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Isotope effects in the thermodiffusion (IET) of liquids
are examined using a non-equilibrium thermodynamic
model, where the thermodynamic parameters are calculated
using statistical mechanics. In this approach, isotope effects
In thermodiffusion are quantified through the variation in
chemical potential and its temperature dependence with
Isotope mass. The model is applied to silicate melts.

The model provides an adequate description of isotope
effects in thermodiffusion in silicate melts, with reasonable
theoretical values of the Soret coefficient. The Soret
coefficients are calculated from the experimental isotope
separation factors using the expressions derived in the work
and compared with the literature data
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INTRODUCTION:
PRESSURE OR CHEMICAL POTENTIAL?

The atomic mass Is contained in terms of the partition
function related to kinetic energy [1, 2]. Refs [1-3]
demonstrate the utility of classical statistical mechanics in
accounting for IET, without the need to invoke quantum
contributions. In [4], quantum effects related to the mass
difference were used to explain IET. The authors
communicated an acceptable agreement with experimental
data, but only by ignoring much larger classical
contributions. This oversight is due to expressing
thermodiffusion parameters through the pressure [5, 6],
which is proportional to the volume derivative of the
partition function: Partition function

Pressure 0
P=—kT @—V InZ Volume of system

However according to [2, 3] the mass dependent terms are
not dependent on the volume. According to Refs [2], [7], the
partition function mentioned in Ref. [4] can be written as

Classic partition function Planck constant and frequency of librations
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The classical mass-dependent terms in the partition function
are related to kinetic energy, not volume. The much larger
classical terms in the material transport parameters
corresponding to Kinetic energy of the translational and
rotational motion are lost if the pressure Is used as the main
thermodiffusion parameter.

The theory of material transport in
non-equilibrium thermodynamics
should use chemical potentials

_ T O
= kTﬁ—Niani

as the relevant parameters.

Number of i-th isotope atoms
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MATERIAL TRANSPORT EQUATIONS

For calculations we use the material transport equations
derived in [8], which are the standard equations of non-
equilibrium thermodynamics with certain restrictions placed
on the Onsager Kinetic coefficients, in order to provide the
unique solution. The general mass transport equation based
on non-equilibrium thermodynamics for component i in an
N-component mixture is:

Stokes-Einstein

diffusion
coefficient through the chemical potentials £4 of components

V.
Binary chemical potential £, = £ —ﬁﬂk expressed

Volume
fraction

:Lll au;
o _ ¢DZ¢JV 2104, Vo VT

j 1=1

ot =V 2kT S au0,

Time

Partial molecular volume
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Studies of IET involve measurements of the
Isotope separation parameter:

Volume fraction

_4()/a(0)
% 5090 (1)

at points 0 and | along the temperature gradient. The
parameter 9;can be expressed through the Soret coefficients

St of the respective components [9-14]:
O =—(S; =sH)[T(1)-T(0)] 2)

For dilute isotopes, 4, (4)~KTIng [7], and the isotope
separation parameter is:

_ 0
5ij‘ oT

ﬂa—ﬂLJT(I)—T(O)
x| T(0) 3)

where subscript 1 refers to the solvent component in a dilute
mixture of isotopes.
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STATISTICAL-MECHANICAL
CALCULATION OF CHEMICAL
POTENTIAL AT CONSTANT VOLUME

According to [15, 16], the chemical potential is defined by
the expression

¢ t0,(r A
L = Ly +47zj‘dﬂ,_‘. g'l(v )CDil(r) redr @)
0 R 1

Here, R iIs the particle radius and r is the distance between a
solvent molecule and the solute, 94 (r:4)is the pair

correlation function, and @i, (r)is the interaction potential.

m; IS the atomic or molecular mass

3 27mKT
lu0i = kT In ¢|Vi —EkT |n|: h2 il (5)

Is the chemical potential of the non-interacting solute.
Parameter 4 describes the gradual “switching on” of the
Intermolecular interaction [15, 16].

We will use the approximation:

921(I’,/1)=1 (6)
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This approximation means that the local distribution of
solvent molecules is not disturbed by the particle under
consideration (regular solution).

The approximation of constant local density leads to the
following equation:

T@u(r)
U= Ly +4r 1A Jredr
R ™)

The last term on the right-hand side was obtained earlier in
Refs. [17-19].

The expression for the binary chemical potential at constant

*
volume 41 1S

uifl:—ng |n£mﬂ_ilj+47zof (D‘l(r);lq)“(r) r2dr (8)

Mass of the solvent material displaced

from the volume occupied by i-th solute

The chemical potentials at constant pressure and volume can
be related by expressing the forces acting on the particle:

L1 is the local distribution of the excess pressure around the solute

Vi, =V + j VIL.dv

i
Vout

)
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In deriving the local excess pressure we follow the method
outlined in Ref. [20] using the condition of equilibrium in a
spherical layer around the considered particle. The excess
pressure contains two terms related to the change of the
radial position of the spherical layer and its surface area.

