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Introduction

Origin of the Wentzell's problem

Throughout history, the wave equation has known a great deal of
work.

In our work, we are particularly interested in the wave equation
with boundary conditions of the Wentzell type, which are
characterized by the presence of differential operators of the same
order as the main operator.

These problems are involved in the modeling of many phenomena:

@ Mechanical like elasticity

@ Physics such as diffusion processes or wave propagation
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Introduction

Origin of the Wentzell's problem

Wentzell's conditions are obtained by asymptotic methods from
transmission problems, (Lemrabet. K [1]).
The following condition :

yu—Nru=g onT
for this equation
—Au+u="f in )

was first introduced by Wentzell (Ventcel) in 1959 [3], for
diffusion processes.

It models the heat exchange of the body () with the surrounding
environment in the presence of a thin film, very good conductor,
on the surface of the body.
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Introduction

The delay effect

Delay is the property of a physical system by which the response to
an applied force is retarded in its effect.

Whenever material, information, or energy is physically transmitted
from one place to another, there is a delay present, a delay in the
law of feedback modeling mechanical shift over time.

Delays so often occur in many :

@ Physical problems
@ Chemical, biological and economic phenomena
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Introduction

The model studied

We consider a wave equation with dynamical Wentzell type
boundary conditions, two non linear dissipations and delay terms
are localised in domain () and on part of boundary I'y, given by :

use — Au~+ g1 (ur) + pogi(ue(t—1)) =0, in Q x (0,00),
u=v, onT x (0,00),
u=20, on Ty x (0, 00),
Vit + % —Arv+pig(ve) + phg(ve(t — 1)) =0, on I'y x (0, 00).
(1)
Our objective is to show that this problem is well posed, that there
is existence and uniqueness of a solution.
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Introduction

The model studied

Equipped with the following initial conditions

(u(0),v(0)) = (up, vp), iIn QA xT, (2)
(ur(0),v£(0)) = (u1,v1), iIn QA xT, (3)
and
ur(x, t—7) = fo,(x, t — 1), in Qx (0, 71), (4)
vi(x,t —T) = fo,(x,t — 1), on T1 x (0, 7). (5)
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Introduction

The model studied

e () is a bounded open in R”, (n > 2), with smooth boundary
0Q) =T, divided into two disjoint open subsets I'g and I'y,
suchthat ' =ToUIl'; and @ =T UTI}.

@ A7v represents the tangentiel Laplacien.

° 3—5 is the normal derivative of u where v represents the normal

unit field to I', outward to Q).

@ The terms g (u:(x,t — 7)) and g2(v+(x, t — 7)) describe the
delays on the nonlinear frictional dissipations g1 (u¢) and
g>(vt), on Q) and T'y, respectively.

My, My, M, and b are positive real numbers.

T > 0 is a time delay.
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Introduction

The model studied

This model describes vibrations of a flexible body with a thin
boundary layer of high rigidity on its boundary I';.

Q _——————___thin boundary layer
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Introduction

System transformation (1)-(5) :

We consider the following change of functions :

z1(x,p, t) = u(x, t — p7), xeQ, pe(0,1), t>0,
z(x,p,t) = ve(x, t — p1), xeTy, pe(0,1), t>0.

Therefore, the system (1)-(5) is equivalent to :
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Introduction

System transformation (1)-(5) :

—Au+ g (ue) +pyg1(z1(x,1,t)) =0, in Q x (0,00),
Vit + 0yt — Arv 4+ 1igo(ve) + pthgo(z2(x,1,t)) =0, on T'y x (0, 00),
T(z1)e(x, 0, t) 4 (z1)p(x,p,t) = 0, in Q x (0,1) x (0, ),
T(22)e(x, 0, t) + (22)p(x, 0, t) =0, on I'1 x (0,1) x (0, c0),
u=v, onI x RT,
u=0, onTyxRT,
7z1(x,0,t) = us(x,t), in Q x RT,
2(x,0,t) = vi(x,t), onT1 X RT,
(u(0),v(0)) = (u w), in QA xT,
(ur(0),v+(0)) = (u1,v1), In QA xT,
z1(x,0,0) = fo, (x, —pT), in QA x(0,1),
2(x,p,0) =fy, (x, —pT), on I'1 x (0,1).
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Introduction

Assumptions on the damping and delay functions gi for i =
1,2:

(A1) gi : R — R is an odd non decreasing function of the class
C'(R) such that there exist r,(sufficiently small), ¢;, C;, ¢, a1, and
ap > 0 for i = 1,2 and a convex, increasing function:

H: Ry — R, of the class C*(R;)NC?(]0, oo[), satisfying :
H(0) = 0 and H linear on [0, r] or (H'(0) =0 and H” > 0 on

10, r]), such that

cils| <lai(s)| < Gils| if [s| =1, (7)

4 g2(s) < H '(sgi(s) if s| <, (8)
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Introduction

Assumptions on the damping and delay functions gi for i =
1,2:

a15gi(s) < Gi(s) < aasgi(s), (10)

where

Gi(s) = [ &y)dy.

