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Principal Component Analysis

• Search the direction that different 
dimensions of data are aligned. 

• Extract the common randomness 
between different dimensions. 

• How to formalize this idea by 
information theory?
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Multimodal Data Analyses

• Learning from multimodal sensory data.

• Need to find informative representations for data.

?
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Multimodal Data Analyses

• Learning from multimodal sensory data.

• Need to find informative representations for data.

• Extracting the representation to describe the common structure 
between multimodal data.

?
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The MNIST Problem

• MNIST hand written digits problem:
• Divide image into subareas, extract features for each subarea.

X1
<latexit sha1_base64="CesYNhv7Qdu7RVNqbhXtrfAtJDE=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiR9aOqq4MZlRVsLbSiT6aQdOnkwMxFK6Ce4caGIW7/InX/jpI2gogcuHM65l3vv8WLOpLKsD6Owsrq2vlHcLG1t7+zulfcPujJKBKEdEvFI9DwsKWch7SimOO3FguLA4/TOm15m/t09FZJF4a2axdQN8DhkPiNYaemmN7SH5YplNp1G03GQZVoLZKReazhnyM6VCuRoD8vvg1FEkoCGinAsZd+2YuWmWChGOJ2XBomkMSZTPKZ9TUMcUOmmi1Pn6EQrI+RHQleo0EL9PpHiQMpZ4OnOAKuJ/O1l4l9eP1G+46YsjBNFQ7Jc5CccqQhlf6MRE5QoPtMEE8H0rYhMsMBE6XRKOoSvT9H/pFs17ZpZva5XWhd5HEU4gmM4BRvOoQVX0IYOEBjDAzzBs8GNR+PFeF22Fox85hB+wHj7BEQkjcU=</latexit>

X2
<latexit sha1_base64="dRgSHHnjcO9l8KFeKd6qSyexfQg=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiR9aOqq4MZlRVsLbSiT6aQdOnkwMxFK6Ce4caGIW7/InX/jpI2gogcuHM65l3vv8WLOpLKsD6Owsrq2vlHcLG1t7+zulfcPujJKBKEdEvFI9DwsKWch7SimOO3FguLA4/TOm15m/t09FZJF4a2axdQN8DhkPiNYaemmN6wOyxXLbDqNpuMgy7QWyEi91nDOkJ0rFcjRHpbfB6OIJAENFeFYyr5txcpNsVCMcDovDRJJY0ymeEz7moY4oNJNF6fO0YlWRsiPhK5QoYX6fSLFgZSzwNOdAVYT+dvLxL+8fqJ8x01ZGCeKhmS5yE84UhHK/kYjJihRfKYJJoLpWxGZYIGJ0umUdAhfn6L/Sbdq2jWzel2vtC7yOIpwBMdwCjacQwuuoA0dIDCGB3iCZ4Mbj8aL8bpsLRj5zCH8gPH2CUWojcY=</latexit>

X3
<latexit sha1_base64="NVCBOVcLtb/3fdNbIANBCW4Em3M=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiR9aOqq4MZlRVsLbSiT6aQdOnkwMxFK6Ce4caGIW7/InX/jpI2gogcuHM65l3vv8WLOpLKsD6Owsrq2vlHcLG1t7+zulfcPujJKBKEdEvFI9DwsKWch7SimOO3FguLA4/TOm15m/t09FZJF4a2axdQN8DhkPiNYaemmN6wNyxXLbDqNpuMgy7QWyEi91nDOkJ0rFcjRHpbfB6OIJAENFeFYyr5txcpNsVCMcDovDRJJY0ymeEz7moY4oNJNF6fO0YlWRsiPhK5QoYX6fSLFgZSzwNOdAVYT+dvLxL+8fqJ8x01ZGCeKhmS5yE84UhHK/kYjJihRfKYJJoLpWxGZYIGJ0umUdAhfn6L/Sbdq2jWzel2vtC7yOIpwBMdwCjacQwuuoA0dIDCGB3iCZ4Mbj8aL8bpsLRj5zCH8gPH2CUcsjcc=</latexit>

X4
<latexit sha1_base64="hDgh4SyCHoZQ3XJaN8pxXEGUFY8=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiR9aOqq4MZlRVsLbSiT6aQdOnkwMxFK6Ce4caGIW7/InX/jpI2gogcuHM65l3vv8WLOpLKsD6Owsrq2vlHcLG1t7+zulfcPujJKBKEdEvFI9DwsKWch7SimOO3FguLA4/TOm15m/t09FZJF4a2axdQN8DhkPiNYaemmN6wPyxXLbDqNpuMgy7QWyEi91nDOkJ0rFcjRHpbfB6OIJAENFeFYyr5txcpNsVCMcDovDRJJY0ymeEz7moY4oNJNF6fO0YlWRsiPhK5QoYX6fSLFgZSzwNOdAVYT+dvLxL+8fqJ8x01ZGCeKhmS5yE84UhHK/kYjJihRfKYJJoLpWxGZYIGJ0umUdAhfn6L/Sbdq2jWzel2vtC7yOIpwBMdwCjacQwuuoA0dIDCGB3iCZ4Mbj8aL8bpsLRj5zCH8gPH2CUiwjcg=</latexit>



4

The MNIST Problem

• MNIST hand written digits problem:
• Divide image into subareas, extract features for each subarea.

• The extracted features should describing the common information (the 
label) shared by different subareas.
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The MNIST Problem

• MNIST hand written digits problem:
• Divide image into subareas, extract features for each subarea.

• The extracted features should describing the common information (the 
label) shared by different subareas.

• How to extract the common structure shared between data variables?
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Mathematical Formulation

• Given pairwise dependent discrete random variables X1, …, Xd, with 
joint distribution PX1, …, Xd.

• Observed sampled vectors generated i.i.d. from PX1, …, Xd.
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Mathematical Formulation

• Given pairwise dependent discrete random variables X1, …, Xd, with 
joint distribution PX1, …, Xd.

• Observed sampled vectors generated i.i.d. from PX1, …, Xd.

• Want to find the function f(X1, X2, …, Xd) that conveys much 
information about the common structure between X1, …, Xd.
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• Given pairwise dependent discrete random variables X1, …, Xd, with 
joint distribution PX1, …, Xd.

• Observed sampled vectors generated i.i.d. from PX1, …, Xd.

• Want to find the function f(X1, X2, …, Xd) that conveys much 
information about the common structure between X1, …, Xd.

• Need an information metric to measure the commonness.
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Mathematical Formulation

• Given pairwise dependent discrete random variables X1, …, Xd, with 
joint distribution PX1, …, Xd.

