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Abstract: The region of entropic vectors fj\, has been shown to be at the core of determining
fundamental limits for network coding, distributed storage, conditional independence
relations, and information theory. Characterizing this region is a problem that lies at
the intersection of probability theory, group theory, and convex optimization. A 2V-1
dimensional vector is said to be entropic if each of its entries can be regarded as the
joint entropy of a particular subset of N discrete random variables. While the explicit
characterization of the region of entropic vectors f}k\, is unknown for N > 4, here we prove
that only one form of nonlinear non-shannon inequality is necessary to fully characterize
fz. We identify this inequality in terms of a function that is the solution to an optimization
problem. We also give some symmetry and convexity properties of this function which rely
on the structure of the region of entropic vectors and Ingleton inequalities. This result shows
that inner and outer bounds to the region of entropic vectors can be created by upper and
lower bounding the function that is the answer to this optimization problem.
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1. Introduction

The region of entropic vectors f*N has been shown to be a key quantity in determining fundamental
limits in several contexts in network coding [1], distributed storage [2], group theory [3], and information
theory [1]. f}k\, is a convex cone that has recently shown to be non-polyhedral [4], but its boundaries
remain unknown. In §2, we give some background on the region of entropic vectors and outer bounds
for it. In §3, we review inner bounds for this region, then characterize the gap between the Shannon outer
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bound and the Ingleton inner bound for 4 random variables. Next, in §4, we present our main result in
which we argue the complete characterization of fz can be seen as finding a single nonlinear inequality
determined by a single nonlinear function. After defining the function as the solution to an optimization

problem, we investigate some properties of it.

2. The Region of Entropic Vectors

Consider a set of N discrete random variables X = (Xy,..., Xy), A4 = {1,..., N} with joint
probability mass function px(x). For every non-empty subset of these random variables X, :=
(Xn|ne), o C{l,...,N},there is a Shannon entropy H (X .,) associated with it, which can be

calculated from px (/) = Zmﬂw px , (x) via

H(X.) =) —px,(s)logpx., (@) (1)

L of

If we stack these 2V-1 joint entropies associated with all the non-empty subsets into a vector h =
h(px) = (H(Xu)|o C A), h(px) is clearly a function of the joint distribution px. A vector
h, € R?" 1 is said to be entropic if there exist some joint distribution px such that by = h(px). T'% is
then defined as the image of the set Z = {px|px(x) >0, > px(x) = 1}:

Ty =h(2) C R 2)

The closure of this set fj\, is a convex cone [1], but surprisingly little else is known about the boundaries
of it for N > 4.
With the convention that hy = 0, entropy is sub-modular [1,5], meaning that

hg +hg > hyng +hgus VI, BN, (3)
and is also non-decreasing and non-negative, meaning that
hy >hg >0 VBC o C.N. 4)

The inequalities (3) and (4) together are known as the polymatroidal axioms [1][5], a function satisfy
them is called the rank function of a polymatroid. If in addition to obeying the polymatroidal axioms (3)
and (4), a set function r also satisfies

rg <||, roa €l NI N (5)

then it is called the rank function of a matroid on the ground set ./4".
Since an entropic vector must obey the polymatroidal axioms, the set of all valid rank functions of
polymatroids forms a natural outer bound for I'}; and is known as the Shannon outer bound I'x[1,5]:

h c R2V -1
I'n=<h| hy+hzg>hynp+hgupVd,BC N (6)
hy >hg>0 V2C X2 C N
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I'y 1s a polyhedron, we have I'y = I'; and I's = f;, for N > 4, however, 'y # F*N. Zhang and Yeung
first showed this in [5] by proving a new inequality among 4 variables

2I(C; D) < I(A; B) + I(A;C, D) + 31(C; D|A) + 1(C; D|B) (7)

which held for entropies, but is not implied by the polymatroidal axioms. They called it a non-Shannon
type inequality to distinguish it from inequalities implied by I'y. In the next few years, a few authors
have generated new non-Shannon type inequalities [6—8]. Then Matus in [4] showed that Fj\, s not a
polyhedron for N > 4. The proof was carried out by constructing several sequences of non-Shannon

inequalities, including

s[I(A; B|C) +I(A; B|D)+I(C; D) — I(A; B)] + I(B; C|A) + s(s+1)

[[(A;C|B)+1(A; BIC)] = 0

8)
Notice that (8) is the same as Zhang-Yeung inequality (7) when s = 1. Additionally, the infinite sequence
of inequalities was used with a curve constructed from a particular form of distributions to prove fj\, is
not a polyhedron. Despite this characterization, even fz is still not fully understand. Since then, many

authors has been investigating the properties of fj\, with the hope of ultimately fully characterizing the
region [6,9-14].

