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The data acquisition system was set up to measure acceleration and force
time histories and to calculate frequency response functions (FRFs), power
spectral densities (PSDs), cross-power spectra and coherence functions. A mod-
al sledge hammer was used as the impact excitation source. Accelerometers
were used for the vibration measurements. More details regarding the instru-
mentation can be found in Ref. [19].

A total of 31 acceleration measurements were made on the concrete deck
and on the girders below the bridge as shown in Figure 6. Five accelerometers

were spaced along the length of each girder. Because of the limited number of
data channels, measurements were not made on the girders at the abutment or
at the pier. Two excitations points were located on the top of the concrete deck.

Figure 5: Elevation View of the Alamosa Canyon Bridge

Figure 6:  Accelerometer and Impact Locations
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Figure 12.5 Debris in the Alamosa Canyon Bridge expansion joint.

only produced a 7% reduction in the first-mode resonance frequency. Furthermore, tests performed with
and without traffic on the I-40 Bridge showed a 4% change in the first-mode frequency. Clearly the
changes in frequency produced by severe damage are of the same order of magnitude as changes that can
be expected by varying environmental conditions (thermal) or operational conditions (traffic loading).

A subsequent study on the Alamosa Canyon Bridge was carried out in 2008 and it was found that the
bridge frequencies again changed over a 24-hour cycle in a manner similar to that observed 10 years
earlier. This more recent study also identified an asymmetrical variation in the first-mode shape that
changed throughout the day, as had been identified 10 years previously (Figueiredo et al., 2011). The
asymmetry along the longitudinal axis shown in Figure 12.6 was correlated with the time of day and the
associated thermal environments. If not properly accounted for, such changes in the dynamic response
characteristics can potentially result in false indications of damage. If the mode in Figure 12.6(a)
is considered to be the baseline undamaged condition, a novelty detection algorithm as described in
Chapter 10 would identify the mode in Figure 12.6(b) as anomalous. This novelty could inappropriately
be associated with a damaged structure if the environmental variability influencing this feature was not
taken into account in the novelty detection process.

To highlight the difficulties posed by varying environmental conditions further, consider the ship
structure shown in Figure 12.7, which was instrumented with a fibre optic strain measurement system
to monitor the response of the composite hull during sea trials. Figure 12.8 shows responses of the
structure during various sea trials. The top two figures correspond to the structure in the ‘undamaged’
condition, but measured during vastly different sea states. The bottom figure corresponds to the structure

(a) (b)

Figure 12.6 First-mode shape of one span of the Alamosa Canyon Bridge during two distinct times of the day:
(a) in the morning (7.75 Hz); (b) in the afternoon (7.42 Hz).

The Alamosa Canyon Bridge: 1st mode shape of one
span of the Alamosa Canyon Bridge during two times
of the day: morning (7.75 Hz); afternoon (7.42 Hz).

The Alamosa Canyon Bridge, New Mexico.

Sources of environmental variability:

• wind;
• humidity; 
• temperature expansion/contraction effect;

softening/stiffening effect.
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Structural Health Monitoring (SHM)

C. R. Farrar et al. Variability of modal parameters measured on the Alamosa Canyon bridge. Prodeedings of SPIE 1, 1997. 
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the classification task di�culty. All the computations have been run on a PC featuring an

Intel (R) Core™, i5 CPU @ 2.6 GHz and 8 GB RAM.

3.1. Case study 1 - Clamped Beam

The two-dimensional cantilever beam depicted in Fig. 3 has been numerically modeled

by discretizing its geometry in 502 Constant Strain Triangle (CST) finite elements. The

discretization results in 252 nodal points, thus leading to 504 and 252 dofs describing the

mechanical and thermal behavior, respectively. Having considered a structural thickness of

0.1 m, the plane stresses formulation has been adopted. The beam has been assumed made

of ordinary structural steel, whose mechanical and thermal properties are: Young modulus

E15�C = 210 GPa; Poisson ratio ⌫ = 0.3; density ⇢ = 7800 kg/m3; thermal expansion

coe�cient ↵L = 13 · 10�6 �
C

�1; sti↵ness thermal coe�cient ↵E = 2.4 · 10�4 �
C

�1. The

latter one allows to relate the local material temperature to the material sti↵ening/softening

E(T ) = E15�C · [1� ↵E('� 15 �C)],

within the temperature range (�40,+40) �C; E15�C denotes the Young modulus value at

the construction reference temperature of 15 �C. In Tab. 1 the first 5 analytical (calculated

according to the Euler-Bernoulli beam theory) and numerical frequencies of vibration are

listed alongside with the corresponding periods of vibration.