• Observed sampled vectors generated i.i.d. from PX1, …, Xd.

• Want to find the function f(X1, X2, …, Xd) that conveys much 
information about the common structure between X1, …, Xd.

• Need an information metric to measure the commonness.

• Better to be computable by efficiently algorithms from data.
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The Common Information Measure

• Given discrete random variables X1, …, Xd, the Watanabe’s total 
correlation is a measurement for their common information:

C(X1, . . . , Xd) , D(PX1···XdkPX1 · · ·PXd)
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The Common Information Measure

• Given discrete random variables X1, …, Xd, the Watanabe’s total 
correlation is a measurement for their common information:

• For attribute U of X1, …, Xd with conditional distribution PX1, …, Xd|U, 
we monitor the loss of total correlation given U: 

• The amount of common information contained in U.

C(X1, . . . , Xd) , D(PX1···XdkPX1 · · ·PXd)

C(X1, . . . , Xd)� C(X1, . . . , Xd|U) =
dX

i=1

I(U ;Xi)� I(U ;X1, . . . , Xd)



6

The Common Information Measure

• Given discrete random variables X1, …, Xd, the Watanabe’s total 
correlation is a measurement for their common information:

• For attribute U of X1, …, Xd with conditional distribution PX1, …, Xd|U, 
we monitor the loss of total correlation given U: 

• The amount of common information contained in U.

• Learn the most informative feature about the common information = 
find U maximize the total correlation loss.

C(X1, . . . , Xd) , D(PX1···XdkPX1 · · ·PXd)

C(X1, . . . , Xd)� C(X1, . . . , Xd|U) =
dX

i=1

I(U ;Xi)� I(U ;X1, . . . , Xd)
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Extract Informative Features From Data 

• Once PX1, …, Xd|U  is solved, the log-likelihood function to detect U 
leads to the representation of data for the common structure:

max
PUX1···Xd

dX

i=1

I(U ;Xi)� I(U ;X1, . . . , Xd)

fu(x1, . . . , xd) = log
PX1···Xd|U (x1, . . . , xd|u)
PX1···Xd(x1, . . . , xd)

<latexit sha1_base64="kOhg0b8e1wHeX6bBs4My5C6v6cA="></latexit>
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Extract Informative Features From Data 

• Once PX1, …, Xd|U  is solved, the log-likelihood function to detect U 
leads to the representation of data for the common structure:

• Information sieve: restrict the cardinality of U [Ver Steeg et. al, 14]

• The optimal solution has no systematic structure

max
PUX1···Xd

dX

i=1

I(U ;Xi)� I(U ;X1, . . . , Xd)

fu(x1, . . . , xd) = log
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PX1···Xd(x1, . . . , xd)
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Extract Informative Features From Data 

• Once PX1, …, Xd|U  is solved, the log-likelihood function to detect U 
leads to the representation of data for the common structure:

• Information sieve: restrict the cardinality of U [Ver Steeg et. al, 14]

• The optimal solution has no systematic structure
• Want to add an extra constraint                                 for small   

• Can focus on the most significant low-dimensional feature.
• A geometric structure for optimally decomposing common information.

max
PUX1···Xd

dX

i=1

I(U ;Xi)� I(U ;X1, . . . , Xd)

I(U ;X1 · · ·Xd) 
1

2
✏2 ✏

fu(x1, . . . , xd) = log
PX1···Xd|U (x1, . . . , xd|u)
PX1···Xd(x1, . . . , xd)
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Extract Informative Features From Data 

• Once PX1, …, Xd|U  is solved, the log-likelihood function to detect U 
leads to the representation of data for the common structure:

• Information sieve: restrict the cardinality of U [Ver Steeg et. al, 14]

• The optimal solution has no systematic structure
• Want to add an extra constraint                                 for small   

• Can focus on the most significant low-dimensional feature.
• A geometric structure for optimally decomposing common information.

max
PUX1···Xd

dX

i=1

I(U ;Xi)� I(U ;X1, . . . , Xd)

I(U ;X1 · · ·Xd) 
1

2
✏2 ✏

fu(x1, . . . , xd) = log
PX1···Xd|U (x1, . . . , xd|u)
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How to Find Optimal Features?

• Information vector: 

max
PUX1···Xd

:

I(U ;X1,...,Xd) 1
2 ✏

2

dX

i=1

I(U ;Xi)� I(U ;X1, . . . , Xd)

 i(xi) =
PXi|U (xi|0)� PXi(xi)

✏
p
PXi(xi)
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p
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How to Find Optimal Features?

• Information vector: 

• Correspondence to log-likelihood functions: 

max
PUX1···Xd

:

I(U ;X1,...,Xd) 1
2 ✏

2

dX

i=1

I(U ;Xi)� I(U ;X1, . . . , Xd)

 i(xi) =
p
PXi(xi)fi(xi) �(x1, . . . , xd) =

p
PX1···Xd(x1, . . . , xd)f(x1, . . . , xd)

 i(xi) =
PXi|U (xi|0)� PXi(xi)

✏
p
PXi(xi)
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How to Find Optimal Features?

• Information vector: 

• Correspondence to log-likelihood functions: 

• Approximate the K-L divergence: 

max
PUX1···Xd

:

I(U ;X1,...,Xd) 1
2 ✏

2

dX

i=1

I(U ;Xi)� I(U ;X1, . . . , Xd)

 i(xi) =
p
PXi(xi)fi(xi) �(x1, . . . , xd) =

p
PX1···Xd(x1, . . . , xd)f(x1, . . . , xd)

I(U ;Xi) '
1

2
✏2k ik2

 i(xi) =
PXi|U (xi|0)� PXi(xi)

✏
p
PXi(xi)

<latexit sha1_base64="BFICn/9tOrXvI0nqb1+BCrvZWZw="></latexit>

�(x1, . . . , xd) =
PX1···Xd|U (x1, . . . , xd|0)� PX1···Xd(x1, . . . , xd)

✏
p

PX1···Xd(x1, . . . , xd)
<latexit sha1_base64="uEX+glX9m7I27R8m0RpzqEvd0uw="></latexit>

I(U ;X1, . . . , Xd) '
1

2
✏2k�k2

<latexit sha1_base64="An1gOx+ff+sWm/dkkEPuOpiRaBI="></latexit>
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Linear Transform of Information Vectors

• Linear transform between information vectors: 

 i = Bi · �, Bi(x̂i; (x1, . . . , xd)) =

8
<

:

p
PX1···Xd

(x1,...,xd)p
PXi (x̂i)

if x̂i = xi,

0 otherwise.

