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PLAN OF THE TALK 1/2PLAN OF THE TALK 1/2

•• BackgroundBackground: : fromfrom differentialdifferential equationsequations toto algebralgebrææ ofof observablesobservables

forfor HamiltonianHamiltonian (conservative) (conservative) systemssystems via via symplecticsymplectic bracketsbrackets. . 

ProblemProblem: : frictionfriction breaksbreaks the the symplecticsymplectic frameworkframework;;

•• AlgebrizingAlgebrizing frictionfriction via the via the metriplecticmetriplectic formalismformalism: c: completeomplete

systems, Hamiltonian, entropy and systems, Hamiltonian, entropy and metriplecticmetriplectic algebralgebrææ;;

•• LagrangianLagrangian formalismformalism in in fluidsfluids and and parcelparcel variablesvariables: : fromfrom the 6N the 6N 

particleparticle variablesvariables toto the 6 the 6 parcelparcel centrecentre--ofof--massmass variablesvariables, , plus plus 

entropyentropy ofof the relative the relative variablesvariables;;

•• IdealIdeal fluidsfluids: : equationsequations ofof motionmotion, , LagrangianLagrangian and and HamiltonianHamiltonian

formulationsformulations;;

•• MechanismMechanism ofof dissipationdissipation: : frictionfriction betweenbetween twotwo nearbynearby parcelsparcels and and 

heatheat conductionconduction. . EquationsEquations ofof motionmotion ofof nonnon--idealideal fluidsfluids;;



PLAN OF THE TALK 2/2PLAN OF THE TALK 2/2

•• NonNon--idealideal fluidsfluids: the : the metriplecticmetriplectic formulationformulation;;

•• ConclusionsConclusions..
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ExtendedExtended definitiondefinition ofof ((nonnon--canonicalcanonical) ) HamiltonianHamiltonian dynamicsdynamics forfor a a 

generalgeneral dynamicaldynamical system:system:

•• therethere existsexists a a conservedconserved total total energyenergy (candidate (candidate HamiltonianHamiltonian HH):):

•• therethere existsexists a a goodgood PoissonPoisson bracketbracket ((antisymmetricantisymmetric 22--form on the form on the 

manifoldmanifold ofof the the motionsmotions satisfyingsatisfying JocobiJocobi’’s s identityidentity), so ), so thatthat the the 

motionmotion isis generatedgenerated byby itit asas::

AlgebrizingAlgebrizing dynamicaldynamical systemssystems: : definingdefining a a suitablesuitable productproduct, , turningturning the set the set 

ofof observablesobservables intointo a a closedclosed algebra algebra OO thatthat prescribesprescribes the the wholewhole dynamicsdynamics..



GiftsGifts ofof algebrizationalgebrization::

OrbitOrbit diagnosisdiagnosis withoutwithout solvingsolving the the equationsequations !!

ExactExact constraintsconstraints forfor numericalnumerical schemesschemes: : 

CasimirCasimir quantityquantity methodmethod

StraightforwardStraightforward implementationimplementation ofof

continuouscontinuous groupsgroups

IdentificationIdentification ofof symmetriessymmetries withwith conservationconservation lawslaws

CreditsCredits: : ““La Donna di CuoriLa Donna di Cuori”” ©© byby Milo Manara, Milo Manara, freelyfreely editededited byby MMMM



FrictionFriction hashas toto do do withwith::

Credits: 

http://www.ricerchefrequenti.it

/come-fare-una-sgommata/

•• StoppingStopping (i.e., (i.e., asymptoticasymptotic

stabilitystability););

•• WarmingWarming upup (i.e., (i.e., heatheat

production/transfer, i.e. production/transfer, i.e. 

irreversibilityirreversibility--entropyentropy););

•• MechanicalMechanical energyenergy dissipationdissipation (i.e., (i.e., 

breakup breakup ofof the the HamiltonianHamiltonian frameworkframework););

•• ThermodynamicsThermodynamics arisingarising naturallynaturally fromfrom mechanicsmechanics

(i.e., (i.e., microscopicmicroscopic degreesdegrees ofof freedomfreedom treatedtreated

statisticallystatistically))

WHAT ABOUTWHAT ABOUT FRICTIONFRICTION??