Figure 3: clamped beam - FOM configuration and numerical FE discretization.

Mode number Main direction fAn [Hz] fNum [Hz] Period [s]

1 transversal 20.95 21.71 0.0461

2 transversal 131.32 130.84 7.64 · 10�3

3 longitudinal � 324.81 3.08 · 10�3

4 transversal 367.73 344.60 2.90 · 10�3

5 transversal 720.61 627.73 1.59 · 10�3

Table 1: clamped beam - first 5 analytical (fAn) and numerical (fNum) vibrational frequencies and corre-

sponding periods of vibration.

The beam has been excited by a uniformly distributed load q(t), acting on the upper

edge with law q(t) = Q · sin(2⇡ft), starting from the rest state. The load amplitude Q
and frequency f are variable parameters, defining the parameters vector ⌘

u
= {Q, f}, that

have been modeled as two random variables described by two uniform pdfs UQ(5, 10) kPa

and Uf(15, 400) Hz. Moreover, the beam has been assumed subjected to the temperature

profiles depicted in Fig. 4. Temperature have been assumed constant over the two short
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Figure 5: clamped beam - (a) subdomains {⌦1,⌦2,⌦3} related to the considered damage conditions

{g1, g2, g3}, respectively; vibrational (b) and temperature (c) sensors networks arrangement.

as delta with respect to the construction reference temperature of 15 �C. The e↵ect of the

two thermal conditions in terms of structural displacement is depicted in Fig. 7; not only

a material expansion e↵ect is clearly observable in Fig. 7a as consequence of the thermal

condition of Fig. 6a, but also, in presence of the temperature gradient across the thickness

of the thermal condition of Fig. 6b, a curvature e↵ect is generated, as shown in Fig. 7b.
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Figure 6: clamped beam - thermal reference conditions: from 15 �C to 30 �C with uniform (a) parabolic

law across the thickness and with varying (b) parabolic law across the thickness.

Assuming input parameters {Q = 10 kPa, f = 15 Hz, g = 1}, consider now to apply
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1. Simulation Based Classification: the 
problem is traced back to train a classifier
on the basis of numerical data.

4. Processed data: vibrational signals shaped as 
multivariate time series and temperature 
measurements, both mimicking the recordings of a 
pervasive sensor system.

2. Damage: local stiffness reduction of predefined
subdomains assumed fixed within the observation
interval: linear behavior. 

3. Thermo-meccanical effects are also simulated.
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Evaluation of operational and
environmental conditions

Evaluation of damage scenarios
and sensors system design

FOM definition

ROM construction

Dataset generation

Training the classifier Test set generation

Testing the classifier

FOM = Full Order Model

Offline phase

Online phase
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Ø The Dataset includes instances of each considered damage state for several operational/thermal conditions.

Ø Training phase: the classifier learns the mapping {input instance}⇒ {associated label (damage state)}.

Ø Testing phase: the classifier should map unseen instance into the current damage condition. 
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in A = [a1| . . . |aB ] 2 R(G+1)⇥B for the whole mini-batch. The classification task is per-

formed by selecting the class g related to the highest qg
b
, which indicates the confidence level

associated to the prediction.

The adopted FCN architecture is a slight modification of the one proposed in [10, 13],

suitably updated to manage temperature measurements in addition to multivariate time

series. The network is made up of 3 Convolutional Units (CU) followed by a Global Average

Pooling (GAP), a Concatenation Block (CB), a fully connected dense layer operating the

linear mapping and, lastly, the Softmax layer previously described. The architecture is

pictured in Fig. 2; the functioning of each constitutive block is clarified in the following.

Figure 2: FCN architecture.

The first NN portion consists of 3 CUs and a GAP. Each CU is formed by a Convolutional

Layer (CL) Lk, k = 1, 2, 3, together with Batch Normalization (BN) Bk and ReLU activation

function Rk. By putting 3 CUs in sequence and by applying a GAP to their output, the

benefits of a deep architecture are exploited. This NN portion addresses the temporal

pattern recognition in the input data and allows both to analyze multivariate time series,

so that each channel um, m = 1, . . . , Nu, is not treated separately, and to discover (hidden)

inter-sensor correlations.