max
dX

i=1

k ik2, subject to: k�k2  1
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Linear Transform of Information Vectors

• Linear transform between information vectors: 

 i = Bi · �, Bi(x̂i; (x1, . . . , xd)) =

8
<

:

p
PX1···Xd

(x1,...,xd)p
PXi (x̂i)

if x̂i = xi,

0 otherwise.

max
dX

i=1

k ik2, subject to: k�k2  1

k�k2  1 � max
dX

i=1

k ik2

|X1|⇥ · · ·⇥ |Xd|

|X1|

PX1

PXd

|Xd|

 1 = B1�

 d = Bd�

··
·

PX1···Xd

B1

Bd
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The Geometric Interpretation 

k�k2  1 � max
dX

i=1

k ik2

|X1|⇥ · · ·⇥ |Xd|

|X1|

PX1

PXd

|Xd|

 1 = B1�

 d = Bd�

··
·

PX1···Xd

B1

Bd

p
PX1···Xd

0

0 0

0
BT

i =
q
P�1
Xi

Ii(x̂i; (x1, . . . , xd)) =

⇢
1 if x̂i = xi,
0 otherwise.

ITi· ·
Projection matrix:
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The Geometric Interpretation 

• Merge to a single linear transform: 

k�k2  1 � max
dX

i=1

k ik2

|X1|⇥ · · ·⇥ |Xd|

|X1|

PX1

PXd

|Xd|

 1 = B1�

 d = Bd�

··
·

PX1···Xd

B1

Bd

dX

i=1

k ik2 =

���������

2

6664

B1

B2
...
Bd

3

7775
�

���������

2

<latexit sha1_base64="DmvXOU88LSYMSuzBNtTUgciUo4I="></latexit>

B0 =

2

6664

B1

B2
...
Bd

3

7775

<latexit sha1_base64="H9XnBbiNrenJut2y1zUW3nB/fBE="></latexit>
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The Geometric Interpretation 

• Solve the singular value decomposition of B0.

k�k2  1

�

PX1···Xd

|X1|⇥ · · ·⇥ |Xd| |X1|+ · · ·+ |Xd|
B0

[PX1 · · ·PXd ]

 = B0�

max kB0�k2

BT
0 =

p
PX1···Xd

0

0 0

0

q
P�1
X1

q
P�1
Xd

. . .IT1 · · · ITd

 =

2

64
 1
...
 d

3

75

<latexit sha1_base64="NSCkfUcqMArB6yTWD8chK4NZivI="></latexit>
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The Correspondence

BT
0 =

p
PX1···Xd

0

0 0

0

q
P�1
X1

q
P�1
Xd

. . .IT1 · · · ITd

�

f =
�p

PX1···Xd

{f1(X1), . . . , fd(Xd)}

fi(xi) =
 i(xi)p
PXi(xi)

f(X1, . . . Xd) = f1(X1) + · · · fd(Xd)

f

|X1|+ · · ·+ |Xd|

Information vectors:

Log-likelihood:

B0� = �1 
<latexit sha1_base64="uL+OaJDabcJaMTxA7iY6O98I6qA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJFRRBKLpxWcE+oAlhMp20Q2eSMDMRSqkbf8WNC0Xc+hfu/BunbRbaeuDCmXPuZe49YcqZ0o7zbRWWlldW14rrpY3Nre0de3evqZJMEtogCU9kO8SKchbThmaa03YqKRYhp61wcDPxWw9UKpbE93qYUl/gXswiRrA2UmAfXAcO8tI+Q1fIU6wncOCat2KBXXYqzhRokbg5KUOOemB/ed2EZILGmnCsVMd1Uu2PsNSMcDoueZmiKSYD3KMdQ2MsqPJH0wvG6NgoXRQl0lSs0VT9PTHCQqmhCE2nwLqv5r2J+J/XyXR04Y9YnGaaxmT2UZRxpBM0iQN1maRE86EhmEhmdkWkjyUm2oRWMiG48ycvkma14p5Wqndn5dplHkcRDuEITsCFc6jBLdShAQQe4Rle4c16sl6sd+tj1lqw8pl9+APr8wcnWpVn</latexit>

�1� = BT
0  

<latexit sha1_base64="uIPi81PY9kThIIqmdi2Kop9zP3o=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmpgiIIRTcuK/QFnXHIpJk2NMkMSUYoQ8GNv+LGhSJu/Ql3/o1pOwttPXDh5Jx7yb0nTBhV2nG+rcLS8srqWnG9tLG5tb1j7+61VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6HNxO//UCkorFo6FFCfI76gkYUI22kwD7wFO1zFLjQSwYUXsHrwLlvmIeigV12Ks4UcJG4OSmDHPXA/vJ6MU45ERozpFTXdRLtZ0hqihkZl7xUkQThIeqTrqECcaL8bHrDGB4bpQejWJoSGk7V3xMZ4kqNeGg6OdIDNe9NxP+8bqqjCz+jIkk1EXj2UZQyqGM4CQT2qCRYs5EhCEtqdoV4gCTC2sRWMiG48ycvkla14p5Wqndn5dplHkcRHIIjcAJccA5q4BbUQRNg8AiewSt4s56sF+vd+pi1Fqx8Zh/8gfX5A5gqli0=</latexit>

 =
⇥
 T
1  

T
2 · · · T

d

⇤T
<latexit sha1_base64="JWE0g2NpcF90B0BJqIE9uWXRHUs=">AAACRnicbZC7SwNBEMbn4ju+opY2i0GwCndR0EYQbCwVjAq5M+ztzSWLew9258Rw5K+zsbbzT7CxUMTWzaMw6sDCt79vhtn9wlxJQ6774lRmZufmFxaXqssrq2vrtY3NK5MVWmBLZCrTNyE3qGSKLZKk8CbXyJNQ4XV4dzr0r+9RG5mll9TPMUh4N5WxFJws6tQCPzeSHTNfYUxtNrx1vNvSJ3yg8nIwGJPmFBFRRmZsRFOGlt0eBT9Qp1Z3G+6o2F/hTUQdJnXeqT37USaKBFMSihvT9tycgpJrkkLhoOoXBnMu7ngX21amPEETlKMYBmzXkojFmbYnJTaiPydKnhjTT0LbmXDqmd/eEP7ntQuKj4JSpnlBmIrxorhQjDI2zJRFUqMg1beCCy3tW5nocc0F2eSrNgTv95f/iqtmw9tvNC8O6idHkzgWYRt2YA88OIQTOINzaIGAR3iFd/hwnpw359P5GrdWnMnMFkxVBb4BiC2zpw==</latexit>
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The Correspondence

BT
0 =

p
PX1···Xd

0

0 0

0

q
P�1
X1

q
P�1
Xd

. . .IT1 · · · ITd

�

f =
�p

PX1···Xd

{f1(X1), . . . , fd(Xd)}

fi(xi) =
 i(xi)p
PXi(xi)

f(X1, . . . Xd) = f1(X1) + · · · fd(Xd)

f

|X1|+ · · ·+ |Xd|

Information vectors:

Log-likelihood:

The optimal solution: P ⇤(x1, . . . , xd|u) = P (x1, . . . , xd)

 
1 + ✏h(u)

dX

i=1

fi(xi)

!