3. Structure of fZ: the gap between Ingleton inner bound ., and Shannon outer bound I,

Let’s first introduce some basics in linear polymatroids and the Ingeton inner bound. Fix a N’ > N,
and partition the set {1,..., N’} into N disjoint sets .73, . .., Zy. Let U be a length r row vector whose
elements are i.i.d. uniform over GF(q), and let G be a particular  x N’ deterministic matrix with
elements in GF'(q). Consider the N’ dimensional vector

Y = UG, anddefine X; =Y 5, i € {1,...,N}.
The subset entropies of the random variables { X ;} obey
H(X ) = r()logy(q) = rank ([G 7 [i € #/]) logy(q). 9)

A set function r(-) created in such a manner is called a linear polymatriod or a subspace rank
functions. It obeys the polymatroidal axioms, and is additionally proportional to an integer valued vector,
however it need not obey the cardinality constraint therefore it is not necessarily the rank function of a
matroid.

Such a construction is clearly related to a representable matroid on a larger ground set[15]. Indeed,
the subspace rank function vector is merely formed by taking some of the elements from the 2V'-1
representable matroid rank function vector associated with . That is, rank function vectors created via
(9) are projections of rank function vectors of representable matroids.

Rank functions capable of being represented in the manner for some N’, g and G, are called subspace
ranks in some contexts [16—18], while other papers effectively define a collection of vector random
variables created in this manner a subspace arrangement [19].

Define .#y to be the conic hull of all subspace ranks for /V subspaces. It is known that .y is an inner
bound for f*N[16], which we call subspace inner bound. So far .#y is only known for N < 5 ([18,19]).
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More specifically, .5 = F; =1y, S = F; = I's. As with most entropy vector sets, things start to get
interesting at N = 4 variables (subspaces). For N = 4, .¥) is given by the Shannon type inequalities
(i.e. the polymatroidal axioms) together with six additional inequalities known as Ingleton’s inequality
[16,17,20] which states that for N = 4 random variables

Thus, .7, is usually called the Ingleton inner bound. We know I'y is generated by 28 elemental
Shannon type information inequalities[1]. As for .#}, in addition to the the 28 Shannon type information

inequalities, we also need six Ingleton’s inequalities (10), thus ., C T'y.

In [17] it is stated that I'; is the disjoint union of .%; and six cones {h € I'y|Ingleton;; < 0}. The six
cones G/ = {h € Ty|Ingleton;; < 0} are symmetric due to the permutation of inequalities Ingleton;;,
so 1t sufficient to study only one of the cones. Furthermore, [17] gave the extreme rays of fo in Lemma

1 by using the following functions.
For 4 ={1,2,3,4}, with # C A4 and 0 < t < |A4\.Z|, define

' (7) = min{t,| #\SI|} with # C .F

%A= {mm{2,|/r} it g 20
(3) _ ) 1A ife & g
9 () {mm{3,|/|+1} ific 7

3 if € {ik, jk,il, ji, kl}
fz](%/) = . )
min{4,2|#"|}  otherwise

Lemma 1. (Matis)[17] The cone G” = {h € I'y|Ingleton;; < 0}, i, j € A distinct is the convex hull

of 15 extreme rays. They are generated by the 15 linearly independent functions fi;, 7 ko pial gkl Ik

0 .0 Joik gkl o Jlk .
rl, S, v el ek el i el kol where kI = A\ij.

i ik ijl ikl
Note that among the 15 extreme rays of G, 14 extreme rays r/°, 7', ikl pZH 40 30 i el ik

r{k, ril, r{l, rk, rl are also extreme rays of ., and thus entropic, which leaves f;; the only extreme ray
in G4 that is not entropic. It is easily verified that I', is known as long as we know the structure of six
cones fz N Gf{ . Due to symmetry, we only need to focus on one of the six cones fz NG34, thus we define

P3* =T, N G3* and study the properties of P3* in the rest of the paper.