FrictionFriction breakesbreakes down the down the HamiltonianHamiltonian frameworkframework forfor variousvarious reasonsreasons::

Credits: 

http://www.enm.bris.ac.uk/teaching

/pendulum/maple2.html

•• FrictionFriction drivesdrives systemssystems toto asymptoticasymptotic

equilibriaequilibria,, shrinkingshrinking the the phasephase spacespace

volumevolume……

……whilewhile HamiltonianHamiltonian systemssystems conserve conserve 

phasephase spacespace volumesvolumes;;

•• MechanicalMechanical energyenergy isis wornworn out out byby frictionfriction, , 

so so whatwhat maymay play the play the rolerole ofof HamiltonianHamiltonian??
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DissipationDissipation involvesinvolves the the 

environmentenvironment, , hencehence renderingrendering

the primitive algebra the primitive algebra OO unableunable

toto predictpredict the the wholewhole dynamicsdynamics. . 

OO remainsremains incompleteincomplete..



NeedNeed ofof completingcompleting the dissipative systemthe dissipative system, in , in orderorder toto algebrizealgebrize itit::

•• includingincluding ““the the environmentenvironment””;;

•• rere--definingdefining aa suitablysuitably generalizedgeneralized productproduct <<<<ff,,gg>>>>;;

•• definingdefining a a newnew quantityquantity FF generatinggenerating the dissipative the dissipative motionmotion

CompletingCompleting the systemthe system meansmeans closingclosing itit

includingincluding the the interactinginteracting environmentenvironment: : 

needneed ofof environmentalenvironmental observablesobservables



EnvironmentalEnvironmental observablesobservables

mustmust havehave statisticalstatistical

naturenature: : frictionfriction isis a a heatheat

exchangeexchange withwith the the 

environmentenvironment, , hencehence

statisticsstatistics ofof the the variablesvariables

describingdescribing the the latterlatter arisearise

naturallynaturally..

““EnvironmentalEnvironmental quantitiesquantities”” completingcompleting

the system the system willwill describedescribe microscopicmicroscopic

statisticallystatistically treatedtreated degreesdegrees ofof freedomfreedom

((μμSTDOF): a STDOF): a complete systemcomplete system willwill bebe

describeddescribed asas ((ψψmacromacro,,PP((ψψmicromicro))))



MetricMetric systemssystems are are intrinsicallyintrinsically

irreversibleirreversible, , veryvery easilyeasily algebrizedalgebrized and and 

show show asymptoticasymptotic equilibriaequilibria and and LyapunovLyapunov

observablesobservables::

PrigoginePrigogine’’s s approachapproach: : the the entropyentropy

isis a a formform ofof LyapunovLyapunov functionfunction, , 

relatedrelated toto the the dissipative dissipative 

componentcomponent ofof dynamicsdynamics..

The The closedclosed algebra (algebra (OO’’’’,<<*,*>>) ,<<*,*>>) inlcudesinlcudes

the the spacespace--timetime transformationtransformation

generatorsgenerators ((energyenergy HH, , momentamomenta, , boostboost

generatorsgenerators) and the ) and the entropyentropy ofof the the 

μμSTDOF.STDOF.



KK isis a a LyapunovLyapunov,, monotonicmonotonic in in timetime alongalong the the motionmotion, , hencehence the system the system isis

irreversibleirreversible (and (and asymptoticallyasymptotically in in equilibriumequilibrium whereverwherever KK isis stationarystationary):):

A A symmetricsymmetric (positive(positive--))semidefinitesemidefinite 22--form (form (ff,,gg)) maymay bebe defineddefined producingproducing

the the motionmotion forfor the the metricmetric dynamicsdynamics::

The The metricmetric componentcomponent willwill bebe the the oneone prevailingprevailing nearnear a a locallocal asymptoticasymptotic

equilibriumequilibrium ((overdampedoverdamped limitlimit).).