We now detail how the CU and the GAP work. The first CU operate on the input

layer through L1, whose output Y1 = [y1
11, . . . ,y

1
N11

| . . . |y1
1B , . . . ,y

1
N1B

] 2 RLM⇥N1⇥B is

computed as

y1
nb

= ⌦1
n
⇤Ub =

NuX

m=1

⌦1m
n

⇤ ub

m
, b = 1, . . . , B,

where: ⇤ denotes the convolution operation; ⌦1
n

= [⌦11
n
, . . . ,⌦1Nu

n
] 2 RH1⇥Nu are the

tunable weights applied to the m-th input time history ub

m
of the b-th instance of the mini-

batch under processing; ⌦1 = [⌦1
1, . . . ,⌦

1
N1

] 2 RH1⇥N1⇥Nu is the overall weights set of L1.

In a CL, the connection weights are called filters. Each filter has a characteristic kernel size

fk (i.e., H1 = LM/f1). Each CL unit applies Nk di↵erent kernel filters to its inputs, thus

the CL output consists of Nk feature maps.

The CL output is then processed through BN to properly coordinate the weights update

across many layers. Indeed, the BN standardize the mean and the variance of each unit in

6
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2. Reduced order modeling

Il set di basi ridotte è quindi definito dalla matrice

Bu =
h
⇣(u)

1 | . . . | ⇣
(u)
ru

i
2 RNu⇥ru .

È ora possibile proiettare i gradi di libertà e le rispettive derivate temporali nello spazio ridotto:

U (t,µu,µ') ⇡BuUr(t,µu,µ');

U̇ (t,µu,µ') ⇡BuU̇r(t,µu,µ');

Ü (t,µu,µ') ⇡BuÜr(t,µu,µ');

dove le nuove coordinate libere Ur(t,µu,µ') e le derivate temporali U̇r(t,µu,µ'),Ür(t,µu,µ')
assumono il significato di pesi del sistema di basi Bu utilizzato per la proiezione. Sostituendo
nell’Eq. (2.8) si ha che:

MuBuÜr(t,µu,µ')+Ku(�(µ'),µu)BuUr(t,µu,µ') ⇡
⇡Gu�(µ')+PF (t,µu)+P f (t,µu) , t 2 (0, t f )

U (0,µu,µ') =U0(µu,µ'),
U̇ (0,µu,µ') = U̇0(µu,µ').

Dal momento che la soluzione la soluzione ROM non soddisfa il problema FOM, l’uguaglianza
è ripristinata tramite proiezione alla Galerkin del sistema, ottenuta imponendo che il residuo del
problema FOM valutato sulle soluzioni ROM sia ortogonale allo spazio delle colonne di Bu:

BT
u MuBuÜr(t,µu,µ')+BT

u Ku(�(µ'),µu)BuUr(t,µu,µ') =
=BT

u Gu�(µ')+BT
u PF (t,µu)+BT

u P f (t,µu) , t 2 (0, t f )
BT

u U (0,µu,µ') =BT
u U0(µu,µ'),

BT
u U̇ (0,µu,µ') =BT

u U̇0(µu,µ').

Si definiscono quindi:

M (u)
r =B

T
u MuBu 2 Rru⇥ru

K(u)
r (�(µ'),µu) =BT

u Ku(�(µ'),µu)Bu 2 Rru⇥ru

P (')
r (µ') =BT

u Gu�(µ') 2 Rru⇥1

P (F)
r (t,µu) =BT

u PF (t,µu) 2 Rru⇥1

P ( f )
r (t,µu) =BT

u P f (t,µu) 2 Rru⇥1

e sostituendo si ottiene:

M (u)
r Ür(t,µu,µ')+K

(u)
r (�(µ'),µu)Ur(t,µu,µ') =

= P (')
r (µ')+P

(F)
r (t,µu)+P ( f )

r (t,µu) , t 2 (0, t f )

Ur(0,µu,µ') =U
(0)
r (µu,µ'),

U̇r(0,µu,µ') = U̇
(0)
r (µu,µ').