<latexit sha1_base64="bRi6PjojCfejOtauwKVwRwUfPHk="></latexit>

B0� = �1 
<latexit sha1_base64="uL+OaJDabcJaMTxA7iY6O98I6qA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJFRRBKLpxWcE+oAlhMp20Q2eSMDMRSqkbf8WNC0Xc+hfu/BunbRbaeuDCmXPuZe49YcqZ0o7zbRWWlldW14rrpY3Nre0de3evqZJMEtogCU9kO8SKchbThmaa03YqKRYhp61wcDPxWw9UKpbE93qYUl/gXswiRrA2UmAfXAcO8tI+Q1fIU6wncOCat2KBXXYqzhRokbg5KUOOemB/ed2EZILGmnCsVMd1Uu2PsNSMcDoueZmiKSYD3KMdQ2MsqPJH0wvG6NgoXRQl0lSs0VT9PTHCQqmhCE2nwLqv5r2J+J/XyXR04Y9YnGaaxmT2UZRxpBM0iQN1maRE86EhmEhmdkWkjyUm2oRWMiG48ycvkma14p5Wqndn5dplHkcRDuEITsCFc6jBLdShAQQe4Rle4c16sl6sd+tj1lqw8pl9+APr8wcnWpVn</latexit>

�1� = BT
0  

<latexit sha1_base64="uIPi81PY9kThIIqmdi2Kop9zP3o=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmpgiIIRTcuK/QFnXHIpJk2NMkMSUYoQ8GNv+LGhSJu/Ql3/o1pOwttPXDh5Jx7yb0nTBhV2nG+rcLS8srqWnG9tLG5tb1j7+61VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6HNxO//UCkorFo6FFCfI76gkYUI22kwD7wFO1zFLjQSwYUXsHrwLlvmIeigV12Ks4UcJG4OSmDHPXA/vJ6MU45ERozpFTXdRLtZ0hqihkZl7xUkQThIeqTrqECcaL8bHrDGB4bpQejWJoSGk7V3xMZ4kqNeGg6OdIDNe9NxP+8bqqjCz+jIkk1EXj2UZQyqGM4CQT2qCRYs5EhCEtqdoV4gCTC2sRWMiG48ycvkla14p5Wqndn5dplHkcRHIIjcAJccA5q4BbUQRNg8AiewSt4s56sF+vd+pi1Fqx8Zh/8gfX5A5gqli0=</latexit>

 =
⇥
 T
1  

T
2 · · · T

d

⇤T
<latexit sha1_base64="JWE0g2NpcF90B0BJqIE9uWXRHUs=">AAACRnicbZC7SwNBEMbn4ju+opY2i0GwCndR0EYQbCwVjAq5M+ztzSWLew9258Rw5K+zsbbzT7CxUMTWzaMw6sDCt79vhtn9wlxJQ6774lRmZufmFxaXqssrq2vrtY3NK5MVWmBLZCrTNyE3qGSKLZKk8CbXyJNQ4XV4dzr0r+9RG5mll9TPMUh4N5WxFJws6tQCPzeSHTNfYUxtNrx1vNvSJ3yg8nIwGJPmFBFRRmZsRFOGlt0eBT9Qp1Z3G+6o2F/hTUQdJnXeqT37USaKBFMSihvT9tycgpJrkkLhoOoXBnMu7ngX21amPEETlKMYBmzXkojFmbYnJTaiPydKnhjTT0LbmXDqmd/eEP7ntQuKj4JSpnlBmIrxorhQjDI2zJRFUqMg1beCCy3tW5nocc0F2eSrNgTv95f/iqtmw9tvNC8O6idHkzgWYRt2YA88OIQTOINzaIGAR3iFd/hwnpw359P5GrdWnMnMFkxVBb4BiC2zpw==</latexit>
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Compute Singular Vectors

• Easier to compute the left singular vectors of B0, lower dimension. 

B , B0 ·BT
0 =

2

6664

B11 B12 · · · B1d

B21 B22 · · · B2d
...

...
. . .

...
Bd1 Bd2 · · · Bdd

3

7775

Bii : Identity matrix Bij(xi;xj) =
PXiXj (xi, xj)p

PXi(xi)
p

PXj (xj)

dim(Bij) = |Xi|⇥ |Xj |
|X1|+ |X2|+ · · ·+ |Xd|
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Algorithm to Compute Singular Vectors

Power iteration algorithm Multivariate alternative conditional 
expectation (MACE) algorithm

Initialize: 
Pick arbitrary vectors 

Initialize: 
Pick arbitrary nonzero function

Repeat: Repeat: 

Regulate: 

Scale   

Regulate: 

Scale  

 i fi

 i   i +
X

j 6=i

Bij j fi(Xi) fi(Xi) + E

2

4
X

j 6=i

fj(Xj)

������
Xi

3

5

fi(Xi) fi(Xi)/

vuutE
"

dX

i=1

f2
i (Xi)

#
 i  

 i

k k

2

64
 1
...
 d

3

75 

2

6664

B11 B12 · · · B1d

B21 B22 · · · B2d
...

...
. . .

...
Bd1 Bd2 · · · Bdd

3

7775
·

2

64
 1
...
 d

3

75

<latexit sha1_base64="01xepmufZVoOyqk/+naN9lvQAao="></latexit>
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Compute Multiple Features

• A singular vector corresponds to a feature function. 

• The top k eigenvectors => top k informative features. 

• Solve k eigenfunctions by MACE with Gram-Schmidt process. 

based on the alternative conditional expectation (ACE) [8] as
shown in Algorithm 1, which computes the optimal feature
functions for (9).

Algorithm 1 The modified ACE Algorithm
Require : The data samples of variables X1, . . . , Xd

1. Initialization: randomly pick zero-mean functions ~f =
(f1, . . . , fd).

repeat :

2. fi(Xi) fi(Xi) + E
hP

j 6=i fj(Xj)
���Xi

i
.

