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Abstract: Recently, the concept of generalized entropy has been proposed in the literature
of information theory. In the present paper, we introduce and study the notion of generalized
entropy in the interval (¢;,%3) as uncertainty measure. It is shown that the suggested
information measure uniquely determines the distribution function. Also, its properties has
been studied. Some results have been obtained and some distributions such as uniform,
exponential, Pareto, power series and finite range have been characterized by doubly
truncated (interval) generalized entropy. Further, we describe a few orders based on this
entropy and show its properties.
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1. Introduction

In survival studies and life testing, information about the lifetime between two time points is available.
In other words, event time of individuals which lies within a specific time interval are only observed.
Thus, the analyzer cannot have access to the information about the subjects outside of this interval.
For example, final products are often subject to selection checkup before being sent to the customer.
The usual practice is that if a product’s performance falls within certain tolerance limits, it is refereed
compatible and sent to the customer. If it fails, a product is rejected and thus revoked. In this case, the
actual distribution to the customer is called doubly (interval) truncated.

Nowadays, uncertainty measures has earned a great deal of authors attention. Shannon [16] was the
first one who introduced entropy, known as Shannon’s entropy, into information theory. For an absolutely

continuous nonnegative random variable X having probability density function f, Shannon’s entropy is
defined as



Entropy , 2

—/Ooof(x)logf(x)dx:—E(logf(X)). (1

It measures the expected uncertainty contained in probability density function about the predictability

of an outcome of X. There are several generalizations of (1). Khinchin [9] generalized (1) and defined

measure as
/ £ @) 6 (f () dr, @
where ¢ is a convex function such that ¢(1) = 0. By choosing two particular ¢, (2) can be rewritten
as
8 1 8
Hy (X):m 1— [ f7(z)dx 3)
and
B ﬁ
1 (00 = L tos ([ £ @) @

for some fixed # > 0 and § > 1. When 6 — 11in (3) or (4), then they tend to (1). For some
distributions, H (X) may be negative but one can find nonnegative H- 15 (X) and Hg (X) by choosing
appropriate value of (.

When a unit studied that survived up to an age ¢, the Shannon’s entropy is not suitable for measuring

the uncertainty. So the notion of residual and past uncertainty has been introduced. Ebrahimi [6], instead

of (1) defined
*f), f(2)
N /t Fa) 2 Fn™ ®)

where Iy (t) be the survival function of the X. It is well known from (5) that units which exhibit less

uncertainty in life times are more reliable and hence measure (5) has much relevance in characterizing,
ordering and classifying life distributions according to its behavior. See for more details Asadi and
Ebrahimi [2], Blezunce et al. [3], Ebrahimi and Pellerey [7] and Nair and Rajesh [13]. In the same spirit,
Nanda and Paul [14] have extended (3) and (4) for a unit surviving up to age ¢ as

HY (X,1) = % (1 - /too (%((xt;)ﬁdx> 6)
HY (X, 1) = ﬁlog ( /t h (;ﬁ;)ﬁda:) 7

respectively. It can be noted that when 5 — 1 in (6) or (7), then they tend to (5). In some practical

and

situations, uncertainty is related to past life time rather than future. As an example, one can be find past
uncertainty of a unit that failed at time ¢. The past entropy over (0, ) of random life time X have been
defined by Di Crescenzo and Longobardi [5] as



Entropy , 3

(X, t) = — /0 ;((”2 log ;((i;dx, (8)

where F'x(t) be the distribution function of X. Gupta and Nanda [8] have defined generalized past

ﬁf(X,t)_%l(1—/ot(J;($>de) 9)

o) (X,t) = ﬁlog (/Ot (?%i)ﬁdx) (10)

respectively. As f — 1in (9) or (10), then they reduce to (8).
In some situations, information between two points is considered. Therefore statistical measures in

entropies given by

and

information theory under condition of doubly truncated random variables must be studied. A dynamic
uncertainty measure for two sided truncated random variables has been discussed by Sunoj et al. [17],
Misagh and Yari [11] and Misagh and Yari [12] as an extension of Shannon entropy. They consider
the notion of interval entropy of random life time X in the interval (¢1,) as an uncertainty measure
contained in (X |t; < X < to) as

B t2 f(x) f ()
TH (Xt 1) = _/tl F(ty) — F (t1) o F(tz) — F (t1)

In this paper, an effort is made to develop some new characterizations to certain probability

dz. (11)

distributions and families of distributions using definition of doubly truncated generalized entropy which
are suitable for modeling and analysis of lifetime data. This paper is arranged as follows; in section 2,
as preliminaries, first and second kind of generalized interval entropies defined. Properties of these
entropies obtained in section 3. In section 4, a few ordering results are shown based of entropies defined

in section 2. Finally, conclusion is illustrated in last section.