Il problema ridotto può essere risolto via integrazione temporale, analogamente al caso FOM. Si
fa notare come, per ogni soluzione FOM del problema meccanico, sia necessaria una distribuzione
di temperature nodali per la valutazione del termine di accoppiamento, cosı̀ da poter includere
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di temperature nodali per la valutazione del termine di accoppiamento, cosı̀ da poter includere

22

A. Quarteroni, A. Manzoni, F. Negri. Reduced basis methods for partial differential equations. Springer International Publishing, 2016.
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Projection bases for the mechanical problem

NUMERICAL EXAMPLEINTRODUCTION CONCLUSIONSMETHODOLOGY

Ø Modeling hypoteses:

v thermo-elasticity linear theory with a one-way approach;
v temporal dependence of the thermal field is neglected;
v damping effects are disregarded;
v local dependency of the stiffness matrix on the material temperature;
v damage as a selective reduction (5% ÷ 25%) in stiffness, fixed in time.

Ø The dataset construction is accelerated exploiting the ROM:

v The ROM relies on the Reduced Basis method;

v The projection bases are built via Proper Orthogonal Decomposition.
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vPlane stress formulation.
v2938 CST elements - 1469 nodes.
vSeismic loads + temperature profiles.
v9 considered damage conditions.
vVariable damage level (5% ÷ 25%).
vLatin Hypercube Sampling.
v11 dual output sensors (20 Hz).

NUMERICAL CASE STUDY

8
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vLocal magnitude (4.8 ÷ 5.3).
vEpicentral distance (80 ÷ 100)km.
vRocky conditions.   
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Low intensity seismic loadsFOM definition

R. Paolucci et al. Broadband ground motions from 3D physics-based numerical simulations using artificial neural networks. Bulletin of Seismological Society of America, 
108, 2018. 

Model Order Reduction
vSimulations duration = 35 s – (FOM solutions = 380).
vFOM CPU time = 421 s – ROM CPU time = 4.9 s.
vSpeed-up = 86.
vROM dofs = 63 (mechanical) and 28 (thermal).

F. Sabetta, A. Pugliese. Estimation of response spectra and simulation of nonstationary earthquake ground motions. Bulletin of the Seismological Society of America, 86, 1996.
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NUMERICAL CASE STUDY
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NUMERICAL EXAMPLEINTRODUCTION CONCLUSIONS
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CONCLUSIONS

Ø We have proposed a data-based strategy for SHM under varying operational and environmental conditions, 
integrating model-order reduction and deep learning.

Ø The damage localization task has been performed by making use of vibrational and temperature 
measurements.

Ø A database of synthetic recordings has been built offline for a set of predefined damage conditions.

Ø A reduced order model has been exploited to accelerate the dataset construction. 

Ø A DL-based classifier has been adopted to perform the automatic features extraction and to relate raw
sensor measurments to structural health conditions. 

Ø The classifier has achieved a global accuracy of about 81.5%, which is a very good result in the light of the 
heterogeneity of the explored conditions and of the damage level variability.
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NUMERICAL EXAMPLEINTRODUCTION CONCLUSIONSMETHODOLOGY
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4. Esempio 1: trave a mensola 2D

Figura 4.15: Deformata per la prima condizione termica (fattore di scala = 500).

Figura 4.16: Deformata per la seconda condizione termica (fattore di scala = 500).
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Figura 4.17: seconda condizione termica:
e↵etto di contrazione/dilatazione termica.
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Figura 4.18: seconda condizione termica:
e↵etto termico sul modulo di Young.
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Figura 4.19: seconda condizione termica:
caso solo danno, caso senza E (T ) e caso
con E (T ).
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Figura 4.20: seconda condizione termica:
caso solo danno, caso senza E (T ) e caso
con E (T ) (zoom).
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Fully coupled problem

• Onset of a volumetric deformation
for a temperature variation.

• Onset of internal heat for a variation
of the volumetric deformation.

Simplifying hypotheses

• Small strain rate: one-way 
coulping approach.

• Short monitoring windows: 
stationary thermal problem.

ECSA-7,  15-30 November 2020 EXTRA - 1

+ 0 °C

+ 11°C

+ 15 °C

+ 4°C

the temperature vector; Gv 2 RMv⇥M' is the coupling term for the mechanical problem;

fv = fv(t,⌘u
) 2 RMv is the mechanical right hand side (rhs) vector, incorporating the actions

of both surface and body forces; Mv and M' denote, respectively, the number of degrees of

freedom (dofs) of the displacement and temperature FE spaces;

Problem 4. (
M''̇(t) +K''(t) = G'v̇(t) + f' , t 2 (0, Tf )

'(0) = '0

,

where: M' 2 RM'⇥M' is the thermal capacity matrix; Kv 2 RM'⇥M' is the ther-

mal conductivity matrix; G' 2 RM'⇥Mv is the coupling term for the thermal problem;

f' = f'(t,⌘�
) 2 RM' is the thermal rhs vector, accounting for both surface and body

contributions. The semi-discretized forms in Pb. (3) and Pb. (4) are denoted as FOM.