3. fi(Xi) fi(Xi)/

r
E
hPd

i=1 f
2
i (Xi)

i
.

until ~f converges.

B. Computing Multiple Feature Functions
While the above discussions focuses on the second largest

singular vector of B and the corresponding feature function,
it is clear that one can also compute the rest eigenvectors
and feature functions. It turns out that these feature func-
tions demonstrates an optimal tradeoff between the number
of selected feature functions, and the amount of information
extracted about a targeted hidden variable [3]. Like the eigen-
vectors, the computation of multiple feature functions can be
implemented in a successive manner. After the first k�1 sets of
feature functions ~f (i) = (f (i)

1 , . . . , f (i)
d ), for i = 1, . . . , k � 1,

is computed, the k-th set of feature functions ~f (k) has to be
orthogonal to previous feature functions:

h~f (m), ~f (k)i ,
dX

i=1

E
h
f (m)
i (Xi)f

(k)
i (Xi)

i
= 0, for m  k � 1

Therefore, ~f (k) can be computed the same as Algorithm 1 but
with an extra step of Gram-Schmidt procedure to guarantee
the orthogonality, which is illustrated in Algorithm 2.

Algorithm 2 The Computation of ~f (k)

Require : The data samples of variables X1, . . . , Xn, and
previously computed functions ~f (1), . . . , ~f (k�1).

1. Initialization: randomly pick zero-mean functions
~f (k) = (f (k)

1 , . . . , f (k)
d ).

repeat :

2a. f (k)
i (Xi) f (k)

i (Xi) + E
hP

j 6=i f
(k)
j (Xj)

���Xi

i
.

2b. f (k)
i (Xi) f (k)

i (Xi)/

r
E
hPd

i=1(f
(k)

i (Xi))2
i
.

3. ~f (k)  ~f (k) �
Pk�1

m=1h~f (m), ~f (k)i · ~f (m)

until ~f (k) converges.

IV. THE GENERALIZED MAXIMAL CORRELATION

The HGR maximal correlation is a variational generaliza-
tion of the well-known Pearson correlation coefficient, and
was originally introduced as a normalized measure of the
dependence between two random variables [5].

Definition 1 (Maximal Correlation). For jointly distributed
random variables X and Y , with ranges X and Y respectively,
the maximal correlation between X and Y is defined as:

⇢(X;Y ) , sup
f :X!R, g:Y!R :
E[f(X)]=E[g(Y )]=0

E[f2(X)]=E[g2(Y )]=1

E [f(X)g(Y )]

where the supremum is taken over all Borel measurable
functions. Furthermore, if X or Y is a constant almost surely,
there exist no functions f and g which satisfy the constraints,
and we define ⇢(X;Y ) = 0.

It is easily verified that 0  ⇢(X;Y )  1, and ⇢(X;Y ) =
0 if and only if X is independent of Y . In this section,
we propose a generalization of HGR maximal correlation to
multiple random variables, based on the feature functions in
section III.
Definition 2. The generalized maximal correlation (GMC) for
jointly distributed random variables X1, . . . , Xd with ranges
Xi, for i = 1, . . . , d, is defined as

⇢⇤(X1, · · · , Xd) , max
1

d� 1
E

2

4
X

i 6=j

fi(Xi)fj(Xj)

3

5 (11)

for the functions fi : Xi ! R, with the constraints

E [fi(Xi)] = 0, E
"

dX

i=1

f2
i (Xi)

#
= 1, for all i. (12)

Proposition 1. The optimal functions of (11) can be computed
by Algorithm 1.

Proof: Let f⇤
i be the functions optimizing (11), and

 i(xi) =
p

PXi(xi)f⇤
i (xi), then it is easy to verify that the

vector  = [ T
1 · · · T

d ]
T is the second largest eigenvector

of B.
As the HGR maximal correlation, the GMC satisfies some

fundamental properties for correlation measurements, where
the proofs of these properties are straightforward by definition.
Property 1. For jointly distributed random variables
X1, . . . , Xd, the GMC satisfies ⇢⇤(X1, . . . , Xd)  1, and for
d � 3, the equality holds if and only if there exists functions
fi(Xi), such that for all i, j, fi(Xi) = fj(Xj) with probability
1.
Property 2. For random variables X1, . . . , Xd, the GMC
⇢⇤(X1, . . . , Xd) = 0 if and only if the random variables are
pairwise independent.
Property 3. For d = 2, the GMC reduces to the maximal
correlation, i.e., ⇢⇤(X;Y ) = ⇢(X,Y ).

It turns out that GMC is a nonlinear generalization of the
linear PCA [9]. To see that, consider a sequence of data vectors
x(m) = (x(m)

1 , . . . , x(m)
d ) 2 Rd, for m = 1, . . . , n, where the

sample mean and variance for each dimension are zero and
one, i.e.,

Pn
m=1 x

(m)
i = 0, and 1

n

Pn
m=1(x

(m)
i )2 = 1, for

all i. Then, the PCA aims to find the principle vector w =
(w1, . . . , wd) with unit norm such that

Pn
m=1hw, x(m)i2 is

maximized; or equivalently, to maximize

nX

m=1

X

i 6=j

⇣
wix

(m)
i

⌘⇣
wjx

(m)
j

⌘
= E

2

4
X

i 6=j

(wiXi) · (wjXj)

3

5

(13)
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Extracting Common Bits Patterns

• Given a sequence of binary independent bits {b1, …, bm}, bi ={1,-1}, 
suppose each random variable Xi is composed of a subset of bits.

• For example: X1={b1,b2,b3}, X2={b1,b2}, X3={b1,b3}, X4={b1} 
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Extracting Common Bits Patterns

• Given a sequence of binary independent bits {b1, …, bm}, bi ={1,-1}, 
suppose each random variable Xi is composed of a subset of bits.

• For example: X1={b1,b2,b3}, X2={b1,b2}, X3={b1,b3}, X4={b1} 

• The MACE algorithm counts and extracts the bit pattern that 
appears the most among the random variables.