(A2) aopy < aqpy and aopl, < aqpi.
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Introduction

The energy of the problem (6):

We define the energy associated with the solution of the problem
(6) by :

2
E(t)= *HUrH +* IVul? + lvellr, + HVTVHrl

w2 [ ([ @t nde) vt [ ([ Galaabnpap) oo

(11)
where ¢ and ( are strictly positive constants, such that
1— _
TVQ( DC]-) < éf < T‘ul ‘X2y2y (12)
1 RY]
!/
1—
Jelmwm) e (13)
a1 a2
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Introduction

Energy decay

The following lemma shows that the system (6) is dissipative.

Lemma

Let (u, v, z1,z2) be a solution of the problem (6). Then, there
exist positive constants ai, a, a3 and a, such that for all t > 0 :

El(t) < —31/Qutg1(ut)dx—az/rl vzl
—ag/Qzl(x,l,t))gl(zl(x,l,t))dx

—ay /1“1 ZQ(X,l, t))gQ(ZQ(X,l, t))d(T
<o (1)
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Introduction

Energy decay

where a; = (;41 - 50(2 - y2a2> Ay = (y’l - gocg - }l’20Q>

a3 = ((xr —1,(1 —le)) and a; = <1Xr — up(1 —“1)>
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Existence and uniqueness result of a solution

Existence and uniqueness result of a solution
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Existence and uniqueness result of a solution

Existence and uniqueness theorem

We introduce the following set:
H, (Q) = {v e H'(Q) / u|r, =0},

endow Hf (Q) with the Hilbert structure induced by H' (Q)).
Now, we state the existence and uniqueness theorem

Theorem

Let (ug, u1, vo, 1) €

H?(Q) N HE (Q)) x HE, (Q) x H* (T1) x H (Ty),

fo, € HE, (i H' (0,1)) and fy, € H' (T1; H* (0, 1)) , satisfy the
following compatibility condition :

ayuo—ATvo+y/1g2(v1) =0 on Iy,
fo, (., 0) = uy in Q, (15)
fo, (., 0) = v¢ on TIj.
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Existence and uniqueness result of a solution

Existence and uniqueness theorem

We suppose that (A1) and (A2) hold, then problem (6) possesses
a unique global weak solution satisfying for T > 0 :

(u,up,uy) € L%(0, T; [Hflo (Q)]2

(v,ve,ver) € L¥(0, T; [Hl (T1)]

x 12(Q)),

? x [2(TY)).
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Existence and uniqueness result of a solution

Proof of Theorem

We use the Faedo-Galerkin's method.
Let us define the approximations u”, v", z{" and zJ' by

W) = ila,"mw,, (t) = ibm)w,, (1) = if'"( 9,
2(t) = idﬁ(tﬂ,,

where a7, b7, ¢ and d” are from the class C? and {w;},.., ,
{‘7Vi}1</<nv {¢i}1<i<, and {¢;},;, are basis in the spaces
H2(Q) N HE (Q), H(I1) N H (T1), L2(Q % (0,1)) and

L2 (T1 x (0,1)), respectively,
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Existence and uniqueness result of a solution

Proof of Theorem

and verifying the following differential equations:

(uge, wi) + (V" Vi) + iy (g1 (uf), wi) + iy (81(2 (x, 1, £)), wi)
+(vir, Wi, + (Vv Vrw)r, + py(&(v)), wi)r,

+1y(&2(z5 (x, 1, 1)), wi)r, =0, 1<i<n,

(16)

1
/ / (T2, + 21, )p;dpdx = 0, 1<i<n (17)

O Jo

and -
/ / (125 + 25 )pidpde =0,  1<i<n,  (18)

Iy Jo
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Existence and uniqueness result of a solution

Proof of Theorem

with initial data:

u(0) =uf =Y 1a"(0)w; — up in (H2 Q)N Hrl0 (Q)) ,
uf (0) = uf = Y71 (af)e(0)wi — wy in H, (),
vi(0) =v§ =YX b?(0)w; — vo in (H2 ()N H? (Tl)) ,
v (0) = v =X (b)) (0)w; — vi in H' (Ty),
2 (p.0) = 25, = Y11 ¢/ (0)p; — fo, in  Hp, (QH(0,1))
2(0,0) =20 =Y7,1d"(0)p, — fo, in H' (I'1;H(0,1))
(19
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Existence and uniqueness result of a solution

Proof of Theorem

The local existence of solutions of the problem (16)-(19) is
standard by the theory of ordinary differential equations, we can
conclude that there is a t, > 0 such that in [0, t,], the problem
(16)-(19) has a unique local solution which can be extended to a
maximal interval [0, T] (with 0 < T < o0) by Zorn's lemma, since
the nonlinear terms in (16) are locally Lipschitz continuous.