In view of an application to the monitoring of civil structures, two simplifying hypotheses

can be made with respect to the coupled problem discussed so far: (i) in civil constructions

the strain rate is always small and do not influence the thermal field. We therefore consider

the more usual one-way coupling approach by canceling out the coupling term in Pb. (4).

Thus, the thermal field can be determined independently from the kinematic one, but still in-

fluences the strain field; (ii) the monitoring window duration is significantly shorter respect

to the time amount required by the structure to undergo significant temperature excur-

sions. We therefore evaluate the thermal field by referring to a stationary di↵usion problem,

neglecting its temporal dependence. Hence, the governing equation of Pb. (4) reduces to

K'' = f'

The time interval (0, Tf ) is discretized as (t1, . . . , tLS ), on the basis of the sensors sam-

pling rate r, obtaining the time vector, where LS = 1+Tf ·r do not coincides with LM (e.g.,

the structure is monitored within discrete time windows not adjacent to each other) unless

if T0 = 0. By adopting a generalized-↵ time integration scheme [26], the one-way coupled

thermo-mechanical problem is solved according to Alg. 1. In agreement with the first sim-

plifying hypothesis, the di↵usion problem is first solved to determine the temperature field

'. The nodal temperatures ' are then transformed into equivalent nodal forces by means

of the coupling operator Gv. A displacement field v', compatible with ', is determined by

solving a static mechanical problem under the coupling action only, and it is assumed as the

reference condition around which the dynamics of Pb. (3) oscillates.

Algorithm 1 Thermo-Elastic Problem Solution (FOM).

1: Solve K'' = f' ! '

2: Solve Kv(')v = Gv' ! v'

3: v' assumed as initial condition: v0 = v'

4: WHILE tp < tLS DO

5: Solve Mvv̈(tp) +Kv(')v(tp) = Gv'+ fv(tp)

6: END WHILE

Displacements v(tp), related to the i-th sampling {⌘
u
,⌘

�
, g}i, are time integrated for

each tp, with p = 1, . . . , LS , and collected in Vi = [v0, . . . ,vLS ] 2 RMv⇥LS . Through

10

THERMO-ELASTIC PROBLEM - SIMPLIFYING HYPOTHESES
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TEMPERATURE EFFECTS ON THE OBSERVED QUANTITIES: TOP-RIGHT TIP VERTICAL DISPLACEMENT

i
i

“T
ES

I”
—

20
20
/4
/7

—
15

:3
1

—
pa

ge
46

—
#7

0
i

i

i
i

i
i

4.
Es
em
pi
o

1:
tr
av
e
a
m
en
so
la

2D

Fi
gu

ra
4.

15
:D

ef
or

m
at

a
pe

rl
a

pr
im

a
co

nd
iz

io
ne

te
rm

ic
a

(f
at

to
re

di
sc

al
a
=

50
0)

.

Fi
gu

ra
4.

16
:D

ef
or

m
at

a
pe

rl
a

se
co

nd
a

co
nd

iz
io

ne
te

rm
ic

a
(f

at
to

re
di

sc
al

a
=

50
0)

.

0
0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

-0
.0
2

-0
.0
15

-0
.0
1

-0
.0
050

0.
00
5

0.
01

0.
01
5

0.
02

E
=

L
=0

E
=0

X:
 0

.4
08

Y:
 -0

.0
11

37

Fi
gu

ra
4.

17
:s

ec
on

da
co

nd
iz

io
ne

te
rm

ic
a:

e↵
et

to
di

co
nt

ra
zi

on
e/

di
la

ta
zi

on
e

te
rm

ic
a.

0
0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

-0
.0
2

-0
.0
15

-0
.0
1

-0
.0
050

0.
00
5

0.
01

0.
01
5

0.
02

E
=

L
=0

E(
T)

X:
 0

.4
08

Y:
 -0

.0
11

47

Fi
gu

ra
4.

18
:s

ec
on

da
co

nd
iz

io
ne

te
rm

ic
a:

e↵
et

to
te

rm
ic

o
su

lm
od

ul
o

di
Yo

un
g.

