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Abstract: A smart flexible fuzzy-based regression is proposed in order to describe a non-constant 

behavior of the runoff as a function of the precipitation. Hence, for high precipitation, beyond a 

fuzzy threshold, a conventional linear (precise) relation between precipitation and runoff is estab-

lished, while for low precipitation, a curve with different behavior is activated. Between these curves 

and for a runoff range, each curve holds to some degree. Hence, a simplified Sugeno architecture 

scheme is established on no many logical rules. Alternatively, the model can be enhanced by using 

a combination between the fuzzy linear regression of Tanaka and the aforementioned simplified 

Sugeno architecture. The training process is achieved based on the Particle Swarm Optimization 

(PSO) method. 

Keywords: Fuzzy IF-THEN rules; particle swarm optimization (PSO); least square method; fuzzy 

regression; runoff estimation. 

 

1. Introduction 

Due to the complexity and the inherent uncertainty of the hydrological processes, it 

is rather impossible to apply white –box (or physical based) models to treat the hydrolog-

ical phenomena. Among the black box model, which can be used, the least square model 

is widely used. The scope of the article is to enhance the utility of the regression model by 

using fuzzy sets and logic. Hence, two models are proposed. The first one is based on the 

combination between the fuzzy reasoning and the least square method and the other is 

based on the couple between the fuzzy reasoning and fuzzy regression. 

Firstly, a simple relationship between precipitation and runoff at the annual scale, 

could be successfully described by the law presented in Equation (1): 

𝑅 = 𝑘(𝑃 − 𝑃0)  (1) 

where 𝑅 is annual runoff in mm, 𝑃 is annual precipitation in mm, and 𝑘 (dimension-

less) and 𝑃0 (mm) are two parameters that may be estimated through linear regression 

[1,2]. 𝑃0 may be interpreted as a rainfall depth threshold below which the runoff is zero 

and 𝑘 is a runoff coefficient at the annual scale. For humid climates, where annual pre-

cipitation is always greater than the runoff threshold, this simple relation is always valid. 

However, in certain arid or semi-arid climates, annual precipitation may be lower than 

the runoff threshold and this would yield negative runoff, meaning that the relationship 

may not be valid for low precipitation years. In this work, a solution for this problem is 

proposed. For a high annual cumulative precipitation, beyond a threshold, a conventional 

(crisp) relation between precipitation and runoff is established, while for low precipita-
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tion, a curve with lower slope must be derived. Between these curves, and for a precipita-

tion range close to the runoff threshold, each curve holds to some degree. Hence, initially, 

the conventional regression is used for each area. Furthermore the use of the fuzzy model 

proposed by Tanaka is later examined. 

A simplified Sugeno architecture scheme is proposed based on only two logical rules. 

The training process is achieved based on an interplay between the Particle Swarm Opti-

mization (PSO) method and either the conventional least square analysis or the widely 

used fuzzy regression model of Tanaka. Although there are many examples that illustrate 

the application of Sugeno Systems to water engineering problems based on the MATLAB 

toolbox and even if the errors remain within acceptable range, sometimes the rational and 

logical basis of the model is ambiguous [3,4]. On the other hand, there are also applications 

of the if-then systems based on a logical explanation, but these lack a proper training pro-

cess. The method proposed for the application presented in this work was successfully 

applied by Spiliotis et al. (2017)[3] to assess bedload transport in gravel-bed rivers as func-

tion of discharge. The combined use of the simplified Sugeno architecture with the fuzzy 

regression is proposed for first time in this work. 

2. Proposed Simplified Reasoning System by Using Crisp Regression 

The independent variable (here the annual rainfall) takes only two linguistic values 

(high and low) which correspond to quantitative fuzzy sets and hence, only two rules 

exist. Consequently, there are two areas without uncertainty where only one regression 

equation is activated. However, between two crisp areas (Figure 1) there is a grey area 

where both rules are activated to some degree. Based on Figure 1, it is obvious, that only 

two rules were structured, whilst in fact the grey area is between β1 and β2. 

In this work only one independent variable (annual precipitation) appears, P. For 

given variables β1 and β2, the following membership functions are modulated (Figure 1). 

From the picture, it is obvious that the following property holds: 

( ) ( )1 2 1P P + =   (2) 

 

Figure 1. Proposed simplified architecture of the fuzzy rule-based systems. 

As aforementioned, the reasoning consists of two rules: 

IF P (annual precipitation) is low THEN y (annual Runoff) is ( )10 11y a a P= +  

} (MODEL 1) IF P (annual precipitation) is high THEN y (annual Runoff) is ( )20 21y a a P= +  

In this model, the coefficients ( )10 11 20 21, , ,a a a a are crisp numbers, so finally a non-

linear crisp curve is produced as follow: 
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(3) 

where ( ) ( )1 2,P P   are the values of the membership functions of the linguistic terms 

low and high respectively (Figure 1). Each rule is activated with respect of the values of 

the corresponding membership function. 

In the case that the thresholds β1 and β2 are known then the next linear system of 

algebraic equations is produced [3,4] in order to determine the vector θ: 

 = bΛ θ    

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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In which M is the number of data. 
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(4) 

In addition, b is the matrix that contains the values of the measured runoff (depend-

ent variables) 

Hence, according to the usual least squares method, the optimal vector θ* can be 

found: 

 =  
Τ Τθ* Λ Λ Λ b

  
(5) 

The coefficient of determination can be adopted to evaluate the proposed model [3,5]: 

( ) ( )2 * *R


= −   − b b      (6) 

Hence, if the thresholds β1 and β2 are known, the coefficients of the crisp linear equa-

tions can be determined with respect to Eqs (3) and (5). 

