in the deformation variables.




Let P be a point of the cross-section with (x,y,z) its
coordinates relative to R1 before deformation.

The position of P relative to R1 expressed in R1 after
deformation is given by:

5 — P
lol — lOlOa'm =* lem i Odm

[x+u— 3 k['(;"(v’z +w?)ds +y(—v' +u'v —w'¢p) + z(—w' + u'w +v'p)]
P 1 2 2 P [y
0+ y(1- 102 +¢7)) +2(~¢ - W)

w+y(¢p— 10'w) +z(1 - 3 (w?+ ¢?))




Let R2 be a frame attached to the free end of the link whose
origin is O2 and obtained from Rdm by replacing x by L

If the position payload center of mass C relative to R2
expressed in R2 is given by:

20,C = [c,0,0]T

Then the position of C relative to R1 expressed in R1 is:

IO e L 1 : 1 - vl P of o f Vil NI
lff =[L+u — 5 (v +w?)ds +c(1 - §(u +wi)), v +c(vy —upvy), wp +c(wp —uywy)]
JO




The angular velocity of R1 relative to Ro expressed in Ro is:

°0 0 = [0,0,6]"

The angular velocity of Ram relative to R1 expressed in R1 is
found using this matrix

. 0 —W- Wy
= 1‘Rdm 1R(’{m = W 0 —Wg

—Wy Wz 0
Hence

e
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Qdm/l — [“’.\'r Wy, w:}




The Taylor expansion of 'Q,,,; to the second-order in the
deformation variables and after simplification gives:

1 . .
W N P+ E W' - ') Wy~ =1 00 ' + 09 w, &1 =10 = 'Y + g/
The gravity vector is represented in Ro by:

_>
°g =[0,0,—g]"




2. Dynamics

Kinetic Energy:

The kinetic energy T of the system is the sum of kinetic energies of the base, the link and the
payload linearized to the second order.

T=Tg+Ti+7T,

Where

1. -
Tp= 5139

IB is the base inertia about the Z0 axis.

i = % /]:/I;U(P/'D)Qdm
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o is the mass density of the beam that is considered
homogeneous




1— . — 1
T, = §(2,,/0.1r,,9,,/0+Empv(C/O)2

Where h Iy s

L= | & &
Is I I3

Hence
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o 1 . . : 1
+2Ig (H((rpL - 5 (v’[m’L - ﬂimi)]sm(ﬂ) + {—wi + li‘}_ib‘i + uiwi - U’L:;JL}cos[H)) +v’L¢L5m(H} - r}'LiLr’Lms(H)” + S Mp [I'I‘E + ﬂ% + ﬂ'.’i +cz(p}_2 + wiz}
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Potential Energy:

The potential energy V of the system is the sum of potential
energies of the base, the link and the payload linearized
to the second order.

The potential energy Vs of the base which is its
gravitational potential energy equals a constant Cs




The potential energy of the link is the sum of its
gravitational potential energy and its strain energy:

VI = Voravit + Vstr

Vgravit is the gravitational potential energy of the link that
equals:

v /R ol -5 &2~ wi
if = — araydx = pQm wax
gravit Jr—o ‘/,):0 /_\,:0 8ot Y £8 -/.\‘ZO‘ (




Vstr is the strain energy of the link and it is the sum of strain
energies due to different strains:

Vstr = Vu + Vo + Vo + V(P

Where

i 1 L 1 1 4. (L L ([ 1 4. (L
/ Eu2dV = —nRzE/ W2 w,:-// Edmv%ﬂ/:-nR4E/ /2 Vi = -]7/ 0’224V = -nR*E/ oy
2 0 2011V : 8 0 2 /1l 8 0
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E and G are the young modulus and the shear modulus of
the beam material respectively.

The potential energy of the payload is its gravitational
potential energy that equals:

Vp = —mp?OOC = mpg(w[_ + c(wi = u’Lwi ))




3.Rayleigh Dissipation Function

Rayleigh dissipation function R is the expression of the
energy dissipated due to motor friction and internal
damping effect of each deformation (u, v, w, ®), the
dissipation is based on the Kelvin-Voigt model whose
expression is given by:

R =Ryt + R+ R0+ A + E’/fq,
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The positive constant bm is the motor viscous friction
coefficient.