4. Understanding the structure of P! by projection

4.1. Derivation of a single nonlinear function

One way to propose the problem of characterizing the entropy region is by the following optimization
problem

~v(a) = min Aoyl oy (1D)
hel'y
AN
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where a,, € Z and a = [a|9/ C A]. The resulting system of inequalities {a”h > y(a)| Va €
]RQN‘I}, has each inequality linear in h, and the minimal, non-redundant, subset of these inequalities
is uncountably infinite due to the non-polyhedral nature of I',. Hence, while solving the program in
principle provides a characterization to the region of entropic vectors, the resulting characterization with
uncountably infinite cardinality is likely to be very difficult to use.

By studying the conditions on the solution to 11, in [3], the authors defined the notion of a
quasi-uniform distribution and made the following connection between I} and A,, (the space of entropy
vectors generated by quasi-uniform distributions).

=%

Theorem 1. (Chan)[3] The closure of the cone of \,, is the closure of T': : con(A,) =T

n

From Theorem 1, we know finding all entropic vectors associated with quasi-uniform distribution are
sufficient to characterize the entropy region, however, determining all quasi-uniform distributions is a
hard combinatorial problem, while taking their conic hull and reaching a nonlinear inequality description
of the resulting non-polyhedral set appears even harder, perhaps impossible. Thus new methods to
simplify the optimization problem should be explored. Our main result in the next theorem shows that
in order to characterize fz, we can simplify the optimization problem (11) by utilizing extra structure of
P,

Theorem 2 (Only one non-Shannon inequality is necessary). 7o determine the structure of fz, it suffices
to find a single nonlinear inequality. In particular, select any h., € Ingleton;;. The region ij is

equivalently defined as:

Ah\ < b (= fo project out h.y)
Py ={hcRY he = g'9° (h) (12)
ha < g, (M)

where h\ . is the 14 dimensional vector excluding h.y,

g2 (h\y) = min ~ h, (13)
lhe W 1T €Py
9o (P\or) = max  hy. (14)

[he BT, 1TeP)

Furthermore, if the coefficient of h. in Ingleton;; is positive, hy < g,/ (h\) is the inequality
Ingleton;; < 0. Similarly, if the coefficient of h. in Ingleton;; is negative, h, > gﬁj}w(h\ﬁ) is the
inequality Ingleton;; < 0.

Proof: We know G3* is a 15 dimensional polyhedral cone. Inside this cone, some of the points are
entropic, some are not, that is to say, P;* C G3'. From Lemma 1 we obtain the 15 extreme rays of
G3%: fay, r13%, 334, p123 124 g0 g0 g8 pd 13 pld 023 24 el 12 where each of these extreme rays
are 15 dimensional, corresponding to the 15 joint entropy h, for o C 4. The elements of these
extreme rays are listed in Fig. 1. As shown in Fig. 1 with the green rows, if we project out hy53 from
these 15 extreme rays, the only ray which is not entropic, fs4, falls into the conic hull of the other 14

entropic extreme rays, that is to say, mp,,, P;* = m,,,G3". Furthermore, one can easily verify that the
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Figure 1. The extreme rays of G3%. The top row is the ray f34, and all of its coefficients
except in the red column (corresponding to h,3) are the sum of the entries in the green rows.
Hence m\;,,,G3" is entirely entropic.

hi ha hia hz hiz hog [hi23 | ha his hos hiza his hiza hazs hiosa
2 2 3 2 3 3 4 2 3 3 | | | | 1]
T 0 1 1 1 T 1 [0 1T o0 T T T T T]
o 1 1 1 1 2 2 1 1 2 2 2 2 2 2
[T T 1T 0 1 T 1 T 1 T T T T T T]
0o 1 1 o0 o0 1 1 1 1 1 1 1 1 1 1
1 0 1 0 1 0 1 1 1 1 1 1 1 1 1
[0 0O 0 O 0 0 0 [T 1 1 1 1 il 1 1]
1 1 1 1 1 1 1 o 1 1 1 1 1 1 1
[0 1T 1 1 1 1 1 0 0 1 1 1 1 1 1]
1 0 1 1 2 1 2 1 2 1 2 2 2 2 2
o 0 o0 1 1 1 1 ]0 0 0 0 1 1 1 1
11 2 1 2 2 3 |1 2 2 3 2 3 3 3
o 1 1 o0 0 1 1 o o 1 1 0 0 1 1
1 0 1 0 1 0 1 (0o 1 0 1 0 1 0 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