. — dr'
! v, ojo v, I (10)

Using Egs (8-10) and calculating the pressure gradient
related we obtain the temperature derivative of the chemical
potential:

Coefficient of

o 6
O =—&y (—1) is London potential,
thermal r

expansion
: : Oy -
where i1 is energetic parameter and IS
the minimal atomic approach distance

s, _ 2 jdvv Tj () 3Ky, (m]
ot 2 \m,) @

1|

OUt

Temperature gradient tangent

to surface of spherical particle
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The molecular Soret coefficient can be written as

rr:— may be approximated as the ratio of solute-to-solvent densities "

i1 1

- i3 m.
SE=8Y - |In| —
LT (mil) (12)
i’ (&, — &)

Sy = 9v T is the term related to intermolecular interactions
1

The difference in Soret coefficients for isotopes Iis:

S! s =

_m—m, [alna?l _aln(gﬂ—gjl)}sgj B

om om

m;, —m. [1_alna?1] 3 (13)

om AT
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MOLECULAR VOLUMES AND ENERGETIC
PARAMETERS OF ISOTOPES ARE
DIFFERENT

This fact is demonstrated by the separation of isotopes in

liquids by diffusion [21]. The diffusion coefficients have
been shown to fit the equation:

B is the empiric dimensionless parameter

Di _ mj ’
D _(m.j (14)

Then we can write

Oiy M, ’
O'jlz[M.] (15)

There are also the data regarding the mass dependence of the
energetic parameters [22]. For this reason we assume that
the mass dependence of the isotope energetic parameters is
also described in the similar way

Eq. (13) can be written as
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. . m. —m. .9 3
S!—-Sl=—_1| B 4S)) + — |- =
o m {ﬂ( ! 4Tj 4T}

(16)
COMPARISON WITH EMPIRICAL DATA

Eq. (16) can be used to compare the model with empirical

data expressing 9 in as

@ s an empirical parameter characterizing IET

_/m—m; T(1)-T(0)
% =% m+m,  T(0) (17)
Combining Egs (2), (16), and (17), we obtain the theoretical
expression for &

3 . p) 9] 3
=8| TS +—=In— |+=|—=
"o 'B{(T4poj 2}4 (18)

Eq. (18) is used to calculate the theoretical values of the
Sore coefficients for different atomic species in the basalt
melt and compare them with the empirical data. The results
are present in Table I.
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TABLE |I. MAIN RESULTS*

Index of Isotope Experimental | Density
power B for | separation | Calculated | goret th
Isotope | M&sS factor@, |Soret coefficient 'S/O opes,
Pair dependence of [11] coefficient | (107 k- g/cm
atomic size o >
and energetic 0 K?) |[23]
parameter [23]
56 %4 -
eFe/ " 003 037 o556 |1972°  |6.98
4~ 140
Ca/ 0.239 1.1- 0.5-0.7 155
. 0075 -
26 24 -
Ml\gg/ 0.05 0376 11 g g 1619 1175

*The density of basalt is assumed to be 3.0 g/cm”.

**Calculated taking not into account mass dependence of
energetic parameter
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In conclusion, the present theory yields an adequate
description of IET in silicate melts, providing
reasonable values of the Soret coefficients given the
coarse approximations utilized. The model relates
IET to differences in the thermal velocities of
Isotopes having the same thermal energy but
different masses, which Is not possible using

methods described previously.



14

REFERENCES.

1. M. Wolfsberg, W. A. Van Hook, P. Paneth. L. P. N. Rebelo, Isotope effects in Chemical
Geological and Bio Sciences (Springer, New York) 2010.

2.J. E. Mayer, M. Goeppert-Mayer, Statistical Mechanics, 2-nd Edition, Ch. 7 (Wiley, New
York) 1977.

3. S. N. Semenov, M. E. Schimpf, C. R. Mecanique, 339 (2011) 335.

4. S. Hartmann, W. Koehler, K. I. Morozov, Soft Matter 8, (2012) 1355.
5. J. K. G. Dhont, J. of Chem. Phys. 120 (2004) 1632.

6. K. I. Morozov, Phys. Rev. E 79 (2009) 031204.

7. L. D. Landau, E. M. Lifshitz, Statistical Physics, Part 1, Third Edition, (Pergamon Press,
Oxford, Great Britain) 1980.

8. S. N. Semenov, M. E. Schimpf, Physics — Uspekhi 52 (2009) 1045.

9. F. Huang, P. Chakraborty, C. C. Lundstrom, et al, Nature, 464 (2010) 396.

10. F, M. Richter, Nature 472, E1-E2 (2011).

11. F. Huang, P. Chakraborty, C. C. Lundstrom, et al, Nature, 472 (2011) E3.

12. G. Dominguez, G. Wilkins, M. H. Thiemens, Nature, 473 (2011) 70.

13. D.J. Lacks, J. A. Van Orman, C. E. Lesher, Nature, 482 (2012) E1.

14. G. Dominguez, G. Wilkins, M. H. Thiemens, Nature, 482 (2012) E2.

15. 1. Kirkwood, E. Boggs, J. Chem. Phys. 10 (1942) 394.

16. I. Z. Fisher, Statistical Theory of Liquids, (Chicago Univ.) 1964.

17. E. Bringuier, A. Bourdon, Phys. Rev. E 67 (2003) 011404,

18. E. Bringuier, A. Bourdon, J. Non-equilibrium. Thermodynamics 32 (2007) 221.
19. E. Bringuier, A. Bourdon, T. Bickel, S. de Boitex, Phys. Rev. Lett. 95 208301 (2005).



15

20. S. N. Semenov, EPL 90 (2010) 56002.

21. J. M. Watkins, D. J. DePaolo, F. J. Ryerson, et al, Geochimica et Cosmochimica Acta 75
(2011) 3103.

22. J. Schulte, R. Ramirez, M.C. Boem, Journal of molecular structure (Theochem) 536 (2001)
277

23. F. M. Richter, N. Dauphas, Fang-Zhen Teng, Chemical Geology, 258 (2009) 92-103.


http://www.sciencedirect.com/science/journal/00167037/75/11

