The Fourth Law of Thermodynamics:
every nonequilibrium state is characterized by a metric in state space
with respect to which its spontaneous attraction towards stable equilibrium
is along the path of steepest entropy ascent
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Fourier law in nanostructured anisotropic media

J-G-J=const
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Steepest Entropy Ascent with respect to a Metric
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Entropy defined for non-equilibrium states

Hatsopoulos, Gyftopoulos, Found.Phys. Energy vs Entropy diagram
6, 15, 127, 439, 561 (1976).

f fluid lid el t of ti :
Beretta, J.Math.Phys. 25, 1507 (1984). '_ ° ''¢ OF SOnC eement of & continuum

0 = pu, energy density

Gyftopoulos, Beretta, Thermodynamics. § = ps, entropy density
Foundations and Applications, n=fy,..., 0N, concentrations
Macmillan 1991, reprint Dover 2005. Project all states with given h onto the i vs §
plane:
THEE”[E?J]:ISAMICS far non-equilibrium stable equilibrium
o i 4 state near-equilibrium st/ate
state ,a' T
“ Y, Am(u.,n)
§= 5. (i)
See also (>1998): dmi (A
Lieb, Yngvason, Proc.R.Soc.A 470, 192 i (.) .
(2014) and refs. therein. i () ¢ jj““”"’/' : |
Zanchini, Beretta, Entropy 16, 1547 io0 ; S ) :

(2014) and refs. therein.
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Non-equilibrium states require MOrE independent Variables

From the second law follows: far non-equilibrium stable equilibrium
— maximum entropy principle: Y state near-equilibrium state
among all the states with given values of state [\T 7
the energy density, 4, and the concen- R \ \ /
trations, A, the stable equilibrium states il 4 4, T4, @, h)
has maX|maI entropy density /
§=35,@@,n)
Sne < §eq N A T a=1,(S, n)
e Gro) ) 4u G h)
— fundamental relation for the stable = 174

equilibrium states:

A 4

§=0 5 §eq (,,n)
Seq = §eq(ﬁ7 ﬁ)

— a non-equilibrium fundamental relation requires more independent variables:

=%

s§= §ne (’Y) i= ﬁne (’Y) = ﬁne (ry) Wlth §ne (’qu) = §eq(ane (’qu)7 ﬁne (’yeq))

the values v,, = 7.,(d, i) at stable equilibrium are fixed by the values of & and A.
The variables vy characterize the different approaches/models/levels of description/theories.
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Far non-eq: States depend on many variables

Framework State Entropy

IT Information Theory o

A i(x, t = —k - pjIn p;
SM Statistical Mechanics {pi(x 6)} ° =2, pilnp
RGD Rarefied Gases Dynamics o

B SSH Small-Scale Hydrodynamics Fle.x 1) §= ko J[[ finf de
RET Rational Extended Thermodynamics

C NET Non-Equilibrium Thermodynamics  {yj(x, t)} $=35({y})
CK Chemical Kinetics

D MNET  Mesoscopic NE Thermodynamics  P({y;},x,t) §=35(P({y;}))
QSM Quantum Statistical Mechanics p(x, t)

E QT Quantum Thermodynamics 5=TrpA §=—ksTrplnp

MNEQT Mesoscopic NE QT
QSM Cahn-Hilliard models

F QT Diffuse Interface methods {yi(x, t)} $=5({yi}, {Vyi - Vn})
MNEQT Non-local NE models
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Reformulate in terms of square-root-probabilities

Framework State Redefine Dynamics
IT . dy
AT ) o =disglym) an,

RGD 0
B SSH f(c,x,t) v=+Ff 8—Z+c-vx7+a~vw:nv
RET
= di : 0
C NET {yi(x, )} 7 = diag{y;} DV, ), =1,
dimensionless ot
CK
0
D MNET  P({y}xt) v=vP({ylx1) SEv- V=,
QSM
d
E QT p p=7" dZ“LhH =,
MNEQT

Tangent [ITy)

In each framework, I, may be viewed as the TANGENT VECTOR

to the time-dependent trajectory of « in state space as viewed from an
appropriate local material frame, streaming frame, or Heisenberg picture.

State |y)
Beretta, Phys. Rev. E 90, 042113 (2014).
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Quantum description of a QuDit (when [H, /] =0)

For a D level system, we take

® v= Z:?:l PPy
The density operator is
®p= 25:1 PnPn

and for the special class of states with
[H, p] = 0, the Hamiltonian operator is

e H=Y" eP,
the energy
e E= ZHDZI Pn&n€n
the entropy,
© S=—ks X" pognlnps

@ p, represents the degree of involvement of
energy level e, in sharing the energy load of
the system

@ p,e,/E fraction of energy carried by level e,

@ S measures the overall degree of sharing

Energy, E/hv

15 2 25 3
Entropy, Sk
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Quantum description (picterial) Oof a single Qubit
i §=—kTr(plnp)

B=z=
!