We can utilize a standard compactness argument for the limiting
procedure and it suffices to derive some a priori estimates for

(u" v, 2z, 2.
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Existence and uniqueness result of a solution

Proof of Theorem

First estimate
We obtain, forany T >0

u" is bounded in L™ (0, T; Hf, (Q)), (20)
v" is bounded in L% (0, T; H'(T'1)), (21)
uf is bounded in L™ (0, T; L*(Q))), (22)
v is bounded in L™ (0, T; L*(T1)), (23)
ulgr(ul) is bounded in L'(Q x (0, T)), (24)
v (vf') is bounded in L}(I'; x (0, T)), (25)
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Existence and uniqueness result of a solution

Proof of Theorem

First estimate

Gi(z{)) is bounded in L® (0, T; L*(Q2 x (0,1))), (26)
Gy(2}))) is bounded in L (0, T; L'(T'y x (0,1))), (27)
2] (x,1,t)g1 (2] (x,1,t)) is bounded in L}(QY x (0, T)), (28)

20 (x,1,t)g (25 (x,1,t)) is bounded in L}(T; x (0, T)). (29)
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Existence and uniqueness result of a solution

Proof of Theorem

Second estimate

We obtain
uf is bounded in L™ (0, T; Hf, (Q)), (30)
v/ is bounded in L% (0, T; H'(I'1)), (31)
uf, is bounded in L* (0, T; L*(Q2)), (32)
viy is bounded in L* (0, T; L*(T1)), (33)
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Existence and uniqueness result of a solution

Proof of Theorem

Second estimate

z{ is bounded in L™(0, T; L*(Q2 x (0,1)), (34)

ZJ is bounded in L%(0, T; L*(I; x (0,1)). (35)
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Existence and uniqueness result of a solution

Proof of Theorem

Estimate for z{ and z]

We obtain
z{' is bounded in L* (0, T; Hf, (Q% L?(0,1))), (36)
Z) is bounded in L* (0, T; H (T'1; L (0,1))) . (37)
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Existence and uniqueness result of a solution

Proof of Theorem

The passing to the limit

Applying Dunford-Petti's theorem, we conclude from (20)-(37)

that there exists subsequences of (u"),, (v"),, (2])n and (23),

which we still denote by (u™),, (V")n, (2])n and (25),

respectively, such that

(u", 0, uly) — (u, ug, uge) weakly-star in L™ (0, T, [H%O(Qﬂ2 x 12 (Q)
(38)

(v, v, vii) = (v, vt, vie) weakly-star in L% (0, T, [Hl(l“l)}2 x 12 (Ty)
(39)

g1 (u) — x; weakly-star in L2((0, T) x Q),

2 (V") — x, weakly-star in L2((0, T) x Ty),
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Existence and uniqueness result of a solution

Proof of Theorem

The passing to the limit

z{' = z; weakly-star in L* (0, T; Hf, (Q; L*(0,1))),  (40)
zy — zp weakly-star in L% (0, T:H? (Fl; L? (0, 1))) , (41)
z{ — z1, weakly-star in L(0, T; L*(Q x (0,1))), (42)
Z) — 2z weakly-star in L*(0, T; L*(T; x (0,1))), (43)

g1(z](x,1,t)) — ¥1 weakly-star in L2((0, T) x Q),

2 (25 (x,1,t)) — ¥, weakly-star in L?((0, T) x Ty).
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Existence and uniqueness result of a solution

Proof of Theorem

The passing to the limit
Next, thanks to Aubin-Lions's theorem, we arrive at

u™ — u strongly in L* (0, T; L*(Q))) (44)
u’ — ug strongly in L2 (0, T; L*(Q))), (45)
v — v strongly in L? (0, T; L*(T1)), (46)
v — v strongly in L2 (0, T; L2(T1)), (47)
7 — z; strongly in [ (2 x (0,1) x (0, T)), (48)
28 — z; strongly in L? (T1 x (0,1) x (0, T)). (49)
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Existence and uniqueness result of a solution

Proof of Theorem

Analysis of the nonlinear terms
We obtain

{ g1 (ul) — g1 (ur) weakly in L2(Q x (0, T)), (50)
& (V) — g (v;) weakly in L2(T1 x (0, T)).
And
{ gz (x,1,t)) = g1 (z1(x,1,t)) weakly in L2(Q x (0, T)),
g (20(x,1,t)) = & (z22(x, 1, t)) weakly in L2(T1 x (0, T))( )
51
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Existence and uniqueness result of a solution

Proof of Theorem

Uniqueness of solution

By reasoning by absurd, i.e., supposing that there exist two
solutions (u, v, z1,2) and (&I, ¥, 21, 2,) of problem (6), with

(U, V., 21,2y) = (u,v,z1,20) — (0, V, 21, Z2).

Then, we will arrive at (U, V, Z;, Z,) = 0, hence the uniqueness.
This finish the proof of Theorem. [ ]
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Conclusion
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Conclusion

Conclusion

We studied the existence and uniqueness of a solution thanks to
the Faedo Galerkin's approximation, of a coupled wave/Wentzell
system, in the presence of two nonlinear frictional dampings and

two nonlinear delay terms, localized inside () and on the part I'; of
its boundary.
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