3. Proposed Simplified Architecture of the Fuzzy RULE BASED SYSTEM by Using 

Fuzzy Regression 

The main difference with the previous model is that for each rule a fuzzy regression 

is activated. Hence the model will produce a fuzzy band where all the data must be in-

cluded within the produced fuzzy band ([6], [7]). Therefore the following rule based sys-

tem is produced: 

IF P is low THEN Annual Runoff,  y is ( )10 11y a a P= +  

} (MODEL 2) IF P is high THEN Annual Runoff, y is ( )20 21y a a P= +  

In this new model, where the coefficients ( )10 11 20 21, , ,a a a a are fuzzy symmetrical 

triangular numbers, so a nonlinear fuzzy curve is produced. Hence, the problem con-

cludes to the following equation: 
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The tilde means the fuzziness and the characteristic of these numbers are the central 

value and the semi-widths. The aforementioned numbers are selected to be fuzzy sym-

metrical triangular numbers for simplicity reasons ([6]). 

Even if the new proposed model produces more complexity, the proposed model has 

the advantage that all the data are located within the produced fuzzy estimation of the 

annual runoff. However, if the produced fuzzy band is large the proposed model has no 

practical sense. Hence, the minimization of the width regarding the produced fuzzy esti-

mation of the annual runoff is the key question in order to evaluate the applicability of the 

model. The mathematical background of the Tanaka model can be found in [6], [7]. 

4. The Proposed Learning Process with the Use of PSO 

Particle Swarm Optimization (PSO) is a heuristic, stochastic global optimization 

method based on the behavior of the swarm [8]. Each possible solution is called a particle, 

and the set of potential solutions in each iteration creates the ‘swarm’. A ‘swarm’ has a di-

mension N’, in which N’ is the number of examined solutions. Each examined solution is 

made up of D variables, in which D is the dimension of the problem [9] (Spiliotis et al., 

2016). Here, D= 2, that is the couple (β1, β2). More details about the method can be found 

in [8–10]. 

Firstly, a swarm of candidate solutions is randomly structured. Each of them contains 

only the (crisp) values of the β1, β2 which are the aforementioned parameters of the mem-

bership functions. Two cases can be distinguished. The first one is the use of crisp regres-

sion and hence the least square method is activated whilst the second choice is the use of 

the fuzzy model of Tanaka. In the case of the Tanaka fuzzy regression is used, for each 

candidate solution a linear programming problem is used. 

5. Case Study 

The proposed method was successfully applied to the basins of two water resource 

basins in Spain: the Rio Piedras and Rio de Aguas basins. The Piedras River is a coastal 

river in the southwest of Spain. It drains a contributing basin of 550 km2, running from 

north to south along 40 km in the Huelva province. Mean annual precipitation is 574 

mm/yr and mean annual runoff is 106 mm/yr. It is regulated by the Piedras and Los 

Machos reservoirs, which are operated for water supply and irrigation. The Aguas river 

is a short coastal river in the south of Spain, running along 65 km through the east of the 

province of Almería. The contributing basin is 547 km2. The climate is semiarid, with mean 

annual precipitation of 334 mm/yr and mean annual runoff of 41 mm/yr. 

Based on the proposed adaptive crisp regression between rainfall and runoff the re-

sults are presented in Figure 2 in the case of Rio Piedras. 
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Figure 2. The proposed method and the conventional regression applied in order to assess a relation 

between annual precipitation and runoff in the case of Rio Piedras. 

The proposed method recognizes the grey region between regarding the precipita-

tion ( 524.06, 1,013.43) that is, a large non linear behavior. The produced equation is: 

( )

( )( ) ( )( ) ( ) ( )1 2 1 222.1599?  35.8763? .1287 0.38  28

DICH P

P P P P P P   

=

+− +  +    (8) 

Another important question is the Evolution of the swarms. After s significant num-

ber of iterations, but not immediately, the convergence of the swarm is obvious (Figure 3). 

 

Figure 3. The evolution of the parameter (β1, β2) after a sufficient number of iterations in the case 

of Rio Piedra. 
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Figure 4. The proposed method and the conventional regression applied in order to assess a relation 

between annual precipitation and runoff in the case of Rio de Aguas. 

The method is also applied in the case of Rio de Aguas Basin. The results are shown 

at Figure 4. In both cases, a significant grey zone exists as it can be sown from Figure 2 

and 4. The results for the examined cases indicate that the proposed method simulates 

better the relation between the annual precipitation and the annual runoff compared to 

the conventional crisp regression. 

Next, the proposed fuzzy rules with the simultaneously use of the fuzzy regression 

model of Tanaka is used in the case of Rio Piedras. The following fuzzy curve is produced 

(Figure 5): 

( )

( )( ) ( )( ) ( )( ) ( )( )1 2 1 2-6.3182, 3.3334? 250.4427, 76.0990? .0933, 0.0510? .6130,0.0029

DICH P

P P P P P P   

=

+ + +    (9) 

In the bracket, the first term denotes the central value and the second term expresses 

the semi –width. For instance the fuzzy estimation of the annual runoff in the case that the 

measured annual runoff is y = 98.8538 mm (in the case of Rio Piedras) is depicted in Figure 

6 

 

Figure 5. The proposed method with fuzzy regression curves applied in order to assess a fuzzy 

relation between annual precipitation and annual runoff in the case of Rio Piedras. 
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Figure 6. Fuzzy estimation of the runoff in the case that the annual runoff is y = 98.8538 mm in the 

case of Rio Piedras. 

The main difference between model 1 and model 2 is that in the last model all the 

data must be included within the produced fuzzy estimation of the annual runoff. The 

proposed method is suitable to estimate the annual water yield, but it is not intended to 

assess the peak flow under a significant rainfall. However, the second model requires 

more computational time. 
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