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Abstract: Black holes are objects of significant interest in modern cosmology. From what initially
looked like a superficial analogy between black hole mechanics and thermodynamics, a new
epistemological framework has emerged according to which far-reaching conclusions about black
hole can be reached through thermodynamic analysis. An example of this is the view that the
temperature of a black hole is inversely proportional to its mass. This paper raises doubts about
the currently accepted connection between black holes and entropy. It does so by first reviewing the
principles of thermodynamics and the properties a system must have in order to admit of proper
thermodynamic analysis. It is argued that the current view of black holes preclude their distinct
classification either as closed or open systems, a fact which has a bearing on the formulation of the
First and Second Laws. From a mechanistic view of temperature and heat, combined with my recent
work on the physical meaning of classical entropy, I show that the generalized Second Law of black
hole thermodynamics is probably in error. The notion of heat transfer (which is central to entropy
definition) is not explicit in the black hole energy equation. To address the challenges raised, black
hole mechanics must either commit to a phenomenological approach and therefore only invoke
thermodynamics in the classical sense or accept a microscopic view of black hole matter in order to
readily draw from established results of statistical mechanics. It is argued that a proper connection
to classical thermodynamics would lead to the view that the temperature of a black hole increases
with its mass, as a result of which a positive specific heat capacity is to be expected, contrary to the
prevailing doctrine.
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1. Introduction

Black holes are objects of ongoing scientific research. They also appeal to our sense of wonder
about the universe and when we loosely combine them with entropy, an often misunderstood and
liberally extrapolated physical concept, we obtain an aesthetically appealing but possibly incorrect
blend of science and science-fiction. In this paper, I will try to show that our prevailing understanding
of black hole properties demands extra care in any attempts to connect them to thermodynamics. It
seems that this has not been the case in developing the notions of black hole entropy and black hole
temperature, making it possible that we may be in error.

I will first review the principles of thermodynamics, especially the classification of
thermodynamic systems and the corresponding First and Second Law formulations. Entropy in
classical and statistical thermodynamics is briefly reviewed, in connection to my recent work on an
alternative interpretation of classical entropy. The review of thermodynamics is intended to help
us identify what properties a physical system should have in order to be properly analyzed using
thermodynamic concepts.

In this work, I will not consider entropy and information to be synonymous. It seems reasonable
to recognize two views of entropy in physical science: (1) The phenomenological approach in which
we stay close to Clausius’ definition of the term using heat and temperature. Along this line may be
added my recent suggestion to construe entropy change as a non-dimensional measure of changes
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in a system’s energy upon interaction with another system/universe. (2) The statistico-mechanical
approach in which we connect entropy to counting mechanical objects with given mechanical
properties (momenta and spatial locations). Information, being neither a classical thermodynamic
nor mechanical quantity, then appears to be an extraneous property introduced into physical science
for no epistemic virtue other than further confusion. Although there is a sense in which one may
make an analogy between counting mechanical objects with momenta and positions in statistical
thermodynamics and counting permutations of symbols used in communication, such counting
cannot be perceived as leading to a conserved quantity, as sometimes suggested.

A brief review of central concepts in black hole cosmology is then presented, distinguishing
between views about black holes before and after general relativity theory. Since the notion of black
holes and entropy surfaces in Berkenstein [1] and Bardeen et al. [2], I try to sketch the reasoning
that led to the connection. I modestly set out to show that it is reasonable to be skeptical of this
connection, especially as it is further made to imply that black hole temperatures increase as the mass
decreases (negative specific heat capacity). I speculate, albeit without a serious commitment, that a
proper connection of black holes to thermodynamics would lead to the notion that black temperatures
increase with increasing mass, contrary to the prevailing position.

2. Relevant Background

2.1. Fundamentals of Thermodynamics

The science of thermodynamics maybe understood to be a framework to investigate the behavior
of a carved out region of the universe containing matter as this region interacts with the rest of the
universe through exchange of energy and possibly mass. To apply this framework to the investigation
of objects, such as black holes, a review of key concepts and principles is needed.