HamiltonianHamiltonian systemssystems plus plus frictionfriction: : the the algebrizationalgebrization of the dissipative of the dissipative 

componentcomponent will make use of a will make use of a metric algebrametric algebra, with , with KK = = SS. The Hamiltonian . The Hamiltonian 

component will still be component will still be symplecticsymplectic..



•• The total The total energyenergy generatesgenerates symplecticallysymplectically the the nonnon--dissipativedissipative limitlimit ofof

the system, and in the system, and in thatthat purelypurely HamiltonianHamiltonian limitlimit the total the total entropyentropy

shouldshould remainremain constantconstant::

•• The total The total entropyentropy isis the the LyapunovLyapunov functionfunction generatinggenerating metricallymetrically the the 

dissipative part dissipative part ofof the system, the system, thatthat doesdoes notnot alter alter the total the total energyenergy::

TheseThese requirementsrequirements are are metmet byby thethe metriplecticmetriplectic formalismformalism (MF), (MF), thatthat putsputs

togethertogether thethe HamiltonianHamiltonian--conservativeconservative--symplecticsymplectic and theand the entropicentropic--

dissipativedissipative--metricmetric partsparts ofof the the motionmotion

HowHow shouldshould a a metricmetric and a and a symplecticsymplectic structurestructure coco--existexist??

•• The total The total entropyentropy increasesincreases due due toto the dissipative part the dissipative part ofof the system:the system:



MetriplecticMetriplectic algebraalgebra: the : the gradientsgradients ofof observablesobservables are are composedcomposed toto givegive

otherother observablesobservables byby a a bibi--linearlinear algebra algebra whichwhich isis partiallypartially symplecticsymplectic and and 

partiallypartially metricmetric

MetriplecticMetriplectic motionmotion via free via free energyenergy: a : a linearlinear combinationcombination FF ((free free energyenergy) ) ofof

HH and and SS isis constructedconstructed

and the and the dynamicsdynamics isis prescribedprescribed toto bebe metriplecticallymetriplectically generatedgenerated byby FF::



CreditsCredits: : ““DruunaDruuna”” ©© in in RomeRome, , byby SerpieriSerpieri, , freelyfreely editededited byby MMMM



MetricMetric bracketbracket: a : a symmetricsymmetric, semi, semi--definite 2definite 2--form on the form on the gradientsgradients ofof the the 

observablesobservables, , whichwhich hashas HH asas a a ““nullnull modemode””::

SS ofof the the μμSTDOF STDOF changeschanges onlyonly due due toto the the dissipationdissipation termsterms. In . In orderorder forfor SS

toto havehave naturallynaturally zero zero PoissonPoisson bracketbracket withwith HH, , itit isis expectedexpected toto bebe a a 

functionfunction ofof the the CasimirCasimir quantitiesquantities::

SinceSince SS isis a a CasimirCasimir and and HH hashas zero zero metricmetric bracketbracket withwith anythinganything, , oneone

hashas::
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•• The The fluidfluid sytemsytem isis representedrepresented asas a continuum domain a continuum domain evolvingevolving withwith

timetime. . ItIt isis subdividedsubdivided intointo infinitelyinfinitely manymany infinitesimalinfinitesimal parcelsparcels, , 

initiallyinitially spannedspanned byby a a continuouscontinuous 3D 3D indexindex aa. As the continuum . As the continuum 

evolvesevolves, the , the parcelparcel positionspositions are are z(a,t)z(a,t)..



•• EachEach parcelparcel isis formedformed byby

particlesparticles, the , the thermodynamicsthermodynamics ofof

whichwhich willwill complete the complete the physicsphysics ofof

the the parcelparcel cruciallycrucially..

•• The The position and position and momentummomentum ofof the the 

parcelparcel and    are the and    are the centrecentre--ofof--massmass

variablesvariables ofof thosethose particlesparticles..

