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Search the direction that different
dimensions of data are aligned.

Extract the common randomness
between different dimensions.

How to formalize this idea by
information theory?
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Learning from multimodal sensory data.

Need to find informative representations for data.
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ultimodal Data Analyse

»+ Learning from multimodal sensory data.
+ Need to find informative representations for data.

- Extracting the representation to describe the common structure
between multimodal data.
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The MNIST Proble

MNIST hand written digits problem:

X4

X
gl

Divide image into subareas, extract features for each subarea.
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The MNIST Problem '

X4

A Tl

MNIST hand written digits problem:
Divide image into subareas, extract features for each subarea.

The extracted features should describing the common information (the
label) shared by different subareas.
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The MNIST Problem '

X4

-  MNIST hand written digits problem:
- Divide image 1nto subareas, extract features for each subarea.

- The extracted features should describing the common information (the
label) shared by different subareas.

- How to extract the common structure shared between data variables?
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Given pairwise dependent discrete random variables X, ..., Xs, with
joint distribution Px, ..., xa.

+ Observed sampled vectors generated 1.1.d. from Pxi, ..., xa.
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atical Fo

Given pairwise dependent discrete random variables X, ..., Xs, with
joint distribution Px, ..., xa.

+ Observed sampled vectors generated 1.1.d. from Pxi, ..., xa.

Want to find the function f( X1, X, ..., Xu) that conveys much
information about the common structure between X, ..., Xu.
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matical Formu

Given pairwise dependent discrete random variables X, ..., Xs, with
joint distribution Px, ..., xa.

+ Observed sampled vectors generated 1.1.d. from Pxi, ..., xa.

Want to find the function f( X1, X, ..., Xu) that conveys much
information about the common structure between X, ..., Xu.

- Need an information metric to measure the commonness.
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Mathematical Formulation '

+  Given pairwise dependent discrete random variables X, ..., Xa, with
joint distribution Px, ..., xa.

+ Observed sampled vectors generated 1.1.d. from Pxi, ..., xa.

+  Want to find the function f( X1, X, ..., Xa) that conveys much
information about the common structure between Xj, ..., Xa.

- Need an information metric to measure the commonness.

- Better to be computable by efficiently algorithms from data.

.j_'—;.y ) of C"L'r%

7 O R B O s & NS S r o 2| A AT AT AR
sie ) MY ¥ {r ‘l‘ -1 ve Bl IR UII 7

) 3 2 ™ e ' .
G TR S > 8 4 [singhua-Berkeley Shenzhen Institute




Inform

G1iven discrete random variables X, ..., Xs, the Watanabe’s total
correlation 1s a measurement for their common information:

C(X1,...,X4) 2 D(Px,..x,||Px, - - Px,)
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The Common Information Measure '

- G1ven discrete random variables X, ..., Xs, the Watanabe’s total
correlation 1s a measurement for their common information:

C(Xla O 7Xd) = D(PXl---XdHPXl o °PXd)

- For attribute U of Xi, ..., Xa with conditional distribution Px, ..., x4U,
we monitor the loss of total correlation given U:

d
C(X1,.... Xa) = C(X1, ..o, XalU) = S I3 X)) = I(U3 X, Xa)
=1

« The amount of common information contained in U.
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The Common Information Measure '

- G1ven discrete random variables X, ..., Xs, the Watanabe’s total
correlation 1s a measurement for their common information:

C(Xla O 7Xd) = D(PXl---XdHPXl o °PXd)

- For attribute U of Xi, ..., Xa with conditional distribution Px, ..., x4U,
we monitor the loss of total correlation given U:

d
C(Xy1,...,Xq) —C(Xy,...,X4|U) :ZI(U§X7L) —I(U; X4,...,Xq)
1=1
- The amount of common information contained in U.

- Learn the most informative feature about the common information =
find U maximize the total correlation loss.
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ative Feat

d
max I(U; X;) —I(U; Xq,...,X4q)

Once Px, ..., xqu 1s solved, the log-likelihood function to detect U

leads to the representation of data for the common structure:

PXl---Xd|U(3317 c . ,azd|u)
PXl---Xd(xla 5 o o ,.CUd)

fu(lx1,...,24) = log
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Extract Informative Features From Data '

d
max I(U; X;)—1(U; Xq,...,X4q)
Pyxq..-xg4 P—
Once Px, .., xaiu 1s solved, the log-likelihood function to detect U

leads to the representation of data for the common structure:

PXl---Xd|U(3717 c . ,a:d]u)

w(@1,...,2q) =lo
f( 1 d) S PXl...Xd(CIfla--'vajd)