2.1.1. Systems and Properties

The object of thermodynamic investigation is the system. By a system we understand a carved
out region of the universe containing matter with known properties at a given state. Thermodynamics
deals with average properties, so that there are no spatial variations within the system for which well
defined system properties are given. Since exchange of mass and energy is important, simplification
of system analysis is carried out by classifying systems on the basis of possible energy and mass
exchanges.

An isolated system is one in which neither mass nor energy can be exchanged with the rest of
the universe. If we do not admit of spatial variations within a well defined stable system, then such
a thermodynamic system might appear to be boring. The isolated system becomes interesting if we
admit temporal variations of its properties (resulting from initial heterogeneity in its properties).

A closed system is one in which exchange of energy with the environment is possible but mass
can neither enter nor leave the system. We can therefore investigate the response of the system
to energy exchange processes. For this, knowledge of the energy exchange process and material
response properties is needed. One broadly distinguishes between energy transfer on account
of temperature differences and energy transfer through mechanical deformations of the system
boundaries, the driving forces for these deformations being of various types other than temperature
gradients.

An open system can exchange energy and mass with the environment. We may then investigate
how such a system responds to exchange of mass, energy, or both with the environment. These
distinctions lead to differences in the forms of the associated expressions of the First and Second
Laws of thermodynamics. By extension, such differences would mean that transfer of thermodynamic
analysis to black hole mechanics simply by analogies is not warranted unless a justified commitment
to one type of system is made.
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The equivalence of energy and mass in relativity through Mc?> = E removes the distinction
between closed and open systems. We can then only reasonably speak of isolated and closed/open
systems in relativity. If mass transfer occurs through radiative energy transfer (photon masses), we
may approximately treat the problem as a closed system.

For a closed system, the principle of energy conservation or the First Law simply states that the
energy of the system increases on account of heat or work addition. In engineering terms, one prefers
to say that the energy of the system can increase as a result of heat addition or it can decrease as a
result of work expenditure. The First Law takes the form:

N N
dE =6Q+ ) 6W; =6Q+ ) FdX; (1)
i=1 i=1

where Q is heat transferred into the system, F; a generalized force and X; is the associated
generalized coordinate which undergoes a differential change around an equilibrium state.

Significant progress in thermodynamics came from adopting an underlying model of matter
in the macroscopic systems. It has proven to be very useful to interpret observed macroscopic
variables in terms of the mechanics of constituent particles since Thomson, Maxwell, and Clausius.
If this picture is true, then the non-mechanical notions of heat and temperature can be eliminated
from fundamental laws of thermodynamics. Our adherence to these concepts is purely a matter of
linguistic and cultural inertia.

o The boundaries of a thermodynamic system divides the universe into two: within is the system
being investigated and without is the rest of the universe.

o The First Law therefore only states that the energy of the system within increases (dEg) by the
same amount as the energy of the rest of the universe decreases (dEf).

e We may divide the different ways in which the rest of the universe energetically interacts with
the system into two groups: energy exchange by virtue of differences in temperature dEg 1 and
non-thermal interactions broadly classed as work, dEg . The First Law becomes:

N
dEg = dEE,T + dEE,W = dEE,T + Z FdX; 2)
i=1

If we view all energy terms involved to be reducible to the kinetic and potential energy of the
constituent particles (or their statistical averages), we then have a First Law of Thermodynamics
independent of the notion of heat (i.e. we made the substitution 6Q = dEg r—differential heat
is simply change in the environmental internal energy through a microscopic energy transfer
mechanism—conduction, convection or radiation). This can be useful in deciding which terms
in the energy equation should be associated with the entropy of a black hole that interacts with
another part of the universe such as a second black hole. Clausius’ definition of entropy targets
thermal non-equilibrium i.e. 6Q, dEg T or dEg 1.