C x, Cy, Cz are the internal damping coefficients along the
x axis, the y axis, the z axis respectively, and Co is the
torsional internal damping coetficient.




4.Motion equations

The utilization of extended Hamilton principle yields the
motion equation and boundary conditions.

0 = [,2(8T — 8V + Tot 86 + 67)dt

where 0C is the variation of work done by the dissipative
forces whose expression is derived from Rayleigh
dissipation function as follows

# =1 [[fy ot eav W 5 =  [f, " sedv




The beam is clamped at the joint:

u(0,t) = v(0,t) =w(0,t) = ¢(0,t) =0 '(0,t) = w'(0,t) =0

The dynamic equation associated with O is :

Tiot = bm0 + %IBQ — [’1 (cos(ﬂ)sin(e)(w 4>L) +4>Lw (2cos(9)2 — l)) +1I (cos(G)sm( )((pl_ - w ) ‘f’L‘U 2cos(9)2 - l))+
( 4’L —w 2)(2(o~(9)2 -1) +4¢Lw}_cos(9)sm(9 ) 0[(¢ + = : "L“’L - 13;_1(7;_))(—1551'11(9) + Igcos(8)) + (—w}_ + t?iw;‘ + uiw;_ + v;_zf),_]( —Icos(0) — Igsin(0))]
- D?_ [¢p (— Issin(8) + Igcos(8)) + ZU’L(I5cos(9) + Igsin(0))] — (;)’ (13(0 - t?L n’Lvi - u;_v'L - J’Lwi) + (¢ + -12- (U’Lw;_ - U'LzuiJ)(l_qcos(G) + Igsin(8))
L
- (—w’L + u}_w;_ + “/L“’;_ + t?i(j)l_)(—l_:;sin(é?) + Igcos(0)) + mp{Q(Lz + u% + v:IZ_ +(2(1 = wf) + 2L[1¢L — % /(; (v'2 + w’z)ds +c(1— %(viz - wf))] +2¢c(uy + va’L)
i [ OB e + (L+¢c) (o) +c(0) —ah v} — +up (0 +cof ) —ny (vp + v +p O (20] L nr213 + L kAL 4+ k2 [F (02 +02)ix
L/O(L w'<)ds (L+c)(op +c(op —upop “L L)) up (op +cop)—uyp (v +cop) c')t 7r rr T /0 u U= )dx

1 4 (L L 1 L P} L 1 3 . L
+ - nR? / w'2dx +2mR? / xudx — - mR? / (L2 - .1‘2)(1!’2 - w'z)d.\' ) +2= (, RZ/ xodx — — 7TR4/ (-I’)' +a'd +u'd - Zw’(p)dx + rrRz/ (uo — t'w)d.\'>
4 Jo Jo 2 Jo ot 0 4 0 0




The equation satisfied by u:

0= g ( — 2R*1l + 2t R?0*u + 27tR*0%x + R (400 + 20v) — %nRWv") + R*Cxu"” + mR*Eu"

The equation satisfied by v:

0= ( —2nR?*0 4 %nR%‘” + 27tR?*0%v — R20?(2xv' + (3% — L?)v") — nR?(40u + 20u + 2x0) — %nRWu”)
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e R Gy " ZnR*Ev”” +my0*(L + c)v”

The equation satisfied by w:

= 1 1 A > > 5 P 1 ‘ P
0= g < —2nR?*w + EnRJ‘zD” - 571R*92w” — tR%0* (2xw' + (x* — L2)w") — nR494>’) —3 R*Czw™" + my6*(L + c)w”

] - 2
ol R*Ew"" — pgnR?

The equation satisfied by ®:

i= %’ ( — tR*¢ — R* (6w’ + 910’)) - %nRJ‘qu(j)" + %nR4G4)"




Since the beam at x =L, has a free end the boundary
conditions are:

d
0= —rrRZCXn}_ — f—;nRgvi - rrRZEu'L -3 [mp ("L —0(v, +cv}_))] +mp [OZ(ML +L+c¢)+6(vr fcz"'l_)]

