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THE MULTIVARIATE SKEW-NORMAL

Z ~ SN,(£.9Q. a)

location vector & = (&, .. .. ¢,) and scale matrix €2

f(z:€,a,Q)=20,(z—&QP(dw (z—¢) : zeR?

(pp ( []Q ) p-dimensional Gaussian density with zero mean and full rank covariance
matrix Q

®d Distribution function of a standard Gaussian random variable
W =diag (W, ... W) is a scale diagonal matrix with non negative entries such that

Q=w1Qw-1
is a correlation matrix

a is a p-dimensional shape vector regulating skewness
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MARDIA’S MEASURES OF SKEWNESS
AND KURTOSIS FOR SN DISTRIBUTIONS

,_ . o' Qa ’
Yip=2(4=a)’ { }

Yop = P@+2) 4+ 8(7 — 3) {  MalS

o’ 2y scalar that summarizes the departure from normality



LOCAL DEVIATION INDICES

and

Gaussian Skew-Normal

KULLBACK-LEIBLER DIVERGENCE MEASURE

Dy (4, 24%) = —F []{ yo 20 ({TE"L:.J_IZ)]



INDICES

Local deviation index (LD): For every non-null direction e such

that e’'e =1 consider, fore >0

ZF ~ SN,(0,9Q,¢ce)

then, after some calculations

LD(e, 2) = lim
=10

DI{L(Z- Z:) EIETEE

~2

Hoer

—

i

normalized eigenvector corresponding
to the largest eigenvalue of )




EXAMPLE: PERMUTATION SYMMETRIC NORMAL

/ o po?t ... po? \
—_ po? o* .. po? with p>p—i1
\ po? po?  o* v
then
LD(e.) :e’ﬁe - e Qe _ 14+ (p—1)p



DEVIATION INDICES

Relative local deviation index (RLD): For every non-null direction e

such thate’e=1

e'Qe

eiﬂ%

normalized eigenvector corresponding to the
largest eigenvalue of (2

RLD(e. Q) =




EXAMPLE: PERMUTATION SYMMETRIC NORMAL
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Figure 1: Plots of RLD against direction —angles 8 € [0, 7| — for different correlations:
p = 0.9 (black solid curve), p = 0.5 (black dashed curve), p = 0.1 (black dotted curve) and

p = —0.9 (gray solid curve), p = —0.5 (gray dashed curve), p = —0.1 (gray dotted curve).



RELATIVE CONDITIONAL SENSITIVITY

Let (X) { be a p-dimensional random variable

Y | X k-dimensional conditional random variable

For densities fy vy and gy vy the "chain rule”

Dir (foyx),90vx)) = Ex |Dir (fyix: 9vix)] + Drr (fx, gx)




RELATIVE CONDITIONAL SENSITIVITY
MEASURE (RCSM)

For every non-null direction esuch that€ e=1

Y = '

m~J J.NII ) 0. Q ) - 5
() ~ N(0.2) iy x)
(Y):N SNp(0,82,ce) with € > 0 > F’YX
% SN,(0,8, ¢ vith e J (Y. X)
Definition

Ex {DKL (.fﬁqx-ff )] Dor (£ fE
RCSM = lim ) i T kL (Ux: fx)

' Dgr (f (Y.X): f(CYX)) * Di ('}L (¥.X), f[?Y-XJ



RESULTS

With zero mean and partitioning Q, wand e

.
) ey () e
ROSN = XY XYY X7Y
| e’(le
with
Qvyx = Qyy — QYXQ;_(;;QXY

the Schur complement of the submatrix Qyx in 2



EXTREME IMPACTS OF NON-GAUSSIANITY

Directions through which the impact of non-Gaussianity attains a

maximum or a minimum
as a generalized Rayleigh’s quotient

RCSM

with

~ Qvyx  Oixiper -
Qv x = | L an extended version of Qvyy x

O('p—;iﬂ} x k 0{_-;_}—!;) X (p—k)

Solution: the maximum and minimum eigenvalues of

~y—1 ) *
Q2 QYY.X‘



EXAMPLE: PERMUTATION SYMMETRIC NORMAL

Q- - L OA‘X(I}—L’-)
YK "
. l4+p(p—k—1) 1('}-"_11'-)><}f O(P—M X (p—k)

direction of asymmetry with maximum local effect on the conditional

distribution
(1)
0
Cy = .
€y :
Chnax— - _
eX \ (} } kex1
P
X 14 pp—k—1) "




EXAMPLE: BIDIMENSIONAL CASE

Maximum impact — normalized eigenvector associated with the
highest eigenvalue A =1

Woear:
Cmax—
—p/\/1+ p?

Minimum impact — Maximum impact on the marginal univariate
conditioning distribution

Cmin—



EXAMPLE: GRAPHICS
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Figure 2: Plots of RCSM against direction —angles 6 € [0, 7] for different correlations:
p = 0.9 (black solid curve), p = 0.5 (black dashed curve), p = 0.1 (black dotted curve) and

p=—0.9 (gray solid curve), p = —0.5 (gray dashed curve), p = —0.1 (gray dotted curve).



CONCLUSIONS

The problem of departures from Gaussianty due to asymmetry is studied

The asymmetry is regulated by the family of Skew-Normal (SN)
distributions

Local deviation (LD) and relative local deviation (RLD) indices are
introduced

Mardia and Malkovich-Afifi’s measures of skewness and LD index are
related

Also, the effect of asymmetry in the conditional distributions is analyzed,
proposing a relative conditional measure (RCSM) to evaluate perturbation
effects

Finally, the directions of asymmetry for which slight perturbations lead to
extreme impact on the conditional distribution are determined