A few comments about the notion of generalized forces and coordinates. The science of
thermodynamics took shape in the 19th century after the success of analytical mechanics. The notion
of potentials was transferred from mechanics to the new field initially by Massieu [3]. This was
followed by further developments in the hands of Helmholtz, Duhem [4], and Gibbs [5]. One views
the generalized force, F;, as describing the response behavior of the systems energy to changes in the

associated coordinate i.e. F; = g?g.
1
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2.1.2. Second Law and Entropy

We shall only consider the Second Law and its connection to entropy for a closed system. As
discussed in my previous work [6], Clausius’ definition of entropy through its differential

oq
ds = — 3
] )
can be made to reflect a non-dimensional measure of energy changes as a system interacts with
another or the environment through heat transfer. The modified form suggested was

o9 _ o9
ds = T e 4)
with the further emphasis that the Second Law is the law of heat transfer. For a constant volume heat
transfer process without any other driving forces, we find upon integrating that s, —s; = In(ep/€1).
In the unmodified form, this has the associated heat capacity and is expressed in terms of ratios of
temperatures s; — s; = coIn(T/T;). Clausius’ definition allows for the substitution 6Q = TdS in
Equation (1) to get:

N
dE = TdS + ) _ FdX; (5)
i=1

This is now the most widely used fundamental thermodynamic potential due to Gibbs but the
close connection of entropy to heat transfer should not be forgotten. That is, as presented here the only
driving force leading to entropy change is temperature difference. If one is interested in capturing the
potential for a certain relaxation process in nature, one may well define a new kind of entropy if terms
of the driving force, i.e., dSx; = F"’;X". Historically, there is one instance in which this approach was
taken and it led to what is considered to be entropy production in chemically reacting systems. This

approach is due to De Donder [7], and later taken up by his student, Prigogine in developing the
fluctuation-dissipation theory and chaos in chemical reactors [8]. In this view, the driving forces are
the different chemical potentials of the species (y; = aa—f,i)

as; = Z@ (6)

The entropy change due to heat transfer is then indicated as dS,. This makes the thermodynamic
potential

N
dE = TdS, + TdS; + ) FdX; @)
i=1
where F; now represents driving forces other than temperature and chemical potential differences.
Macroscopically considered, the First Law therefore requires us to bear in mind the origin of the
entropy terms. In most cases, this is heat transfer but in chemical reactors, this may include entropy
production due to reconfiguration of the chemical associations among atoms. This reconfiguration
can further make available potential energy in the form of kinetic or thermal energy without heat
crossing the system boundary.
In statistical thermodynamics, the focus shifts from average system properties to counting of
states and probabilities. Boltzmann entropy change for a microcanonical ensemble is a measure of
the change in the number of ways:

2w W,
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where W is the multiplicity or the number of ways the energy of the system can be distributed among
its available energy states. In the non-dimensional fashion in my previous work, this would amount
tosy) —s1 = ln%.

Gibbs entropy at a given state, on the other hand, is closer related to Boltzmann’s H-theorem and
entropy in information theory.

W
s =—k})_ pilnp; )
i=1
If one considers a system with W states and equal probabilities, then p; = 1/W and we end up
with statistical entropy differences as in Equation (8). These views of entropy therefore require that
we either focus on phenomenological processes and use Clausius’ or De Donder’s entropy definitions
or commit to a microscopic and statistical view of the investigated system.

2.2. Black Hole Mechanics

The basic notions of black hole mechanics can be understood to have ties to both classical
and relativistic mechanics. As is to be expected, some notions have been transferred from the
understanding of black holes within a classical framework to that of general theory of relativity. The
very name of these physical objects is committed to a classical mechanical legacy as discussed below.

2.2.1. Black Holes before the General Theory of Relativity

Two central ideas precede the development of black holes in classical mechanics. The first is
Newton’s theory of gravity, according to which two masses, M and m, at a given separation, 7,
experience a mutual attractive force, T, quantitatively determined as:

_ GMm

F
72

(10)

The potential energy, P, of the mass, m, at a given separation from the other mass, M, can be found to

be
oF GMm

P=-%=""7

According to this relation the potential energy almost vanishes at infinite separations and grows

negatively unbound as r approaches zero. The mass m moving with a velocity, v, also has kinetic
energy, K.

One can then introduce the notion of escape velocity. It is imagined that one would have to

project the mass m from near the surface of the more massive object M, with a certain minimum

velocity, v, so that as the kinetic energy diminishes with increasing separation, a point is reached

(11)

where near vanishing of the kinetic energy coincides with near vanishing of the potential energy.
Imposing the principle of conservation of energy of the mass m means that at all times during the
flight, K+ P =0o0r1/ 2mov? — GMm/r = 0. At the point of projection where the separation is Rp, we
have v, = v/2GM/Ry. That is, the escape velocity is uniquely determined by the mass of the "planet”,
M, and the separation at the point of projection. Although the mass of the moving object, m, does
not feature in this result, the arguments leading to the equation are presented in terms of Newtonian
gravity as well as potential and kinetic energies.