2. Preliminaries

In this section, we define first and second kind of generalized interval entropies as uncertainty
measures and then these definitions obtained for some distributions.

Definition 2.1.

i) The first kind of generalized interval entropy of order [ for a random lifetime Y between time ¢,

and ¢4 is

IHf(X,tl,tQ):% (1—/00(]}( (y))’%lx), for B#1, >0 (12)
0

i1) The second kind of generalized interval entropy of order (3 for a random lifetime Y between time ¢,

and t, 18
THJ (X ty,t,) =

o ([T Ux ) ) o g1 520 (13)
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where fx (y) is the probability density function of Y X lti < X < ty and (t1,t2) € D =
{(u,v) € RY:F (u) < F(U)}.
Relations (12) and (13) for some § > 0 and 5 # 1 can be rewritten as

TH] (X, ty,t) = ﬁ (1 B /j (F(tzf(—x; (t1>>ﬁdx)

_ 1 fx) N\
S (1‘E(F<t2>—F<t1>> ) (9
and
5 B 1 to f lL‘) B
IH2 (X,tl,tg) = 1_510g </tl <F(t2)—F(t1)> dx)
1 fx) N\
= 258 (rrs r) (4
respectively. Equations (14) and (15) leads to
(3= D IH] (Xotists) = 1= (F ()~ F o) [ (f (@) o 16
and b
(1= B) THy (X, 1y, t2) = log / (f () dx — Blog (F (t2) = F (1)) (17)

respectively. When the system has the age t;, for different values of 3, I Hf (X, t1,12) provides the
information spectrum of the systems remaining life until age 5.

Also, we have lim TH? (X, t,,t;) = H, (X,t,) and lim TH? (X t1,t,) = HY (X,t;). The same
2— 00

t1—0t
results hold for THY (X, t1,t5).
In the Example 2.1, THY (X, ¢1,t,) and THY (X, t;,t,) obtained for some distributions. We first give
definition of general failure rate (GFR) functions extracted from Navarro and Ruiz [15].
Definition 2.1. The GFRs of a random variable X having density function f (x) and cumulative
distribution function F' (z) are given by h; (t1,12) = %, j=12.
Example 2.1. Let X be a random variable with

i) exponential distribution with survival function F' (z) = e=%%; 2 > 0 then

1 1
and . .
TH (X, t1,t2) = — 5los (—% [hg (t1,ts) — hf (tl,tQ)D (19)

ii) finite range distribution with survival function F' (z) = (1 — az)’;0 < < £,b > 0,a > 0 then

1

TH? (X, t1,t5) =31 (1— el

b—11)+1) [(

1= at) BY (1, bs) — (1 — ats) B2 (11, zz)]) (20)
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and

1 1
1—ﬁ10g<a(ﬁ(b—1)+1)

iii) Pareto II distribution with survival function F (z) = (1 +pz)~% 2 > 0,p > 0,¢ > 0 then

THS (X, t1,ts) = [(1 —at) hY (t, 1) — (1 — ats) B (tl,tg)]) Q1)

1 1
THE (X, t,t) = ] (1 - [(1 +pt)h (t1,t) — (1 + pto)R? (1, tz)D (22)

and
THY (X 1y, t) =

: i 5 log <1% [(1 + pta)hh (ty,ta) — (14 pty)hY (1, t2)}) (23)

iv) power distribution with survival function F (z) = 1 — (%)b 0 <z <a,a>0,b>0then