same statement holds if we drop any one of the 10 joint entropies h,, € Ingletons, by summing other
extreme ray rows to get all but the dropped dimension. This then implies that for h,, € Ingletons,
the projected polyhedron 7, ,G3* (from which the dimension ., is dropped) is entirely entropic, and
hence m,,, Pj* = m, G3*. Hence, for some h,, with a non-zero coefficient in Ingletons,, given any
point b, € ™, G3'(= m,, Pi*), the problem of determining whether or not [k h{,,]" is an entropic
vector in P}* is equivalent to determining if /., is compatible with the specified h\., as P3* is convex.
The set of such compatible ks must be an interval [¢'°*(h\ ), g7 (h\ )] with functions defined via
(13) and (14). This concludes the proof of (12).

To see why one of the two inequalities in (14),(13) is just the Ingleton inequality Ingletons,, observe
that for the case of dropping out /1,23, the only lower bound for h53 in G3* is given by Ingletons, < 0 (all
other inequalities have positive coefficients for this variable in the non-redundant inequality description
of G3* depicted in Fig. 2). Thus, if h € P}*, then h € G3%, and

hios = g% (yi23) = —h1 — ho + hig + hug + hog + hug + hog — hiag — hag

Furthermore, {Ingletonzy=0 N G3*} = {Ingletons,=0 N P*} since all {Ingletons, = 0} rays of
the outer bound G3* are entropic, and there is only one ray with a non-zero Ingletons,, so the extreme
rays of {Ingletons,=0 N G3*} are all entropic. This means that for any hy123 € 7T\123Gi4, the minimum
for h1o3 specified by Ingletons, is attainable, and hence glf;g(h\lgg) = —hy — hy + hig + his + hos +
hia + hog — hiag — haa.

Thus, the problem of determining I‘Z is equivalent to determining a single nonlinear function
G193 (hy123). A parallel proof applied for other h,, with a non-zero coefficient in Ingleton;; yields the

remaining conclusions. |
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Figure 2. The coefficients of the non-redundant inequalities in G3*. Note that in each column

where Ingletonss has a non-zero coefficient, it is the only coefficient with its sign.

hi he hia hs hiz hoz |hi2g| ha hia hos hiog hiag hiza hozs hizzg
0 0 0 1 0 0 0 1 0 0 0 —1 0 0 0
-1 0 0 0 1 0 0 0 1 0 0 0 —1 0 0
-1 0 1 0 0 0 0 0 1 0 -1 0 0 0 0
-1 0 1 0 1 0 —1 0 0 0 0 0 0 0 0
0O -1 0 0 0 1 0 0 0 1 0 0 0 —1 0
0o -1 1 0 0 0 0 0 0 1 —1 0 0 0 0
0o -1 1 0 0 1 -1 0 0 0 0 0 0 0 0
0 0 o -1 1 1 —1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 —1 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 —1 1 1 —1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 —1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 -1 1 1 -1
0 0 0 0 0 0 0 0 0 0 0 0 -1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 —1 1
1 1 —1 0 -1 -1 1 0 -1 -1 1 1 0 0 0

From Theorem 2, we ten nonlinear inequalities (depending on which < with h, appearing in
Ingleton;; is selected), any single one of which completely determines ij , and thus, with its six
permutations, determine FZ. This theorem largely simplifies the optimization problem of determining
FZ, in that we only need to work on maximizing or minimizing a single entropy h, given any h, ., in the
polyhedral cone m\;_, G}/, which is entirely entropic.

4.2. Properties of .} (h\ ) and ¢'9" (hy /)

Based on the analysis in the above section, once we know any one of the ten nonlinear functions,
g1’ (1), 95" (hya), 957 (haa), 9155(Bios), 9154 (Boioa), 9157 (huaa), 913 (has), 6177 (), 9537 (has),

and g3 (hys4) we know P§* and hence T',.