One could simply ask: given M and a "true" particle projected with the speed of light, c, what
should the radius of projection, Ry, be for the particle to escape the gravitational field of the "planet"?
This radius of project is near the surface of M. At this point one simply uses the speed of light as
a stand-in for the velocity of any mass that interacts with M in accordance with Newtonian gravity
and possesses kinetic and potential energies in the classical sense. If one knows by experience that no
object can travel with a speed higher than c, the question therefore sets a limit to projecting mass-like
gravitationally constrained particles from the surface of the planet.
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The natural philosopher, the Reverend John Michell in 1784 [9] went beyond these considerations
with two key assumptions: (1) Newton’s gravity holds true and (2) light is made of corpuscle and by
extension, light corpuscles are endowed with mass, interact with massive objects M according to
Newton’s gravitational law and possess both kinetic and potential energies which can be calculated
as above. From these consideration, he concluded that every massive object has a certain radius
such that if its mass is compressed to that radius, projecting a corpuscle of light with the maximum
allowable with a velocity, c, the corpuscle will fail to escape the planet and eventually fall back to the
surface. This assumes non-interaction with any other heavenly bodies. The massive object, M, thus
configured is a black hole, lost to observers outside a certain radius.

A similar idea was developed by Laplace in his Exposition du systeme du Monde [10]. However,
it seems that he was led by increasing experimental evidence of the wave nature of light to omit the
treatment in later editions of his book. It seems then that the initial fascination with black holes waned
in the 19th century coinciding with the less popular corpuscular theory of light.

With this change of the ontological status of light we may only retain the notion of "black
hole" and consider Michell’s investigation to have established that "an object capable of gravitational
interaction with another massive object, if its velocity is not to exceed the speed of light, must be
projected with this limiting velocity from a well defined radius. At separations less than this critical
radius, the gravitational object projected with the limiting speed of light executes projectile motion
and returns to the surface of that massive planet.

2.2.2. Black Holes after the General Theory of Relativity

From the 20th century onward, black holes are interpreted as consequences of certain solutions
of Einstein’s field equation of the general relativity theory (GTR). The GTR relates the curvature of
space-time manifold with the stress-energy tensor of a gravitational field. Central to the theory is
differential geometry. In special relativity the Lorentian metric of the space-time manifold is given as

ds* = dt? — dx® — dy? — dz? (12)

In GTR, geometry varies from point to point, captured by the metric tensor, g,;, so that a line element
can described by
ds* = gupdxadxy, = goodt? + gijdx;dx; with (i,j = 1,2,3) (13)

The gravitational field can be captured by specifying space-time using the metric g,;,. It is not the
intention of this paper to go into the field equations. Solutions of these field equations for specific
cases have been obtained. One of these was the Schwarzschild solution for a stationary spherical
mass whose metric is given as

-1
PRI (1 _ er”) a2 + (1 - er”) i + 20> (14)

This solution leads to a singularity at 7 = 2M (or r = 2GM/c? in physical units of distance), very
much similar to the critical radius of Michell’s black hole. It is known that initial fascination with these
singularities and their connection to the 18th century notion of black holes was not enthusiastically
embraced by Einstein and Eddington, another leading expert in GTR [11].

Much later, other solutions of the field equations emerged. @ One of these is the
Reissner-Nordstrom (RN) solution which considers a spherically symmetric black hole of mass, M,
and electric charge, Q. The RN metric can be written as

2 2\ —1
a2 = — (1= 8y (12290 ey 2 (15)
r r2 r r2
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From solution of the field equations only the electromagnetic field emerges as the only non-zero
component F = Q/r2. It also features singularities at r = 2M.

A very important solution of the field equations is that due to Kerr. It deals with a black hole of
mass, M, rotating with an angular momentum, J. One form of the Kerr metric is

ds*> = — <1 - 2]:’/”) ar* — 4M“;S”1dtd¢ + 02 szn26d92 + b dr +p%d6? (16)

The mass of a Kerr black hole has been shown by Smarr [12] to be related to the surface area,
angular momentum, and charge. In modern texts this can be written as

M—Z—A—l—ZQ]—HPQ (17)

where the curvature the black hole is ¥k = ﬁ.