+ Information sieve: restrict the cardinality of U [Ver Steeg et. al, 14]

The optimal solution has no systematic structure
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Extract Informative Features From Data '

d
max I(U; X;)—1(U; Xq,...,X4q)

PUXl"‘Xd 1
+  Once Pxi, .., xqu 1s solved, the log-likelihood function to detect U
leads to the representation of data for the common structure:

PXl---Xd|U(3717 c . ,a:d]u)
Px,.x,(x1,...,2q)

fu(lx1,...,24) = log

+ Information sieve: restrict the cardinality of U [Ver Steeg et. al, 14]
- The optimal solution has no systematic structure

: 1
- Want to add an extra constraint I(U; X, --- X,) < §e2 for small e
Can focus on the most significant low-dimensional feature.

A geometric structure for optimally decomposing common information.
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Extract Informative Features From Data '

d
max I(U; X;)—1(U; Xq,...,X4q)

PUXl"‘Xd 1
+  Once Pxi, .., xqu 1s solved, the log-likelihood function to detect U
leads to the representation of data for the common structure:

PXl---Xd|U(3717--- ,a:d]u) N PXl---Xd\U:u — PXl“‘Xd
Px,.x,(x1,...,2q) Px,..x,

fu(lx1,...,24) = log

+ Information sieve: restrict the cardinality of U [Ver Steeg et. al, 14]
- The optimal solution has no systematic structure

: 1
- Want to add an extra constraint I(U; X, --- X,) < §e2 for small e
Can focus on the most significant low-dimensional feature.

A geometric structure for optimally decomposing common information.
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- Information vector:

PXz-|U(xi|O) — PXi (:cz) PXl---Xd|U(x17 ‘o ,$d|0) — PXl---Xd(CI?l, “o ,:cd)
%(%) — ¢(£U1,...,£Bd) —
€y PXz(xl)
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Opt1

1max
PUXl"‘Xd:
[(U;X1,....Xq)< ke

Information vector:
_ PX1|U(:UZ|O) — Px, (i)

(0% (ﬂi‘z) — ) ,—PX,- (%)

Correspondence to log-likelihood functions:

Vi(z:) = / Px, (z:) fi(x:)

d

2 1=1

PXI...Xd|U(x1, 5 ,a:d|0) — PXl---Xd(CI?l, 5 ,:cd)
O(T1,...,xq) =
6\/PX1~-Xd(371; .. .,md)

¢(£C1,. . ,iL‘d) — \/le...Xd(xl,.. . ,J?d)f(xl,. . ,iL‘d)
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d Optima

d
I(U; X;) —I1(U; Xq,...,X
PUQ?j}.(Xd: Z ( ) ( : d)

=1
[(U; X1, Xq)<5e2 "

- Information vector:

PXi|U(:U’i|O) — PXi (ZUZ) PXl---Xd|U(CC17 ‘o ,a:d|0) — PXl---Xd(wla “o ,xd)
wz(wz) — ¢(£U1,...,£Ed) —
EN/PXi(iUz’) 6\/PX1...Xd(£I31,...,$d)

+ Correspondence to log-likelithood functions:

wz(gjz) = 4 /PXi (xz)fz($z) ¢(£C1, - ,ZL‘d) = \/le...Xd (.CL'l, e ,a;d)f(xl, e ,:L‘d)
- Approximate the K-L divergence:

1
I(U; X;) ~ 562”%”2 I(U; X1,...,Xq) ~ =€%||4]?
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of In

d
max » |[[¢]]>, subject to: [|¢]* < 1

Linear transform between information vectors:

\/PX1"'Xd (a:l,...,a;d)

N = if fz — I,
Vi =Bi ¢, Bi(Zi;(x1,...,2a)) = « v Px; (Z4)
| 0 otherwise.
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rm of Info

d
max » |[[¢]]>, subject to: [|¢]* < 1
1=1

- Linear transform between information vectors:

2
\/PX1"'Xd (a:l,...,a:d)

7 it T; = xy,
%‘:B?;'qb, Bz‘(ivq;;(il31,...,ajd)):< \/m I x X

0 otherwise.
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etric Int

Projection matrix: I;(&;; (x4, ..., 24)) =

0 otherwise.
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Merge to a single -
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metric Inte

X x - x|y X+ -+ A
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Bop = 019

Information vectors: ¢ -

_ 9
/= VPx,-x, I

> o = [ Py g

016 = By ¢ (o
I o) = i)

Log-likelihood: | <

f(Xq,..