8 _ L (e s ot s
IHl(X,tl,tQ)_B_l[l (6(6_1)+1h2(t1,t2> ﬁ<b_1)+1h1(t1,t2))} (24)

and
1

IH?(X,tl,tQ): m

hy (ti,t2) —

W (ty, m)] (25)

3. Properties

In order to attain a decomposition of HY (X) and HY (X) similar to that given in Proposition 2.1 of
Di Crescenzo and Longobardi [4] we have the following theorem.
Theorem 3.1. For a random lifetime X, H” (X) and H} (X) can be expressed as follows

H(X) = 57— mﬁ—(ti) (1- G- DH (X.0)
_ B
_F (tQ)B _P; () (1= =8y 1] (X, t1,15))
=B
S (-, m)] , 26)
and
1 (X) = glog [P (n)exp (1 4) 3 (X, 1)

F(F (ty) — F (1)) exp ((1 — B ITHY (X, tl,t2)>

+F (ts) exp ((1 — B HE (X, tg))] . @7)
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Proof. Recalling (3), (6) and (12),
(1 P @)
- s (- ([ veres [Cuwras [Toata)
e ()
~r-re) [ (7o

o (f))

the other part is similar. W

HY (X)

Similar to what given by Di Crescenzo and Longobardi [S], Theorem 4.1 can be interpreted in the
following way. The uncertainty about the failure of a unit can be decomposed into four parts: first, the
uncertainty about the failure time in (0, ¢;) such that the unit has failed before ¢;; second, the uncertainty
about the failure time in the interval (¢, t5) such that the unit has failed after ¢; but before ¢,; third, the
uncertainty about the failure time in (5, +00) such that it has failed after ¢5; and forth, the uncertainty of
the random variable which determines if the unit has failed before ¢; or in between ¢; and ¢ or after t,.

The following theorem is a characterization problem that explains the generalized interval entropy
which determines the distribution function uniquely. One may get a similar kind of result in Belzunce et
al. [3].

Remark 3.1. GFR functions determine distribution function uniquely. See Navarro and Ruiz [15].

Theorem 3.2. If X has an absolutely continuous distribution function F'(¢) and if

(i) TH? (X, t1,t,) be increasing with respect to both coordinates ¢, and to, then THY (X, ty, ;)
uniquely determines F'(t).

() [ Hf (X, t1,ty) be increasing with respect to both coordinates ¢; and o, then I Hg (X, t1,t2)
uniquely determines F'(t).

Proof. For proving item (i),

to x B
THY (X 1, 12) = ﬁ <1 B /t (F(tj(—;”(tl)) dx) | @

/t2 (f @) da = (F (t2) = F ()" (1= (8 = 1) IH] (X, t1.1)) (30)

t1

which implies that

f(ty)

then by differentiating (30) with respect to both ¢; and ¢, and considering h; (t1, ) = Flo)-Fi)

OTH? (X, t1,t5)

WY (t1,ta) = Bhy (t,ta) — B (B — 1) hy (t, ta) THY (X, 1, ta) + (8 — 1) ot

€1y

and

OTHY (X, t1,15)

hy (ti,ta) = Bha (t1,t2) — B (B — 1) hy (t1,t2) THY (X, t1,t2) — (B — 1) i,

(32)
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Hence, for fixed and positive t; and to, hy (t1,12) and hy (t1, t2) are solutions of g (x1,) = O and k (y,) =

0 where,
g () Y Bay, — B(B— 1) TH] (X, t1,ts) 24, + (8 — 1) OLHy (8); fta) _ ) (33)
and
) 56~ 1 T (Xt — (1) 2O gy
Differentiating (33) and (34) with respect to z;, and y,, , give
W) 555~ D IH] (X,tta) + (5 - 1) - ol G5)
nd Ok (yu,) B 51
o, =pB—-B(B—-1)IH] (X, t1,t2) +(B8—1) = By;, - (36)
Now, %ﬁt;) = 0 gives z; = (1 —(B—-1)IH! (X, tl,t2)>611 and %ﬁl) = 0 gives y; =

Bs—1

(1 —(B—-1)ITH? (X, t1,t2)>

Case I: If 3 > 1 then g (0) = (8 — 1) ZHLCS08) o g and if THP (X, 1, t,) is increasing in both

ot
coordinates ¢; and ¢, then g (00) = oo. Further it can be seen that

0*g (21,)
—31’32 22 =—p(B-1) xt2 <0, (37)
Therefore, 8%(?2) is increasing in x4, and ¢'(z1) = 0, g'(00) = —oo. Thus we see that
t2

{ g(x1,) >0; 0<my, <y (38)

g(x,) <0 Ty, > T1.