0
0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

-0
.0
2

-0
.0
15

-0
.0
1

-0
.0
050

0.
00
5

0.
01

0.
01
5

0.
02

E
=

L
=0

E
=0

E(
T)

Fi
gu

ra
4.

19
:s

ec
on

da
co

nd
iz

io
ne

te
rm

ic
a:

ca
so

so
lo

da
nn

o,
ca

so
se

nz
a

E
( T

) e
ca

so
co

n
E

( T
) .

0.
34

0.
36

0.
38

0.
4

0.
42

0.
44

0.
46

0.
48

-0
.0
16

-0
.0
15

-0
.0
14

-0
.0
13

-0
.0
12

-0
.0
11

-0
.0
1

-0
.0
09

-0
.0
08

E
=

L
=0

E
=0

E(
T)

Fi
gu

ra
4.

20
:s

ec
on

da
co

nd
iz

io
ne

te
rm

ic
a:

ca
so

so
lo

da
nn

o,
ca

so
se

nz
a

E
( T

) e
ca

so
co

n
E

( T
) (

zo
om

).

46

i
i

“T
ES

I”
—

20
20
/4
/7

—
15

:3
1

—
pa

ge
46

—
#7

0
i

i

i
i

i
i

4.
Es
em
pi
o

1:
tr
av
e
a
m
en
so
la

2D

Fi
gu

ra
4.

15
:D

ef
or

m
at

a
pe

rl
a

pr
im

a
co

nd
iz

io
ne

te
rm

ic
a

(f
at

to
re

di
sc

al
a
=

50
0)

.

Fi
gu

ra
4.

16
:D

ef
or

m
at

a
pe

rl
a

se
co

nd
a

co
nd

iz
io

ne
te

rm
ic

a
(f

at
to

re
di

sc
al

a
=

50
0)

.

0
0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

-0
.0
2

-0
.0
15

-0
.0
1

-0
.0
050

0.
00
5

0.
01

0.
01
5

0.
02

E
=

L
=0

E
=0

X:
 0

.4
08

Y:
 -0

.0
11

37

Fi
gu

ra
4.

17
:s

ec
on

da
co

nd
iz

io
ne

te
rm

ic
a:

e↵
et

to
di

co
nt

ra
zi

on
e/

di
la

ta
zi

on
e

te
rm

ic
a.

0
0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

-0
.0
2

-0
.0
15

-0
.0
1

-0
.0
050

0.
00
5

0.
01

0.
01
5

0.
02

E
=

L
=0

E(
T)

X:
 0

.4
08

Y:
 -0

.0
11

47

Fi
gu

ra
4.

18
:s

ec
on

da
co

nd
iz

io
ne

te
rm

ic
a:

e↵
et

to
te

rm
ic

o
su

lm
od

ul
o

di
Yo

un
g.

0
0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

-0
.0
2

-0
.0
15

-0
.0
1

-0
.0
050

0.
00
5

0.
01

0.
01
5

0.
02

E
=

L
=0

E
=0

E(
T)

Fi
gu

ra
4.

19
:s

ec
on

da
co

nd
iz

io
ne

te
rm

ic
a:

ca
so

so
lo

da
nn

o,
ca

so
se

nz
a

E
( T

) e
ca

so
co

n
E

( T
) .

0.
34

0.
36

0.
38

0.
4

0.
42

0.
44

0.
46

0.
48

-0
.0
16

-0
.0
15

-0
.0
14

-0
.0
13

-0
.0
12

-0
.0
11

-0
.0
1

-0
.0
09

-0
.0
08

E
=

L
=0

E
=0

E(
T)

Fi
gu

ra
4.

20
:s

ec
on

da
co

nd
iz

io
ne

te
rm

ic
a:

ca
so

so
lo

da
nn

o,
ca

so
se

nz
a

E
( T

) e
ca

so
co

n
E

( T
) (

zo
om

).