In this section, we investigate the properties of these functions, including the properties of a single
nonlinear function, as well as the relationship between different nonlinear functions. The first result is
the convexity of —g'7 (hy /) and ¢'%* (hy /).

Lemma 2. The following functions corresponding to P}* are convex:
=91 (1), —g5"(2), —g57(Msa), —g135(M1s), — 9134 (hyi2a)
91102w(h\12)7 gi%w(h\l?))» gﬁw(h\m)» gé%w(h\zzs)a géjw(h\24)
a ]T

Proof: Without loss of generality, we investigate the convexity of ¢;”(h\;). Let h* = [h{ \1

h’ = [h?  h{,]" be any two entropic vectors in the pyramid P}*. Since T, is a convex set, P3* is also
convex. Thus for V 0 < A < 1, we have Ah® + (1 — A)h” € P}*. According to Theorem 2, we have

A+ (1= M)A < gi" (AR, + (1= MAT,) (15)
Furthermore, for some h® and h® to make g7 tight, besides (15), the following two conditions also hold:

b < hi = gi?(RYy)  hY < bl = gi"(h}) (16)
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Combining (15) and (16), we get

ARG+ (1= AR < MRS + (1= Vhb =
Agi” (R{)) + (1= N)gi"(hy) < gi" (AR, + (1= A)RY)

Thus ¢;”(h\1) is a concave function. Similarly we can prove the convexity of other functions listed
above. |

Next we would like to study the symmetry properties of g;*(h\1). From the form of Ingleton
inequality (10), we notice that for a given distribution, if we swap the position of X; and X, the
value calculated from Ingleton,; remain unchanged, same properties hold if we exchange X, and X.
However, for a given distribution which has its entropic vector h* tight on g, (thus h{ = g;"(h{,)), due
to symmetry, the entropic vector h® corresponding to the distribution swapping X; and X ;j(and/or swap
X}, and X;) will still be on the boundary and satisfy h} = ¢\ (hl\’l). Based on this fact, and that ¢;"(hy;)
is a concave function, we get the following theorem.

Theorem 3. Suppose we have a distribution px with corresponding entropic vector h® tight on gi*, and
denote h® the entropic vector from swapping X5 and X, in px, then g”( W=a" (hl\’l) and

1 1
up a . b\ _ up(~pa iy N
/\Iél[gl’xl] 91 ()‘h\1 + (1 /\)h\l) g1 (2 \1 + 2h\1) (17)

thus the maximum of g," along AR+ (1— )‘>hl<1 must be obtained at entropic vectors satisfying hs = hy,
hiz = his, haz = hoy and hia3 = has.

Proof: First we need to point out the symmetry between h® and h® caused by the exchange of X35 and
X,. For
h* = [h{ h3 hiy h3 his hig hiyshihiy by hiyy hgy hisy h3sy Pisi] (18)

it can be easily verified that
h” = [h{ h§ hiy h§ hiy hy hiphShis his hiss hgy hisy By hisg] (19)
Since both h® and h’ are tight on g}*,
hi = a"( (\11) hlf = gi‘p(hlil)

Thus h{ = h® implies g}” (h) = 91" (hﬁl), which also guarantee ;" (Ah{; + (1 — )\)hl\’l) = g/P((1 -
M)A+ )‘h1<1)-
Now we proof (17) by contradiction, suppose I\ € [0, 1], N # % such that

U, a m 1 a 1
91" Wiy + (1= X)hy) > g1 (SRS + SRty (20)
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Since ¢;"(h\1) is a concave function,

gqu()\/ L\l1 + (1 - )‘/)hl<1>
=g,"((1 - )\/) L\l1 + )‘/hl<1)

1 u a 1 U a
— LGPV, + (1= X)L+ g (1= NORS, + XD
U, 1 a 1 a
< P (LIVR, + (1= N)BL + 21 = X)g, + VBl
:91p(§ \1+§hl<1)

which contradicts the assumption, and proves (17). Because of the symmetry between h in (18) and h’
in (19), entropic vector %hﬁl + %hl<1 will have the properties that hs = hy, hiz = hi4, has = hay and
hi2s = hiaa. u