0= ——aa—t - ]39v’L + w’l_( — I50sin(8) + IgBcos(0)) — m;,Gc(L — c)v'L] - 1390'L - Isﬂw'Lsiu(O) + I&cos(ﬂ)zvi - mp9c(L + c)v;_ + mpgcwi

g inR4cyn’L” - gnR‘*v’L 2 ‘Z’nR%(u’L —-1)+ inRJ‘Ep’L" = % [mp (PL +cop +0(L +c+uL)>] +mp (92(1)L +cvf ) —bap —92(L+(‘)v’L)

= gps_ 1 ot gy @ ’ / , Loas o , La g TOI
0= _ZHR CYZ’L — ;nR ELL ~ 5 I o +6(1— up) ) + I\ — 59(01_105(9) + ¢ cos(f) + (vLsm(H) +1Ig| — 59“’L"”(9) + ¢y sin(0) —thco_s((-))

+mp (czv;_ +cop +0c(L+c)(1—up)+ GCHL)] — I300] +I5 ( %(Jw'Lcos(G) — 9¢Lsin(9)) +1g ( %9114_5:’)1(9) + 94»,_(05(0)) +mp (92(—ch§_ +cop ) —Be(L+c)uy — 9an>

1 / 1 . ) . ;
0=z nR'!CZzD;_" +3 rrR4Ew;_" —mpg — g 7TR4I1"lL - g nR492w’L - gnR49¢>L —mp(@p + cz'(r'[_) - mp(-)Z(L — c)w;_




1 4 n 1 V. - dJ ) 9 : ’ " R, I s y . o " s ).
0=-— 1 R szv;_ % R E(U,L’ —mpge(1 — “IL) ~ 35 [Il (sm(ﬂ) w?_ — co>(9)sm(9)¢l_) +1p (coa(@) (U,L - co>(9)>m(9)¢q_> +1y ( - 2¢D'Lcos(9)5m(9) — ¢ (2cos(8)" — 1))

+1I5 ( %Gv'Lcos(B) - sin(ﬂ)(vi - O(uIL - l))) +1Ig (%Gvisin((?) +cos(0)( — zi - G(u'L - l))) +mp (czw'L + ch>] + 3604 + I5 ( - %GU,LCOS(Q) - OxllLsin(H))

- IG( - %Gv’l_sin(ﬂ) +0u;_cos(9)> - mPGZC(L+c)w;_

0=— % 7rR4C¢4'>'L - %nR4G¢/ - % [11 (COS(Q)zthL +cos(9)sin(9)wi) +1 (sin(@)zqu_ - cos(G)sin(G)tDi) + 1y (2605(9)51'"(9)¢L - zbi(Z«:os(@)2 — 1))

+1I5 ((0 - v’L )cos(6) — Gv'Lsin(O)) +Ig ((9 + vi)sin(é) + 911£cos(9))]




u, v, @ must also satisfy these conditions:

u(x,0) = lims oo u(x,t) =0

v(x,0) = lim; o v(x,t) =0,¢(x,0) = limy_00 ¢(x, 1) =0

and w must satisfy

w(x,0) = limy_e w(x,t) = D(x)

Where

With




F is the weight of the payload and equals mpg.

I is the second moment of area of the beam that have a
circular cross-section and equals:

R 2w 1

‘ ) ¢ lR

I = // y dydz = / / r‘co.s(ﬂ,f)z'rdrd'}f = T8
r=0 Jy=0 4

O is the foreshortening term due to the bending of the
beam, expressed by:




e Discussion

The motion equations are decoupled when the motor
rotate with constant angular velocity

i =kl
The equation satisfied by v yields U :Ll ("u")

Taking the time derivative of the equation satisfied by u
and using the last equation yields the PDE verified by v
That can be expressed by :

L,(v)=0




The equation satistied by w yields

./

¢ = La(w) +c

Taking both time and spatial derivatives of the equation
satisfied by ¢ and using the last equation yields the PDE

verified by w that can be expressed by:

L,(w)=0

Where L1, L2, L3, L4 are linear operators.




The mathematical problem:

Solving the previous partial differential equations with
coupled boundary condition.

The quest is to find a numerical method that yields stable
solutions




e (Conclusion

The single-link flexible manipulator's mechanical modeling
relies on solving the coupled PDE of motion. Once the
solutions are established, the mechanical modeling could
be extended to flexible serial link manipulators, which
will allow the development of new techniques for robust
control of their movements.
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