46

Ω1 (25%), A = 10 kPa, f = 15 Hz 

g = 2, D = 25%, A = 10 kPa, f = 100 Hz. 
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I. each time a sampled {⌘
u
,⌘

�
, g}j , with j = 1, . . . ,N and N total number of samples,

is considered, the FOM in Pb. (3) is solved and L
R

S
snapshots are juxtaposed forming

the correspondent snapshot matrix Sj

v
= [v1| . . . |vL

R
S
]j 2 RMv⇥L

R
S , having denoted

with L
R

S
= 1 + T

R

f
· r the number of samples in time, not necessarily coincident with

LS . Indeed, the ROM construction could be accelerated by limiting the snapshot

collection to a small portion (0, TR

f
) of the time window of interest (0, Tf ), whenever

enough informations on the dynamic evolution of the system are captured. A first

POD (“PODtime”) is then realized by performing a SVD on Sj

v

Sj

v
= Pj

v
⌃j

v
Zj

v

>
, j = 1, . . . ,N,

where: Pj

v
= [pv

1, . . . ,p
v

Mv
]j 2 RMv⇥Mv ; ⌃v = diag(�v

1 ,�
v

2 , . . . , �
v

rv
)j 2 RMv⇥L

R
S ;

Zj

v
= [zv1, . . . , z

v

L
R
S
]j 2 RL

R
S⇥L

R
S . Retaining the first W

j

v
 r

j

v
left singular vectors, by

fixing the error tolerance ✏v, as done in Eq. (3), a POD bases set Wj

v
= [pv

1, . . . ,p
v

Wv
]j

is obtained. Repeating this procedure for j = 1, . . . ,N, N di↵erent reduced bases sets

are determined.

II. each time a new bases set Wj

v
is determined, it is juxtaposed to the previously iden-

tified set Wv; then, [Wv|Wj

v
] is processed through SVD performing a second POD

(“PODparameters”). In this way, Wv is progressively updated to account for the last

sampled {⌘
u
,⌘

�
, g}j , thus embodying the parametric dependence of the problem.

Alg. 2 summarizes the training of the ROM. The total number of used snapshots is equal

to N⇥ L
R

S
for Pb. 3, and N for Pb. 4.

Algorithm 2 POD bases construction
1: POD FOR THE COUPLED ELASTO-DYNAMIC PROBLEM

2: FOR j = 1, . . . ,N DO

3: Sample {⌘
u
,⌘

�
, g}j via LHS

4: Solve {K''(⌘�
) = f'(⌘�

)}j ! '(⌘j

�
)

5: Call {Algorithm 1} to Solve {Mvv̈(t,⌘u
,⌘

�
, g) +Kv(⌘u

,', g)v(t,⌘
u
,⌘

�
, g) = . . .

6: Gv'(⌘�
) + fv(t,⌘u

)}j ! vj(tp), p = 1, . . . , LR

S

7: Collect Sj

v
= [v(t1, {⌘u

,⌘
�
, g})| . . . |v(tLR

S
, {⌘

u
,⌘

�
, g})]j

8: Wj

v
= PODtime(Sj

v
)

9: IF j == 1 THEN

10: Wv = W1
v

11: ELSE

12: Sp = [Wv|Wj

v
]

13: Wv = PODparameters(Sp)

14: END IF

15: END FOR

16: POD FOR THE DIFFUSION PROBLEM

17: Collect S' = ['(⌘1
�
)| . . . |'(⌘N

�
)]

18: W' = POD(S')

The ROM solution vR is then sought by solving the reduced-order problem

12
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Problem 6.
8
>><

>>:

MR

v
v̈R(t) +KR

v
vR(t) = GR

v
'+ fR

v
(t) , t 2 (0, Tf )

vR(0) = vR

0

v̇R(0) = v̇R

0

,

obtained enforcing the orthogonality between the subspace span{wv

1 , . . . ,w
v

Wv
} and the

residual v � vR through a Galerkin projection, where

MR

v
= W>

v
MvWv , KR

v
= W>

v
KvWv,

GR

v
= WT

v
Gv , fR

v
= W>

v
fv.

Once Pb. (6) has been time integrated, the reduced solutionVR = [vR

1 , . . . ,v
R

LS
] 2 RWv⇥LS ,

is back-projected to recover the correspondent FOM approximation at each time step as

V ⇡ WvVR.

Alg. 3 summarizes the computation of the ROM solution. First, the reduced di↵usion

problem is solved. Secondly, 'R is back-projected, and ' is transformed into equivalent

nodal forces onto span{wv

1 , . . . ,w
v

Wv
} through GR

v
. Finally, the reduced displacement field

corresponding to the thermally induced forcing term is computed and assumed as the refer-

ence condition around which the reduced dynamical problem is solved. Note that only the

dependence of KR

v
and Kv on ' is explicitly reported.