Next we are going to investigate the relationship between ¢;” and g,” by swapping X; and X, OR
swapping both X, X, and X3, X,. For a distribution px with corresponding entropic vector h* tight
on g;¥, we denote h° the entropic vector from swapping X; and X5 in px, h? be entropic vector from
swapping both X, X5 and X3, X,. For

h = [h{ h hiy hy hiy hog hisghihiy hoy hisy hay hize hogy Dis]
it can be easily verified that

h* = [h% h(ll h(112 hg h(213 h(113 h(1123hihg4 hcll4 h’cll24 hg4 h(2134 h"1134 h(11234] (21)
hd = [h; hcll h(112 hZ h(214 h(114 h(ll24hghg3 h(113 h’cll23 hg4 h(2134 hc1134 h(11234] (22)

Thus from k¢ = h§ = hd we get
gqu(h%) =95 ( <2) = ggp(h%) (23)
which leads to the following theorem:

Theorem 4. Suppose we have a distribution px with corresponding entropic vector h® tight on g,",
we denote by h the entropic vector from swapping X1 and X in px, and h? the entropic vector from
permuting both X, Xy and X3, X,. Then

9" (hy) = g57 (hSy) = g5" (k) (24)

Furthermore, if the entropic vector h® associated with some distribution px satisfies hi3 = hos,

his = hoy and hizy = hagy, then g|" (hil) = g5"( fl) if the entropic vector h'¥ associated with

some distribution Px satisﬁes h3 = hy, hlg = hoy, hyga = h23, h123 = hyoq and h134 = h234, then
FEY _ fE

gt (hy) = 95" (y).

Example 1: In order to explain Theorem 4, we consider the example such that we fix the last 13

dimension of entropic vectorto V' = [32334 2334444 4] and only consider the first two dimensions
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Figure 3. Entropic vector hyperplane with only /; and h, coordinate not fixed

T T T T T T T

V=1032334233444414]
a=[12V] =B ol 403
) . b= [q; Yy V}
[N e=li-3og,3 4-Flogy3 V] |
d=[yz V]
| ~2 \.\\ e = [2 1 V] — r%zs + 7@4 + r%
N . \\\\\ f _ f34 _ [2 9 V]
hy \ S ]
1 bx h N
s Ce X atis s =7
dx ~
i S Matdss = 2 |
ee \“\\ T §
T Zhaﬁ§>¥eung Ine;q" ]
Ingletongy
hy axis

hy and hy, which is shown in Figure 3. Since [} is a 15 dimensional convex cone, if we fixed 13
dimensional to V, only h; and hs should be considered, thus we can easily plot the constrained region
for visualization.

In Figure 3, f is the one of the 6 bad extreme rays(extreme rays of ['y that are not entropic). The
rectangle formed by connecting (0,0), (2,0), (0,2) and f is the mapping of Shannon outer bound I'4
onto this plane. The green line connecting a and e is the projection of Ingletons, onto the plane.
Notice we also plot inequality (7) and (8) for some values of s in the figure for the comparison between
Ingleton inner bound, Shannon outer bound and non-Shannon outer bound. The red dot point c is the
entropic vector of the binary distribution with only four outcomes: (0000)(0110)(1010)(1111), each of
the outcomes occur with probability i, and following from the convention of [21], we call it the 4 atom
uniform point.

Since we already know a = [1 2 V] and e = [2 1 V] must lie on the boundary of P}*, thus
g7 ([2V]) = g5"([2V]) and g;*([1 V) = g5 ([1 V]). More generally, for any entropic vectorb = [z y V]
on the boundary, we have ¢,”([x V]) = g5"([z V]) and ¢;"([y V]) = ¢5"([y V]). Thus we can say that
when we constrain the last 13 dimension of entropic vector to V' = [323 342334444 4], the two
function ¢;* and g¢,” always give us the same value, that is to say they are identical when fixed in this
hyperplane.
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5. Conclusions

In this paper, we proved that the problem of characterizing the region of entropic vectors was
equivalent to finding a single non-linear inequality solving one of ten interchangeable optimization
problems. Additionally, we investigated some symmetry and convexity based properties of the functions
that are the solutions to these optimizations problem. Our future work is focused on calculating upper

and lower bounds for these nonlinear functions.
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