In the same way, k: (0) > 0 and if TH/ (X,t,,t,) is increasing in both coordinates ¢, and t,, then
k (00) = o0. Also (yﬁ) < 0and ¥ (1) = 0, K(0) = —o0. So

{ E(y,) >0; 0<wyy < (39)

K (y) <0; Yi, = -

Therefore, g (z1,) = 0 and k (y;,) = 0 have unique roots h; (t1,t2) and hs (t1, t2).
Case II: If 5 < 1 then ¢ (0) < 0 and if [ H; 4 (X, t1,t5) is increasing in both coordinates ¢; and t,,

g (00) = —oo. Further, it can be seen that M > 0and g'(x;) =0, ¢(c0) = oo. Therefore,

{ g(zy,) <0; 0<uzy, <14 40)

g (x,) > 0; Ty, > T1.

By the same argument k (0) < 0 and if TH} (X,t,,t,) is increasing in both coordinates ¢1 and t,, then
k (00) = —o0. Also (ytl) > 0and ¥ (y1) = 0, ¥'(00) = co. Thus we have

{ E(y,) <0, 0<wyy, < @l

K (ye,) > 0; Yi, = -



Entropy , 8

Therefore, g (z+,) = 0 and k (y;,) = 0 have unique roots hy (¢1,t2) and hs (1, t2).

From two cases above, it can be concluded that if 7 f (X, t1,t5) is increasing in both coordinates
t1 and to and if g (x;) = 0 and k (y;) = 0, then hy (t1,t3) and hy (t1,ts) are the unique solutions of
g () = 0and k (y,) = 0. So THY (X, t1,1,) determines h; (t1,15); j = 1,2 uniquely. Again, due to
Remark 3.1, h; (¢1,t2); 7 = 1, 2 uniquely determine distribution function.

To prove (ii), from (15) we have

exp ((1 — B)IHS (X, tl,tg)) - /tQ <F (tg)f(_x; (t1)>ﬁdx 42)

t1

differentiating both sides with respect to ¢; and ¢5, we get

OTHY (X, t1,t,)
0ty

(1-8) — Bhy (th, t) exp ((1 — B)IHJ (X, tl,t2)> SR (tt) @43)

B
(1 p) 2L f;; th,t)
2

So for fixed ¢, and arbitrary t5, hy (t1,t2) is a positive solution of the following equation

=R (t1,t2) — Bha (1, t2) exp ((1 — B)IHj (X, t1>t2)> (44)

Bexp (1= 8) TH] (X,t1,1)) oI (X tt)

1-3 ot _1—5:0 (45)

g (xt2) = Tty

similarly, for fixed ¢, and arbitrary ¢,, hs (1, t2) is a positive solution of the following equation

3
k(y,) = v B S exp ((1 — B)IH} (X,tl,tg)) - OTHE (X t1,15) 0 46
ytl)—l_ﬁ Yt, 1-3 Oty o 40
Now, ag;)(;tQ) = 0 gives 21 = (exp ((1 — B)IHJ (X, tl,t2)>>ﬂ and Bg(yytll) = 0 gives y1 =
to '

_1

(exp ((1 — B)ITHY (X, ty, t2)>> "' Furthermore, considering second-order derivation of ¢ and k with

respect to x, and we have
to Ye,

329 (It ) B—2
87%22 = By, 47)
and 5%k ()
ytl _ _ ,3—2 48
athI 5yt1 ° ( )
8 5
Again, g (0) = — ) and  (0) = — SR
Casel: (6> 1), g(0) < 0if IHJ (X, t;,t,) is increasing in both coordinates ¢; and ¢, and g (00) =
oo. Similarly, one can say that g (x;,) = 0 has a unique solution. Also, & (0) < 0 and k (c0) = —o0 and
% <0ie. k (ytl) has a unique solution. Therefore, g (z;,) = 0 and k (ytl) = 0 have unique roots

hi (t1,t2) and hs (11, to) respectively.