•• The The equilibriumequilibrium

thermodynamicsthermodynamics ofof the the particlesparticles

formingforming the the parcelparcel completescompletes the the 

physicalphysical descriptiondescription throughthrough the the 

useuse ofof the the massmass--specificspecific entropyentropy

densitydensity attributedattributed toto the the parcelparcel::
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•• In the In the absenceabsence ofof frictionfriction and and thermalthermal conductivityconductivity the the parcelparcel isis expectedexpected

toto satisfysatisfy a a mechanicalmechanical actionaction principleprinciple, , thatthat requiresrequires the the surveysurvey ofof allall

formsforms ofof parcelparcel energyenergy toto bebe writtenwritten::

•• EulerEuler--LagrangeLagrange equationsequations forfor the the LagrangianLagrangian degreesdegrees ofof freedomfreedom ofof the the 

fluidfluid readread::



•• Out Out ofof the the LagrangianLagrangian densitydensity oneone can can writewrite the the HamiltonianHamiltonian densitydensity via via 

LegendreLegendre transformtransform::

•• HamiltonianHamiltonian’’s s equationsequations ofof motionmotion forfor the the position and position and momentummomentum ofof the the 

parcelparcel are are straightforwardlystraightforwardly obtainedobtained::

•• The The evolutionevolution ((conservationconservation) ) ofof the the parcelparcel’’s s entropyentropy maymay bebe foundfound

naturallynaturally passingpassing toto the the algebrizationalgebrization ofof the the idealideal fluidfluid……



•• An An ““apparentlyapparently canonicalcanonical”” PoissonPoisson bracketbracket isis defineddefined forfor the the idealideal fluidfluid in in 

the the LagrangianLagrangian formalismformalism::

•• The The equationsequations ofof motionmotion are are obtainedobtained nownow throughthrough thisthis symplecticsymplectic

algebraalgebra::

•• IdealIdeal fluidsfluids’’ parcelparcel entropyentropy isis conservedconserved: : thisthis maymay emerge emerge asas a a 

consequenceconsequence ofof the the absenceabsence ofof derivativesderivatives withwith respectrespect toto ss in the in the 

definitiondefinition ofof PoissonPoisson bracketbracket. . ThisThis factfact alsoalso rendersrenders the the entropyentropy a a CasimirCasimir

invariantinvariant::
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•• BeingBeing toto collisionscollisions fromfrom relative relative motionsmotions, , frictionfriction betweenbetween twotwo

nearbynearby parcelsparcels dependsdepends on on theirtheir velocityvelocity differencedifference ((gradientgradient)). . HeatHeat

conductionconduction insteadinstead dependsdepends ((linearlylinearly) on the ) on the temperature temperature differencedifference..

•• In the In the 

LagrangianLagrangian

formalismformalism thesethese

dissipationdissipation termsterms

enterenter the the 

equationsequations via via 

addenda addenda 

calculatedcalculated thanksthanks

toto the the 

diffeomorphicdiffeomorphic

nature nature ofof the the 

continuum continuum 

motionmotion..



•• EquationsEquations ofof motionmotion ofof the the nonnon--idealideal fluidsfluids in in LagrangianLagrangian

FormalismFormalism::
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•• NonNon--idealideal fluidsfluids: the : the metriplecticmetriplectic formulationformulation;;



The The centralcentral resultresult ofof thisthis presentationpresentation, , namelynamely the the metricmetric bracketbracket forfor

nonnon--idealideal fluidsfluids in in LagrangianLagrangian FormalismFormalism, , isis obtainedobtained out out ofof the the 

expressionexpression ofof the the samesame quantityquantity in in EulerianEulerian formalismformalism::

((ρρ, , ss and and vv are the are the EulerianEulerian variablesvariables mass densitymass density, , massmass--specificspecific

entropyentropy densitydensity and and bulk bulk velocityvelocity).).