3. Connection between Black Holes and Thermodynamics

The connection between black holes and thermodynamics starts with introducing the notion of
black hole entropy through the first law.

3.1. Current Views on Black Hole Entropy

The first explicit connection between black holes and entropy is due to Berkenstein [1]. The
abstract of his 1973 paper opens with: "There are a number of similarities between black hole physics
and thermodynamics. Most striking is the similarity in the black hole area and of entropy: Both
quantities tend to increase irreversibly."

Since the principle of entropy increase is understood to mean that (1) the net entropy of two
systems interacting by heat transfer increases or (2) the entropy of a system to which heat is added
increases, the irreversible increase of the entropy of a black hole can only be considered to be generally
true if black holes only receive energy but never loses any energy through heat transfer processes,
such as radiation.

The First Law of black hole mechanics can be derived from the differential of mass in the Smarr
formula, treating curvature, angular velocity, and electromagnetic potential as driving forces and
varying the surface area, angular momentum, and charge. A second path, more rigorous is the one
presented by Bardeen et al. [2] in which the interaction of two black holes is considered. This black
hole mass differential is

AM = ﬁdA +Qd] + ¢pdQ (18)

Berkenstein considers Equation (18) to be analogous to the fundamental thermodynamic
potential, dE = TdS — pdV, in which pressure is the only force by which mechanical work can be
added or withdrawn from the system. It is argued that the entropy of a black hole, S, is related
to area, S = f(A) on the basis of the similarity. What is missed is that the more basic form of the
thermodynamic potential is related to elemental heat exchange:

dE = TdS — pdV <= dE = 6Q — pdV (19)

The analogy is further pursued [1,13] to establish that the entropy of a black hole is

3

5= GhA (20)

where 71 is the reduced Planck constant. The temperature is found to be

h

- 27‘[kCK 1)
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It should be noted that this connection is only based on analogy. A distinction between the
mechanisms of energy exchange between a black hole and the universe is not offered nor is a clear
connection to entropy definitions previously discussed.

3.2. Criticism and Alternative Connection between Black Hole and Entropy

The main skepticism about validity of the above thermodynamic connection centers on the use
of analogy to justify the connection between the black hole surface area and entropy. Since this
is the main foundation of black hole thermodynamics, if the analogy falls apart, then the series of
deductions that follow from it, such as black hole temperature are also in question. It is argued here
that

e TdS # xdA. The surface area has no connection to heat transfer or statistics of constituent
microscopic particles. The surface gravity, x, is just another non-thermal driving force conjugate
with the surface as its generalized coordinate.

o If TdS 7& xdA, then there is no ]ust1f1cat10n for T =x ~ gy

o If T # 4 1w then the heat capacity C = BT is not necessarily negative. It might or might not be.

How might we correctly identify an analog of thermodynamic entropy in black hole mechanics?
There are two ways to invoke entropy in the analysis of systems such as black holes. One is to appeal
to the classical approach in which, for closed systems, entropy is defined in terms of heat transfer. The
second approach would require us to apply statistical mechanical reasoning in the more physically
illuminating approach of Boltzmann and Maxwell. Regarding the first approach, we must identify
which of the terms in the Smarr formula or the two black hole mass transfer model would count
as heat.

Let us consider the interaction of two black holes that leads to mass accretion by one. A
two step-approach is needed to account for the change of mass/energy and how that change of
mass/energy leads to readjustment of the generalized coordinates of the black hole.