Feature 
Function
Eigen-
value 4 2 2 2 1 2 1

b1 � b2 � b3
<latexit sha1_base64="4SRYvgzkE0mzgnQnebD7CPfYc34=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgquStIIuXBTcuKxgL9CGMJlO2qGTSZiZCCUUN76KGxeKuPUp3Pk2TtuA2vrDwMd/zuHM+YOEM6Ud58sqrKyurW8UN0tb2zu7e/b+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweh6Wm/fU6lYLO70OKFehAeChYxgbSzfPgp8F/XihKcKBX71B2u+XXYqzkxoGdwcypCr4dufvX5M0ogKTThWqus6ifYyLDUjnE5KvVTRBJMRHtCuQYEjqrxsdsIEnRqnj8JYmic0mrm/JzIcKTWOAtMZYT1Ui7Wp+V+tm+rw0suYSFJNBZkvClOOdIymeaA+k5RoPjaAiWTmr4gMscREm9RKJgR38eRlaFUrbq1SvT0v16/yOIpwDCdwBi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z1oKVzxzCH1kf31s0lho=</latexit>

b2 � b3
<latexit sha1_base64="raBIWigKwHVJ8sCZtviSwWxgebU=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4SQQuLgI1lBPMByXnsbfaSJXu7x+6eEo78DxsLRWz9L3b+GzfJFZr4YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWqSK0RSSXqhtiTTkTtGWY4bSbKIrjkNNOOL6Z+Z1HqjST4t5MEurHeChYxAg2VnoIgxrqy4SnGoVBPShX3Ko7B1olXk4qkKMZlL/6A0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0p6lAsdU+9n86ik6s8oARVLZEgbN1d8TGY61nsSh7YyxGellbyb+5/VSE135GRNJaqggi0VRypGRaBYBGjBFieETSzBRzN6KyAgrTIwNqmRD8JZfXiXtWtWrV2t3F5XGdR5HEU7gFM7Bg0towC00oQUEFDzDK7w5T86L8+58LFoLTj5zDH/gfP4AUyCRug==</latexit>

b1 � b3
<latexit sha1_base64="UAyAQhyRLgJDnvk78DYbBMUvM3E=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4SQQuLgI1lBPMByXnsbfaSJXu7x+6eEo78DxsLRWz9L3b+GzfJFZr4YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWqSK0RSSXqhtiTTkTtGWY4bSbKIrjkNNOOL6Z+Z1HqjST4t5MEurHeChYxAg2VnoIAw/1ZcJTjcKgHpQrbtWdA60SLycVyNEMyl/9gSRpTIUhHGvd89zE+BlWhhFOp6V+qmmCyRgPac9SgWOq/Wx+9RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/83qpia78jIkkNVSQxaIo5chINIsADZiixPCJJZgoZm9FZIQVJsYGVbIheMsvr5J2rerVq7W7i0rjOo+jCCdwCufgwSU04Baa0AICCp7hFd6cJ+fFeXc+Fq0FJ585hj9wPn8AUZGRuQ==</latexit>
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MNIST Digits Recognition

• 5

• Divide into 8*8=64 subareas 

• Each with 6*6 pixels
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Algorithm 3 Quantizing Alphabets to Reduce the Cardinality

Require: training samples
n
x(`)
i

: i = 1, . . . , N
o

Initialize: set the alphabet X (`) = ?.
For i = 1 : N

If 9x 2 X
(`), such that dH(x, x(`)

i
)  3.

Then set x(`)
i

= x.
Else X

(`)
 X

(`)
[ {x(`)

i
}

End

verifying the performance in the MNIST Handwritten Digit
Database [1] for digits recognition. In the MNIST database,
there are N = 60 000 images contained in the training sets,
and each image has a label that represents the digits “0” to “9”.
The images in this database are consisted of 28 ⇥ 28 pixels,
where each image pixel takes the value ranging from 0 to
255. While this is a supervised learning problem, we will
show that Algorithm 2 can be applied to select features from
images directly without the knowledge of labels, and these
features, although selected in an unsupervised way, have good
performance in digital recognition.

To apply the Algorithm 2, we need to identify the random
variables Xi in the MNIST problem. For this purpose, we first
conduct the following pre-processing for image pixels:

1. Each image pixel is quantized into binary signals “0” and
“1” with the quantization threshold 40.

2. We divide each image into 8 ⇥ 8 = 64 overlapping
subareas, where each sub-image has 6⇥6 pixels, and two
nearby subareas are overlapped with 3 pixels. Figure 1
illustrates this division of images.

The purpose of dividing entire image into subareas is to reduce
the complexity of training joint feature functions among image
pixels, while capturing the correlations between nearby pixels.
Then, each sub-image ` of the 64 subareas can be viewed
as a random variable X(`), for ` = 1, . . . , 64. Therefore, if
we denote x(`)

i
as the value of the sub-image ` of the i-th

image of the MNIST database, then each random variable X(`)

has N training samples x(`)
1 , . . . , x(`)

N
. Note that each x(`)

i
is

essentially a 36-dimensional binary vector, thus the cardinality
of the alphabet |X

(`)
| = 236. To reduce the cardinality, for

each subarea `, we go through N training images to find all
possible binary vectors in {0, 1}36, and then map these binary
vectors into a smaller alphabet set, such that two binary vectors
with Hamming distance no greater than three are mapped into
the same alphabet. This quantization procedure is illustrated
in Algorithm 3.

After this pre-processing, 64 random variables X(`) are
specified, and each image i can be viewed as a 64-dimensional
data vector (x(i)

1 , . . . , x(i)
64 ), for i = 1, . . . , N . Then, we

apply Algorithm 2 to compute k feature functions ~f` =
(f (1)

`
, . . . , f (k)

`
) for each random variable X(`). These feature

functions maps the pre-processed training image i into a 64k-
dimensional score vector

~si =
⇣
~f1(x

(i)
1 ), . . . , ~f64(x

(i)
64 )

⌘
.

which extracts non-linear features of the image. Note that in

this step, we select the feature functions only from the image
pixels but without the knowledge of the labels.

With the score vectors computed, at the second step we
apply the linear support vector machine (SVM) [21] to classify
the vectors ~si, for i = 1, . . . , N into ten groups with respect to
the labels zi. This results in a linear classifier that associates
a label ẑi 2 {0, . . . , 9} to each score vector ~si, and the label
represents the recognized digit of the image corresponding to
the score vector.

To test the performance of this linear classifier in the set of
test images, we first conduct the same pre-processing to the
test images, and map the pre-processed test images into 64k-
dimensional score vectors by the feature functions ~f`. Then,
the linear classifier is applied to recognize the digits in the test
images, and the error probabilities of recognizing the digits via
the score vectors with different values of k are demonstrated
in the following table.

k 4 8 12 16 20 24
Error rate (%) 4.74 2.44 2.36 2.21 2.15 2.08

Note that our approach can be viewed as mapping the
image pixels to the feature space by one layer of informative
score functions and then apply the linear classification. It
turns out that the error rate of our approach is comparable to
the convolutional neural networks (CNN) with two layers of
feature mapping by the sigmoid functions (the error rate is
2.45% for 3-layer neural nets with 500+150 hidden units [1]
[22]). Moreover, CNN selects the features with the aid of
labels, while the feature functions in our approach are selected
without the knowledge of label but from the shared structure
between subareas. This essentially shows how the information
from shared structures can be applied to practical problems by
our algorithms.