Px.(x;)
{f1(X1),..., fa(Xa)}

Xa) = fi(Xy) + - fa(Xyg)
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orrespon

N0 0

Bg — VvV Px, x4 ]I,{' ]Id . ‘le + = ‘Xd|
0 \ 0
By =
Information vectors: @ 3 0% U;w > ) = W Loy - - dT} f
¢ 010 = By ¢ i(i)
/= \/le...xd I IfZ(xZ) B Px.(x;)
Log-likelihood: [ < {A(X1),- -, fa(Xa)}

f(Xq, ... Xg) = fr(Xy) + - fa(Xa)

1=1

d
The optimal solution: P*(1,...,z4u) = P(21,...,24) (1 +eh(u) ) fi(wi)>
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e Singular

Easier to compute the left singular vectors of Bo, lower dimension.

Bi1 Bi2 -+ Big
R Boy Bay -+ Bag
— D " Dy — . . .
 Byn Bg2 -+ Baq
\ /

|X1| + | As| + - -+ | Xy
dim(B;;) = |&X;| x |}
Px,x. (%, %;)

v Px, (xi)\/Px, (;)

B;; : Identity matrix  Bj; (2 ﬂﬁj) —

‘lb 1ﬁ /L. ’M M~ U" J' llL.
Tn%,l a-Berkeley Shenzhen Institute

14



a

Power iteration algorithm

Multivariate alternative conditional
expectation (MACE) algorithm

Initialize:
Pick arbitrary vectors wz

Initialize:
Pick arbitrary nonzero function f;

Repeat: Repeat:
Vi < 1 +ZB¢j¢j fi(Xi) < fi(Xi) + E [ng
JF1 J#t
Regulate: Regulate:
Y d
=1
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ute Multiple Fe

- A singular vector corresponds to a feature function.
- The top k eigenvectors => top k informative features.

+ Solve k eigenfunctions by MACE with Gram-Schmidt process.

Algorithm 2 The Computation of f(*)
Require : The data samples of variables X;,...,.X,, and

previously computed functions (1), ..., flk=1),
I. Imtalization: randomly pick zero-mean functions
7l k k
FE = (1, 1),
repeat :

2. fP(X) e OO0 B[ 0 (X5)
b 90 1000 B[S 0 (0]

s W e [0 -y (g ) flo
until (%) converges.
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Given a sequence of binary independent bits {b, ..., bn}, bi={1,-1},
suppose each random variable Xi 1s composed of a subset of bits.

« For example: Xi={b1,b2,b3}, Xo={b1,b2}, X3={b1,b3}, Xa={b1}
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Extracting Common Bits Patterns '

Given a sequence of binary independent bits {b1, ..., bn}, bi={1,-1},
suppose each random variable Xi 1s composed of a subset of bits.

For example: Xi={b1,b2,b3}, Xo=1{b1,b2}, X3={b1,b3}, Xa={b1}

The MACE algorithm counts and extracts the bit pattern that
appears the most among the random variables.

1
f(l) (X17X27X37X4) — 'V >‘1b17 fz(1)<X’L) — —b17 eigenvalue >\1 = 4.

VA1
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Overlapping subareas

........ » * Divide into 8*8=64 subareas
: FE n
6p"‘?{" |’ »  Each with 6*6 pixels
3 pixels
P 28
pixels
5
A
< 28 pixels »
k 4 [ 8 | 12 ] 16 | 20 | 24

Error rate (%) | 4.74 | 2.44 | 2.36 | 2.21 | 2.15 | 2.08
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IST Digits Recogni

Overlapping subareas
........ » * Divide into 8*8=64 subareas
: - -
: plx}ls.t" |' . Each with 6*6 pixels
3 pibls - Quantize each subarea as a
28 discrete random variable
pixels
5
v
< 28 pixels »
k 4 [ 8 | 12 ] 16 | 20 | 24
Error rate (%) | 4.74 | 2.44 | 236 | 2.21 | 2.15 | 2.08
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NIST Digits Recognitio

Overlapping subareas

........ » * Divide into 8%8=64 subareas
: FEEEN N
. p‘xeﬁsf |’ - Each with 6*6 pixels
3 pixé - Quantize each subarea as a
28 discrete random variable
pixels . .
- Train the top k eigenvectors,

extract 64k-dimensional features

- Classify digits by the extracted
L features by SVM

+ 28 pixels »
- Comparable to 3-layer NN

2 4 8 | 12 | 16 | 20 | 24 .
Error rate (%) | 4.74 | 2.44 | 2.36 | 221 | 2.15 | 208 | = Extract features without labels
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on Structur

X1 | Neural |f,(X1)«——f,(X2)| Neural | Xo

..... —y

- For continuous data, extract the common structure by deep neural
networks, maximize the joint correlation.

-  Combining different types of data: images, texts, audios, ...
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