(0[p|0) = (1lp|1)

(01p[0) = (1]p[1)

(B) =(2)

()=
X = i(0lp[1) = i(1]pl0)
(Olp[1) + (1|p|0)

14+) =1}

12:) =)

DA
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Different laws of evolution, but same structure
They can all be written in

the same general form: @ the term R., accounts for reversible dynamics,
d7 inertia, convective and diffusive transport between
dt =Ry + My adjacent elements of the continuum
as a result we have the BA- @ the term I, is responsible for entropy generation,
LANCE EQUATIONS: while it conserves all constants of the motion
R da od 60
i=ie() - = (50R) (Gem,) =0
PR dn 5nne 5nne
n=n — — = R n
() T = (5 IR) (%5ein,) =
ds 08,6 08¢ 5Sne

S M) =

=5 o g =R 0= (5

oy
Moreover, there exists a
metric G with which the
system “perceives’ the
distance between
neighbouring states, n,) = )
d(y,7+dv)* = (dv|G|dy)
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with respect to which the term M, has the direction
of steepest entropy ascent compatible with the

conservation laws:
5nne

_:Bn'

1| 6sne 5une

_ﬁu



SEA Quantum Thermodynamics version 1984 assumed G,
SEA dynamics with respect to metric G,:

p="v = p=3"v++"% 116
dy i ny) =62 )
— ——yH=0N
gt R T
dp + T yInp 5 ~H
E + 7[H7p] = n.y"}/ +fy n’y Trplnp 1 TrpH
S=—kTrplnp, E =TrpH (5§ue} — ok TrpHlnp  TrpH  TrpH?
oy '€ - 1 TrpH
AH=H-EI TrpH  TrpH?
AS=—kinp—SI =29AS — » ( )VAH_QWA/\/IP

(AHAH) = Trp(AH)? = TrpH* —

_ (AHAH) nonequilibrium
where O4(P) = TR GAR) e

(ASAH) = TrpASAH = —kTrpHInp—E S

nonequilibrium

S = (29AM, |G [2vAM,) i My = —kinp—grs Mawden
As stable equilibrium is approached E
exp(—H/KT (E)) TroMy = 5ealE) = 7y
2vAM, = 0

pea(E) = Trexp(—H/KT(E)) On(p) = T(E)

See Refs. [12-23] and [27-32] in Montefusco et al, Phys.Rev.E, 91, 042138 (2015) and Beretta, Rep.Math.Phys., 64, 139

(2009)
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Steepest Entropy Ascent for a single Qubit

(B)=(2)= §=—#Ilplns)

(0[p|0) = (1lp|1)

(0lp[0) = (1]p[1)

(B) =(2)

(V)=

X = i(0lp[1) = i(1]pl0)
(Olp[1) + (1|p|0)

12,) =

12-) =11)




The principle of local steepest entropy ascent is a
1984 precursor of several modern theories of
non-equilibrium dynamics

Ziegler's attempts to generalize Onsager’s principle (1958)

equation of motion for quantum thermodynamics (1981: Beretta)
steepest entropy ascent (1984: Beretta, Gyftopoulos, Park, Hatsopoulos)
metriplectic formalism (1984: Morrison, Kaufman, Grmela)

least action in chemical kinetics (1987: Sieniutycz)

GENERIC (>1997: Grmela, Ottinger, )

gradient flows (>1998: Jordan, Kinderlehrer, Otto, Mielke)

quantum evolution with max ent production (2001: Gheorghiu-Svirschevski)
maximum entropy production principle MEPP (2003: Dewar, Martyushev)
large deviation theory (>2004: Evans, Touchette, Peletier)

SEAQT (>2014: von Spakovsky)

tFor the proof of equivalence of SEA and GENERIC see Montefusco, Consonni, Beretta,
Phys.Rev.E 91 042138 (2015).
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The fourth law: steepest entropy ascent

Every non-equilibrium state of a system or local subsystem for which entropy is
well defined must be equipped with a METRIC IN STATE SPACE with respect to
which the irreversible component of its time evolution is in the direction of steepest
entropy ascent compatible with the conservation constraints.

Beretta, Phil. Trans.R.Soc.A 378, 20190168 (2020)
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Far non-eq: SEA—|—CE approximation

Assume each state  maximizes the entro-
py S(7) subject to fixed values of a set
of rate controlling slow variables Ax(vy) =
TrAwyy'. Introducing Lagrange multipliers
X« /ks (affinity or force conjugated to (Ax))
we have

1
|¢) = Ps Zk:Xk 79}

S(v) 05(7)
where |ax) = and X, =
) =5 (A ()
(e} oA Kl®) = Loa)
j):A.uw,»
—

of ) = |ow) — L A [¥3)

o = Li(o [Ty Xk

Then the SEA equation takes the form

Zxkc

N5E4) = k)

Onsager relations

extended to the far non-equilibrium

PIRVAD)

the partial noneqmllbrlum potentials )\ are
the solution of the orthogonality conditions

D (WG X = (V]G o)

i

where
= lo —

and [bc) = 37, Xk laf). By defining the
nonequilibrium Onsager conductivities:
1 A
b = k]TT(O‘JC|G Hai) = Ly

the entropy production rate becomes a qua-
dratic form in the forces
> X
j

ks
= —(AIN) = Xi Ly X =
—(AIA) jzkzjjkk

and the fluxes J;, i.e., the dissipative produc-
tion rates of the RCCE variables, are linearly
related to the forces

Ji=Na = (ajN) =D L Xe

K
Beretta, Found.Phys. 17 365 (1987). Beretta, Phil. Trans.R.Soc.A:378,-20190168 (2020)
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