VII. CONCLUSION REMARKS

APPENDIX A
PROOF OF LEMMA 1

To show the first property, we define the |Xi| ⇥ (|X1| ·

|X2| · · · |Xd|) matrix Bi, for i = 1, . . . , d, as

Bi(x̂i;x
d) =

8
<

:

p
PXd (xd)
p

PXi (x̂i)
, if x̂i = xi,

0, otherwise.

Then, one can verify that

B =

2

64
B1

...
Bd

3

75
⇥
BT

1 · · · BT
d

⇤
,

which implies that B is positive semidefinite.
To establish the second property, note that  (0) is an

eigenvector of B with eigenvalue d, and thus
⇣
 (0)

⌘T
B (0) = d.

Moreover, it is shown in [13] that the largest singular value
of Bij is 1, i.e., kBijks = 1, where k·ks denotes the spectral
norm of its matrix argument.
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Then set x(`)
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Else X
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verifying the performance in the MNIST Handwritten Digit
Database [1] for digits recognition. In the MNIST database,
there are N = 60 000 images contained in the training sets,
and each image has a label that represents the digits “0” to “9”.
The images in this database are consisted of 28 ⇥ 28 pixels,
where each image pixel takes the value ranging from 0 to
255. While this is a supervised learning problem, we will
show that Algorithm 2 can be applied to select features from
images directly without the knowledge of labels, and these
features, although selected in an unsupervised way, have good
performance in digital recognition.

To apply the Algorithm 2, we need to identify the random
variables Xi in the MNIST problem. For this purpose, we first
conduct the following pre-processing for image pixels:

1. Each image pixel is quantized into binary signals “0” and
“1” with the quantization threshold 40.

2. We divide each image into 8 ⇥ 8 = 64 overlapping
subareas, where each sub-image has 6⇥6 pixels, and two
nearby subareas are overlapped with 3 pixels. Figure 1
illustrates this division of images.

The purpose of dividing entire image into subareas is to reduce
the complexity of training joint feature functions among image
pixels, while capturing the correlations between nearby pixels.
Then, each sub-image ` of the 64 subareas can be viewed
as a random variable X(`), for ` = 1, . . . , 64. Therefore, if
we denote x(`)

i
as the value of the sub-image ` of the i-th

image of the MNIST database, then each random variable X(`)

has N training samples x(`)
1 , . . . , x(`)

N
. Note that each x(`)

i
is

essentially a 36-dimensional binary vector, thus the cardinality
of the alphabet |X

(`)
| = 236. To reduce the cardinality, for

each subarea `, we go through N training images to find all
possible binary vectors in {0, 1}36, and then map these binary
vectors into a smaller alphabet set, such that two binary vectors
with Hamming distance no greater than three are mapped into
the same alphabet. This quantization procedure is illustrated
in Algorithm 3.

After this pre-processing, 64 random variables X(`) are
specified, and each image i can be viewed as a 64-dimensional
data vector (x(i)

1 , . . . , x(i)
64 ), for i = 1, . . . , N . Then, we

apply Algorithm 2 to compute k feature functions ~f` =
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, . . . , f (k)
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) for each random variable X(`). These feature

functions maps the pre-processed training image i into a 64k-
dimensional score vector

~si =
⇣
~f1(x

(i)
1 ), . . . , ~f64(x

(i)
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⌘
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which extracts non-linear features of the image. Note that in

this step, we select the feature functions only from the image
pixels but without the knowledge of the labels.

With the score vectors computed, at the second step we
apply the linear support vector machine (SVM) [21] to classify
the vectors ~si, for i = 1, . . . , N into ten groups with respect to
the labels zi. This results in a linear classifier that associates
a label ẑi 2 {0, . . . , 9} to each score vector ~si, and the label
represents the recognized digit of the image corresponding to
the score vector.

To test the performance of this linear classifier in the set of
test images, we first conduct the same pre-processing to the
test images, and map the pre-processed test images into 64k-
dimensional score vectors by the feature functions ~f`. Then,
the linear classifier is applied to recognize the digits in the test
images, and the error probabilities of recognizing the digits via
the score vectors with different values of k are demonstrated
in the following table.

k 4 8 12 16 20 24
Error rate (%) 4.74 2.44 2.36 2.21 2.15 2.08

Note that our approach can be viewed as mapping the
image pixels to the feature space by one layer of informative
score functions and then apply the linear classification. It
turns out that the error rate of our approach is comparable to
the convolutional neural networks (CNN) with two layers of
feature mapping by the sigmoid functions (the error rate is
2.45% for 3-layer neural nets with 500+150 hidden units [1]
[22]). Moreover, CNN selects the features with the aid of
labels, while the feature functions in our approach are selected
without the knowledge of label but from the shared structure
between subareas. This essentially shows how the information
from shared structures can be applied to practical problems by
our algorithms.

VII. CONCLUSION REMARKS

APPENDIX A
PROOF OF LEMMA 1

To show the first property, we define the |Xi| ⇥ (|X1| ·

|X2| · · · |Xd|) matrix Bi, for i = 1, . . . , d, as

Bi(x̂i;x
d) =

8
<

:

p
PXd (xd)
p

PXi (x̂i)
, if x̂i = xi,

0, otherwise.

Then, one can verify that

B =
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64
B1
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⇥
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1 · · · BT
d

⇤
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which implies that B is positive semidefinite.
To establish the second property, note that  (0) is an

eigenvector of B with eigenvalue d, and thus
⇣
 (0)

⌘T
B (0) = d.

Moreover, it is shown in [13] that the largest singular value
of Bij is 1, i.e., kBijks = 1, where k·ks denotes the spectral
norm of its matrix argument.
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verifying the performance in the MNIST Handwritten Digit
Database [1] for digits recognition. In the MNIST database,
there are N = 60 000 images contained in the training sets,
and each image has a label that represents the digits “0” to “9”.
The images in this database are consisted of 28 ⇥ 28 pixels,
where each image pixel takes the value ranging from 0 to
255. While this is a supervised learning problem, we will
show that Algorithm 2 can be applied to select features from
images directly without the knowledge of labels, and these
features, although selected in an unsupervised way, have good
performance in digital recognition.