Consider the case of two Kerr black holes interacting by mass/energy exchange. If one first
treat them to proceed so fast, such that the surface area, angular momentum and charge remain
fairly constant, we may proceed to analyze how entropy changes, defined in terms of mass/energy
exchange, can be determined. We consider two masses, M; and My. Through mass accretion, the first
receives 0M; and the mass/energy conservation now requires that

M1+ M =0 (22)

Since dM; > 0, M; loses mass as a result of the interaction. Let’s define entropy changes in the
non-dimensional manner proposed in previous work [6]. We seek to discover the relation between
the two masses for the resulting entropy to be greater than zero in accordance with the Second Law.

oM, oM,

(SMl
_ — - = - 2
d51 = M1 and dSz M, M, ( 3)

If we consider both masses to be sufficiently large as to remain fairly constant during the mass
exchange process, then we can establish the total entropy change to be

OMy (Mp — M)

dsi +dsp = MM,

(24)

That is, for the total entropy change to be positive, it must be the case that M, > M;. We
must qualify that this is only directly related to entropy if the accretion proceeds through radiative
heat transfer, and not through mechanical mass transfer. For each of the black holes, we now have

the difference between initial and final entropies as sy —s; = Inf M Further, here we have our first
suggestion that if the notion of temperature must be introduced it would be such that
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Mc* = photonshv = NBHparticleskT (25)

where we have introduced the speed of light to obtain energy units for the mass. The mechanical
theory of heat links the temperature of a gas to the average kinetic energy of its particles. The average
velocity of ideal gas particles is comparable with the speed of sound, so that T o« 2. In seeking the
temperature of a black hole, one must have in mind the ontology of black holes as consisting of some
fundamental particles. Given that we pay closer attention to the relativistic energy, considering black
holes as consisting of gas particles might not be very helpful. We do not have any knowledge of the
speed of sound and what state of matter black holes have. I argue that we can draw from the analogy
of temperature of ideal gases as being proportional to the speed of sound, the elementary particles
being those capable of translational motion. In the case of black holes, we can anchor our speculation
on photons and their frequencies

Lé = kv =T (26)

N photons k k

We note that /1, k, and ¢ are physical constants. It follows then that the temperature of a black
hole may be related to the average frequency (or wave number) of its photons which together make
up the energy of the black hole or it could be related to the average mass of a representative photon,
M/N, seeing that c is a constant i.e. T « M, and not T o« M~!. If this is true it also implies that
the heat capacity, %—1\%{, is greater than zero, unlike the negative behavior resulting from the current
temperature definition. It should be further noted that non-thermal mass exchange does not permit
definition of entropy change as carried out above.

We may proceed to consider what happens after the rapid mass loss/accretion in each of the
two black holes. This corresponds to the mechanical relaxation of a thermodynamic system that
has been subjected to non-equilibrium state, almost instantaneously. Here one might simply invoke
the variational form of the Smarr formula and recognize that the mass differential can be related to
entropy according to Equation (23).

K
- " = 7
AM = —=d A+ Qd] + pdQ = Mds 27)

In this form, x, (3, and ¢ are generalized non-thermal (electro or mechanical) forces with A, J, and
Q the corresponding generalized coordinates, similar to the fundamental thermodynamic potential.
There is no reason to prefer to connect the surface area to entropy over the angular momentum or
the charge. In terms of analogy in classical thermodynamics, the term associated with surface gravity
and surface area would be comparable with surface tension, not temperature.

A few questions remain, especially given that this author is not writing from a cosmological
perspective. Can a black hole lose energy through radiation? What is the exact principle forbidding
this? How does the temperature change upon mass accretion or upon heat transfer? It would appear
that if temperature is related to the average photon frequency, then heat loss by radiation from the
black hole should lead to a lower average photon frequency, hence lower temperature. If photons
are not created or destroyed in the transfer process, then loss of energy by radiation should lead to
a decrease of mass of the black hole. We noted that of the two interacting black holes, the entropy
change would be such that one experiences an entropy decrease while the mass receiving the accreted
mass element would increase. Having related these masses to the temperature and average photon
frequency through Mc?> = Nhv = NkT, it can be concluded that two black holes interacting by
mass/energy exchange would do so naturally is the one losing energy has a higher average photon
frequency than the one receiving.
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4. Conclusions

In its current state, the connection between black holes and entropy is not satisfactory. This
paper examines the basics of thermodynamics and considers whether these align with the First Law
of black hole mechanics. It is argued that the analogy on the basis of which entropy is introduced into
black hole mechanics is not satisfactory. If this is the case, the definition of temperature also suffers.
A plausible alternative is considered according to which the entropy change is a non-dimensional
change of black hole mass resulting from a mass/energy exchange. Temperature would appear to be
proportional to the mass of a black hole, leading to a normal positive specific heat capacity.
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