CaseII: (3 < 1), g(0) < 0 and k (0) < 0if THY (X, t,,t,) is increasing in both coordinates ¢; and
to. In the same way one can conclude that h; (¢1,t2) and hy (¢1,t5) are unique solutions of ¢ (x4,) = 0
and k (ytl) = ( respectively.
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From the above cases, it can be verified that if / Hg (X, t1,t2) is increasing in both coordinates ¢; and
to and if g (z1) = 0 and k (y1) = 0, then hy (t1,t2) and hy (¢, t5) are the unique solutions of g (z4,) = 0
and k (y,) = 0. So IHj (X, t,,t5) determines h; (t1,15); 7 = 1,2 uniquely. Now, by virtue of Remark
3.1, hj (t1,t2); j = 1, 2 determine distribution uniquely. W

Remark 3.2. Since the generalized interval entropy determines the distribution function uniquely
for each [, a natural question becomes apparent in this context is which 3 should be used in practice.
The choice of 5 depends on the situation. For example, / Hf (X, t1,t3) with 8 = 2 could be used as
a measure of economic diversity in the context, of income analysis. For more details see Abraham and
Sankaran [1].

Theorem 3.3. The uniform distribution over (a, b), @ < b can be characterized by decreasing

i) First kind of generalized interval entropy IH? (X, t1,t5) = (1 — 8) " (1 = (ty — 1)) ¥,

ii) Second kind of generalized interval entropy I H} (X, t1,t,) = log (t; — t1).

Proof. For the first part, if  H f (X, t1,t2) is decreasing in both coordinates ¢, and to, then g (z,) = 0
and & (y;,) = 0 have unique solutions so g (1) = 0 and k (y;) = 0. The other part is similar. W

Remark 3.3. If TH? (X, t,1,) (respectively I HS (X, t1,1,)) is decreasing in both coordinates ¢, and
ty and g (21) (respectively k (y,))# 0, then g (x,) (respectively k (y, ))= 0 has two solutions for all
positive ¢, and t». From these solutions, at least one should be GFR.

Example 3.1. If X has beta distribution with density function f (t) = 2z, 0 < x < 1. Then for

3,43
B =2, IHi8 (X, t1,t0) =1 — 34(<;2;1))2 decreases for 1,1, € (0,1). Also by considering hy (t1,t2) as
GFR function of X, we have

=2 L1l >1 49
() 3 [tl (i + 6) “49)

for t1,t, € (0,1). So, for every t1,t, > 0, g (x4,) = 0 or k (y,,) = 0 has two positive solutions as
hy (t1,t9) and hj (t1,t2) such that hy (t1,t2) < x1 < h (t1,t2) and therefore h} (¢, t2) must be a GFR.

3,3
Again, for 8 = 2, THJ (X, t1,t,) = —log ;((;2—;1))2, which is decreasing for 1, ¢, € (0,1). Also,
27 "1
= + 1| >1 (50)
hy (t1,t2) 3 Lﬁ (t1 +t2)

for t1,t; € (0,1). So, in the same manner, both roots of g (z;,) = 0 or k(y,) = 0 are GFR.
TH? (X, t1,ty) and TH} (X, t1,t,) are shown in Figure 1.
Theorem 3.4. The distribution of X 1is double truncated exponential if and only if
[Hf (X, ty, t2)(IH25 (X, t1,t2))= ¢, where c is a constant.
Proof. As shown in (18), TH! (X, 11,t,) is constant. conversely, if TH? (X, t1,t,) = ¢, (31) and (32)
implies that
B () = ha (1, 12) (1= (8= 1) THY (X t1,12)) (51
and
B (t1,12) = ha (t1,12) (1= (8 = 1) THY (X, t1,)) (52)

then Y (t,,t5) = hl (t1,1,) = 0. Consequently, X is a double truncated exponential distribution. M
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Figure 1. The surface plot of the TH! (X, t1,t,) and TH} (X, t1,t,) in Example 3.1

|HE(X, th, to) |HE(X, t, to)