To apply the Algorithm 2, we need to identify the random
variables Xi in the MNIST problem. For this purpose, we first
conduct the following pre-processing for image pixels:

1. Each image pixel is quantized into binary signals “0” and
“1” with the quantization threshold 40.

2. We divide each image into 8 ⇥ 8 = 64 overlapping
subareas, where each sub-image has 6⇥6 pixels, and two
nearby subareas are overlapped with 3 pixels. Figure 1
illustrates this division of images.

The purpose of dividing entire image into subareas is to reduce
the complexity of training joint feature functions among image
pixels, while capturing the correlations between nearby pixels.
Then, each sub-image ` of the 64 subareas can be viewed
as a random variable X(`), for ` = 1, . . . , 64. Therefore, if
we denote x(`)

i
as the value of the sub-image ` of the i-th

image of the MNIST database, then each random variable X(`)
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. Note that each x(`)
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is

essentially a 36-dimensional binary vector, thus the cardinality
of the alphabet |X
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| = 236. To reduce the cardinality, for

each subarea `, we go through N training images to find all
possible binary vectors in {0, 1}36, and then map these binary
vectors into a smaller alphabet set, such that two binary vectors
with Hamming distance no greater than three are mapped into
the same alphabet. This quantization procedure is illustrated
in Algorithm 3.

After this pre-processing, 64 random variables X(`) are
specified, and each image i can be viewed as a 64-dimensional
data vector (x(i)

1 , . . . , x(i)
64 ), for i = 1, . . . , N . Then, we

apply Algorithm 2 to compute k feature functions ~f` =
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which extracts non-linear features of the image. Note that in

this step, we select the feature functions only from the image
pixels but without the knowledge of the labels.

With the score vectors computed, at the second step we
apply the linear support vector machine (SVM) [21] to classify
the vectors ~si, for i = 1, . . . , N into ten groups with respect to
the labels zi. This results in a linear classifier that associates
a label ẑi 2 {0, . . . , 9} to each score vector ~si, and the label
represents the recognized digit of the image corresponding to
the score vector.

To test the performance of this linear classifier in the set of
test images, we first conduct the same pre-processing to the
test images, and map the pre-processed test images into 64k-
dimensional score vectors by the feature functions ~f`. Then,
the linear classifier is applied to recognize the digits in the test
images, and the error probabilities of recognizing the digits via
the score vectors with different values of k are demonstrated
in the following table.

k 4 8 12 16 20 24
Error rate (%) 4.74 2.44 2.36 2.21 2.15 2.08

Note that our approach can be viewed as mapping the
image pixels to the feature space by one layer of informative
score functions and then apply the linear classification. It
turns out that the error rate of our approach is comparable to
the convolutional neural networks (CNN) with two layers of
feature mapping by the sigmoid functions (the error rate is
2.45% for 3-layer neural nets with 500+150 hidden units [1]
[22]). Moreover, CNN selects the features with the aid of
labels, while the feature functions in our approach are selected
without the knowledge of label but from the shared structure
between subareas. This essentially shows how the information
from shared structures can be applied to practical problems by
our algorithms.
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Deep Common Structure Extraction

• For continuous data, extract the common structure by deep neural 
networks, maximize the joint correlation. 

• Combining different types of data: images, texts, audios, …
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f
1
(X1)

<latexit sha1_base64="RIHLohnoW0nucGldFINbCEGyuTs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahbkpSBbssuHFZwT6gDWEyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593DvHD9hVCrb/jZKa+sbm1vl7crO7t7+gXl41JVxKgh0SMxi0fexBEY5dBRVDPqJABz5DHr+5Cb3ew8gJI35vZom4EZ4xGlICVZa8syTYcoDEHk8C2eeU+t7zoVnVu26PYe1SpyCVFGBtmd+DYOYpBFwRRiWcuDYiXIzLBQlDGaVYSohwWSCRzDQlOMIpJvNr59Z51oJrDAW+nFlzdXfiQxHUk4jX09GWI3lspeL/3mDVIVNN6M8SRVwslgUpsxSsZVXYQVUAFFsqgkmgupbLTLGAhOlC6voEpzlL6+SbqPuXNYbd1fVVrOoo4xO0RmqIQddoxa6RW3UQQQ9omf0it6MJ+PFeDc+FqMlo8gcoz8wPn8AvTiUtg==</latexit>

f
2
(X2)

<latexit sha1_base64="9xigww72Z++pmLx4ag334uXZ/2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahbkoSBbssuHFZwT6gDWEyvWmHTiZhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593DvnCBhVCrb/jZKa+sbm1vl7crO7t7+gXl41JFxKgi0Scxi0QuwBEY5tBVVDHqJABwFDLrB5Cb3uw8gJI35vZom4EV4xGlICVZa8s2TQcqHIPJ4Fs58t9bz3QvfrNp1ew5rlTgFqaICLd/8GgxjkkbAFWFYyr5jJ8rLsFCUMJhVBqmEBJMJHkFfU44jkF42v35mnWtlaIWx0I8ra67+TmQ4knIaBXoywmosl71c/M/rpypseBnlSaqAk8WiMGWWiq28CmtIBRDFpppgIqi+1SJjLDBRurCKLsFZ/vIq6bh157Lu3l1Vm42ijjI6RWeohhx0jZroFrVQGxH0iJ7RK3oznowX4934WIyWjCJzjP7A+PwBwEaUuA==</latexit>

f
3
(X3)

<latexit sha1_base64="1vv98igV1+1nIY9ntglCXFydSec=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5K0gl0W3LisYB/QhjCZTNqhk0mYmQg1FH/FjQtF3Pof7vwbJ20W2npg4HDOPdw7x08Ylcq2v4219Y3Nre3STnl3b//g0Dw67so4FZh0cMxi0feRJIxy0lFUMdJPBEGRz0jPn9zkfu+BCEljfq+mCXEjNOI0pBgpLXnm6TDlARF5PAtnXqPa9xqXnlmxa/Yc1ipxClKBAm3P/BoGMU4jwhVmSMqBYyfKzZBQFDMyKw9TSRKEJ2hEBppyFBHpZvPrZ9aFVgIrjIV+XFlz9XciQ5GU08jXkxFSY7ns5eJ/3iBVYdPNKE9SRTheLApTZqnYyquwAioIVmyqCcKC6lstPEYCYaULK+sSnOUvr5JuveY0avW7q0qrWdRRgjM4hyo4cA0tuIU2dADDIzzDK7wZT8aL8W58LEbXjCJzAn9gfP4Aw1SUug==</latexit>