Algorithm 3 Thermo-Elastic Problem Solution (ROM).

1: Compute KR

'
= W>

'
K'W', fR

'
= W>

'
f'

2: Solve KR

'
'R = fR

'
! 'R

3: Compute ' = W''R

4: Compute MR

v
= W>

'
MvW', GR

v
= W>

'
Gv, KR

v
= W>

'
Kv(')W', fR

v
= W>

'
fv

5: Solve KR

v
(')vR = GR

v
' ! vR

'

6: vR

0 = vR

'

7: WHILE tp < tLS DO

8: Solve MR

v
v̈R(tp) +KR

v
(')vR(tp) = GR

v
'+ fR

v
(tp)

9: Compute v(tp) = W'vR(tp)

10: END WHILE

After having approximated the FOM solution exploiting the ROM, displacement and

temperature measurements related to the i-th sampling {⌘
u
,⌘

�
, g}i are extracted through

the boolean operators previously detailed in Eq. (1) and Eq. (2). By repeating for the

i = 1, . . . , I instances {Ui,�i}, the dataset D is constructed.

3. Numerical Examples

Two numerical case studies of increasing complexity, both under dynamic loading and

thermal action, are proposed: in Sec. 3.1 a cantilever is considered to ease the interpretation

of how coupling e↵ects a↵ect the structural dynamics and the classifier performance; in

Sec. 3.2 a portal frame is analyzed exploiting acceleration measurements, considering a

13
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CONVOLUTIONAL NEURAL NETWORK (CNN)
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B. Machine Learning - aspetti chiave

Reti Neurali Convoluzionali

Una rete neurale convoluzionale (convolutional neural network, CNN) è una rete neurale ispirata
alla struttura della corteccia visiva degli organismi viventi e progettata per individuare pattern
nei dati di input. Le CNN sono oggi impiegate con estremo successo nella classificazione video,
nel riconoscimento d’immagini e nel riconoscimento vocale. Le ricerche condotte sulla corteccia
visiva a fine anni Cinquanta, da David H. Hubel e Torsten Wiesel [28], hanno dimostrato come i
neuroni di livello superiore siano in connessione solo con i neuroni di livello inferiore, presenti
all’interno del loro campo ricettivo. Pertanto ogni neurone di livello superiore è immaginato
come collegato solo a pochi neuroni dello strato precedente. Inoltre, i campi ricettivi dei singoli
neuroni possono sovrapporsi tra loro e tutti insieme tessono il campo visivo. Un’architettura
CNN cerca di riprodurre questo schema, e per questo è basata sulla ripetizione di blocchi non
comuni alla classica architettura MLP: layer convoluzionali e layer di pooling (in Fig. B.6 se ne
presenta un esempio d’applicazione ad un’immagine a 3 canali). Di seguito sono introdotte le
caratteristiche delle CNN riferendosi a dati di input quali immagini 2D (classica applicazione
per questo tipo di reti). Nonostante ciò, nell’elaborato i dati di input sono storie temporali 1D.

Figura B.6: Layer convoluzionali e layer di pooling.

• In un layer convoluzionale i neuroni non sono connessi a tutti i neuroni del layer prece-
dente come nell’architettura MLP, ma unicamente a quelli all’interno del loro campo
ricettivo (Fig. B.9). Il modo in cui un layer convoluzionale agisce sugli input è del tutto
analogo, e viene in ogni caso chiarito di seguito. Un neurone in riga i e colonna j è
connesso ai neuroni nello strato precedente compresi tra le righe

⇥
i; i+ fh�1

⇤
e le colonne⇥

j; j+ fw�1
⇤
, dove fh e fw indicano altezza e larghezza del campo ricettivo. Per mantenere

costanti le dimensioni tra layer successivi si può utilizzare lo zero padding, che consiste
nell’aggiungere zeri attorno agli input (Fig. B.7).
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Each filter has a characteristic
kernel size. Each neuron is
connected only to the units
inside its receptive field.

The pooling layer operates a 
dimensionality reduction of the data 
by subsampling its inputs through
average or maximum functions.

Inspired by the visual cortex and typically used in computer vision.

In a convolutional layer,
the connection weights
are called filters. Each
layer applies different
kernel filters to its inputs, 
thus its output consists of 
multiple feature maps. 

Matteo Torzoni
POLITECNICO MILANO 1863 EXTRA - 5ECSA-7,  15-30 November 2020