Theorem 3.5. If X has an absolutely continuous distribution function F' (¢), then a relationship of the

form
1 1
THY (Xt ty) = 71 <1 - [(1 + cty)hl (t1,ts) — (1 + cty)hf (tl,tQ)]> (53)
and
1 1
TH (X, t,12) = — log (% [(1 +eto)hE (t,t) — (1+ cty)R (tl,tg)]) (54)

Ox.
)

where k is constant holds for all (¢;,t,) € D if and only if X follows exponential with F' (1) = e~
x> 0,60 > 0 for ¢ = 0, Pareto distribution with F' (z) = (1 + pz)~%z > 0,p > 0,q > 0, for ¢ > 0 and
finite range distribution with F' (z) = (1 — az)’;0 <2 < ,a > 0,b > 0 for ¢ < 0.

Proof. Assume that the relation (53) holds. Then from the definitions of h; (¢1,t2), and
TH? (X, t,t,), we can write (53) as

[ @) de = [0+ e ) - 0+ ) (1) 55)

differentiating with respect to ¢;, ¢ = 1, 2 and simplifying we get

ft)  k—c
ft)  Bl+et) (56)

From (56) we get that X follows exponential, Pareto II and finite range distributions according as ¢ = 0,

¢ > 0, and ¢ < 0. The converse part is obtained in example 2.1. Proof for / Hg (X, t1,t5) is similar. W

4. Some orders based on generalized interval entropy

In this section, we describe a few orders based on the generalized interval entropies and show their

properties.
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Proposition 4.1. Let X be an absolutely continuous random variable with density f(x) and
cumulative distribution function F'(x). Then

(i) increasing hy (tq,t2) in t; implies

1
[HY (Xt 1) < o (1 g (tl,tg)) (57)
and ]
THY (X, ty,t5) > - _ﬁloghf (t1,t2) (58)
(ii) decreasing hy (11, t2) in to implies
1
THY (X, t1,ts) < 5-1 (1 — hy (tl,tz)) (59)
and |
THJ (X, ty,t5) > — Bloghg (t1,t5) (60)
Proof. By recalling (14),
1 to f (ZL’) )5
THP (X, th,t) = —— 1—/ ( d
v = g U R - )
S Gl —F(x))ﬁdx
p-1 n \F (k) = F(2) F(tz) = F (t1)
1 t2 F (t;) — F (z) )5
= —(1— | W (a,t ( dr | . 61
), e (R =) o
Because % > 0 and t; < x implies that hy (z,t3) > hy (t1,t2). Then

. s F(ts) — F(z)\*
]Hlﬂ (X, ty,t2) < 3-1 (1—/tl hf(tlth) (F(tQ)_ (tl)) de‘)

F
) L F () — F(2)\’
_ ﬁll—hf(tmb)/tl (F(tg)—F(tl)) dz]
1

< 5oy (1 B (tl,tg)) . (62)

Also, recalling (15) and using same argument as above, we have

THE (Xt 1) — 1iﬁlog (/: (F(t;(_x;@l))ﬁdx)

1 te F(t)) — F(z)\”
= 5 _Blog (/t W (x,ts) (F(tz) — F(t1)> d:z:) . (63)
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In the same manner % > 0 and t; < x implies that hy (z,t3) > hy (t1,12). So

t2 - 7))’
IHQB(Xatth) = 1i510g </t1 h{j(tth) <5((f22)>_§((t1)>) dm)

] t2 F(tQ —F(l‘) ’
= 173 [logh (t1,12) + log </t1 (F(tz)—F(tl)) dx)]

>

~—

lOg hf (t1, tg) . (64)

1
1—-p
The proof of the second part is similar.

In the following example we consider the case of identical GFR function.

Example 4.1. For = 2 if X has Uniform distribution on the interval (a,b) with f (z) = - and
hy (t1,t2) = ho (t1,t2) = thenIH (X, t1,t2) =1— (t andIH (X, t1,t2) = —log (ta — tq).
By recalling Proposition 4. 1, we see that relationship is valid.

It must be mentioned that in Proposition 4.1, first (second) kind of interval entropy depends on only
one of the GFR functions. Example 2.1 showed that TH? (X, t,,t,) (IHS (X, t1,t,)) depends on both
GFR function.