ThisThis caveatcaveat rendersrenders itit possiblepossible toto writewrite the the metricmetric bracketbracket in in 

LagrangianLagrangian FormalismFormalism asas followsfollows::

OBTAINING THE RESULTOBTAINING THE RESULT

•• CorrespondenceCorrespondence betweenbetween EulerianEulerian and and LagrangianLagrangian variablesvariables;;

•• CarefulCareful ““dictionarydictionary”” betweenbetween the the FrechetFrechet derivativesderivatives::



EntropyEntropy generatesgenerates the dissipative part the dissipative part ofof momentummomentum and and entropyentropy--

densitydensity dynamicsdynamics throughthrough thisthis metricmetric bracketbracket::

•• A A suitablesuitable combinationcombination

ofof HamiltonianHamiltonian and and 

entropyentropy, , namelynamely the the free free 

energyenergy FF, , givesgives rise rise toto the the 

full full dynamicsdynamics ofof the the 

complete system, complete system, providedprovided

the the metriplecticmetriplectic bracketbracket

<<.,.>><<.,.>> isis defineddefined..
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•• NonNon--idealideal fluidsfluids: the : the metriplecticmetriplectic formulationformulation;;

•• ConclusionsConclusions..



•• FrictionFriction forcesforces, , actingacting withinwithin isolatedisolated ((completecomplete) ) systemssystems, are, are

algebrizedalgebrized..

•• Dissipative Dissipative motionmotion isis producedproduced byby a a suitablesuitable semisemi--definite definite 

symmetricsymmetric bracketbracket withwith the the entropyentropy ofof the the µµSTDOF STDOF ontoonto whichwhich

dissipationdissipation pourspours energyenergy..

•• The The symmetricsymmetric bracketbracket plus the plus the PoissonPoisson bracketbracket ofof the conservative the conservative 

motionmotion definesdefines the the metriplecticmetriplectic algebra <<algebra <<AA,,BB>> >> ofof the the observablesobservables ofof

complete complete systemssystems..

•• AllAll the the giftsgifts ofof the the algebrizedalgebrized PhysicsPhysics forfor the conservative the conservative systemssystems..

•• The The metriplecticmetriplectic formalismformalism algebraicallyalgebraically generatesgenerates motionsmotions

convergingconverging toto asymptoticasymptotic equilibriaequilibria forfor dissipativedissipative isolatedisolated systemssystems..



•• FluidsFluids in in LagrangianLagrangian FormalismFormalism: the : the motionmotion ofof the the continuouscontinuous

systemsystem isis givengiven byby the the diffeomorphismdiffeomorphism mappingmapping the the initialinitial material material 

domain domain intointo the the oneone at a at a laterlater genericgeneric timetime tt;;

•• IntrocingIntrocing the the parcelparcel variablesvariables: : ζζ and and ππ describedescribe the the dynamicsdynamics ofof the the 

centrecentre--ofof--massmass ofof the the parcelparcel, , whilewhile the the relative relative variablesvariables are are 

statisticallystatistically describeddescribed byby the the equilibriumequilibrium thermodynamicsthermodynamics ofof the the 

parcelparcel’’s s particlesparticles. . DilationDilation factorfactor J and J and entropyentropy density;density;

•• IdealIdeal fluidsfluids: : ζζ and and ππ are are involvedinvolved in a in a symplecitcsymplecitc dynamicsdynamics, , whilewhile

the the entropyentropy doesdoes notnot changechange at at allall, , beingbeing a a CasimirCasimir invariantinvariant;;

•• NonNon--idealideal fluidsfluids: the : the formerlyformerly definddefind symplecticsymplectic dynamicsdynamics isis

enrichedenriched byby a a metricmetric partpart, , conferingconfering toto ππ a a dissipative dissipative dynamicsdynamics, , 

whilewhile the the entropyentropy, , remainingremaining a a CasimirCasimir invariantinvariant, , monotonicallymonotonically

growsgrows due due toto the the metricmetric..



ThankThank youyou veryvery

muchmuch forfor youryour kindkind

attentionattention……

……butbut itit’’s s 

alreadyalready timetime

toto go.go.
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