In the sequel, we give a definition in agreement with Khorashadizadeh et al. [10].

Definition 4.1. The random variable X is said to have

1) decreasing first kind interval entropy or (DFIE) property if and only if for fixed to, [ H 15 (X, ty,19)
is decreasing with respect to ;.

i1) decreasing second kind interval entropy or (DSIE) property if and only if for fixed i,
IH, b (X, t1,ty) is decreasing with respect to ¢;.

This implies that IH” (X, ¢1,5); i = 1,2, has DFIE(DSIE) if M <0.

Theorem 4.1. If X is a nonnegative random variable then [ Hi (X ,t1,t2); @ = 1,2 cannot be
increasing function with respect to ¢; for any fixed t,.

Proof. First note that, using Hopital’s rule we have

- 1 B2 f (z) ’
Jim TH] (X0 1) = lim s (“ftl (F<t2>—F<tl>) dx)

1 to f(2) B
= lim ———1i d
tll—r}i}g /8 —1 tll—l}gg t <F (tQ) - F (tl) .

= ! — lim ! ( S (0) >ﬁ 1
B—1 n-6f(B—1) \F (k) - F(h)
- —oo, (65)

Now, on the contrary suppose that [ Hf (X,t1,tz) is increasing in t¢q, then for all t; < ¢,
TH? (X, t1,ty) < TH? (X, t5,t,) = —oo which contradicts the fact that TH? (X t1,t,) € R for all
(t1,t2) € D.

In similar manner, we can conclude that [ 25 (X, t1,t2) is non increasing.

Theorem 4.2. Let X be a nonnegative random variable with probability density function f (z) and
cumulative function F' (x) then
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1 L [1+ Au(tita) \ A1
i) THY (X, t1,t) < ili-3 <m> (66)
and ot BT
i) THS (X, ) < 6i110g% (ﬁ) (67)
where . "
pltota) = B (X =t < X <) = oo /t (= — ) dF () (68)

is the doubly truncated mean residual life function
Proof. For proving item (i) note that,

OTHY (X,ti,ta) 1 5 2 f(z) ’
1 ot T 51 (hl (t1,82) = B (tl’tQ)/tl (F(t2) — F(tl)) o ©

1+ Op(ty,ta)

if substitute hl (tl, tg) = T(?tt;) then
B
OLHY (1,11, 1) 1|1+ 2 s T W
= B —— | TH (X, t1,12)
ot f—1 p(th,t2) p(t, ta)
0 tl to
B—-1 p(t, ta)
which satisfied the first result.
For proving (ii),
OIH; (X,t,to) Bhy (t t)/t2 /(@) ﬂd R (t1,t2) <0 (71)
= T — .
ot Pob o \F (t2) = F (t1) L=

This satisfied the second result. W
Proposition 4.2. In Theorem 4.2, as ¢ — oo, we have that [ Hf (X,t); i = 1,2 is increasing
(decreasing) with respect to ¢, if and only if the following inequalities hold for all £ > 0.
1 hA=L(t)

B
H (X0 < (2) 57~ 351y (72)

and

hh(t)

8 N7
H (X.1) < (2) 55—y,

(73)

where h (t) = IZT‘;(;)

Proof. Using (6),

B o z)\"”
ey 1 (hﬁ - [ (£5) d:c). (74)
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If HY (X,t) is increasing in ¢, then HY (X,t) > 0ie HY (X,t) > ﬁ (1 — @) JIf HY (X 1)

decreased in t, then HY (X, t) < Oie HY (X,t) < ﬁ (1 - @) . Therefore the first result obtained.

The second part is similar.

5. Conclusion

In literature of information measures, generalized interval entropy is a famous concept which always
give a nonnegative uncertainty measure. But in many survival studies for modeling statistical data,
information about lifetime between two points is available. Considering, the concept of doubly
truncated (interval) entropy has been introduced. In this paper, several results on the first and second
kind of generalized interval entropies have been discussed. Also, it has been shown that generalized
interval entropies determine the distribution of random variables uniquely. Some orders based on given
uncertainty measures have been given.
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