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Abstract: Sensors are devices that measures a change in physical stimulus by converting it into an 

electronic signal which can be read by a designated instrument. Notable sensing application include 

among others vibration sensing, temperature sensing, humidity sensing, strain sensing, biosensing 

and structural health monitoring (SHM). Powering SHM devices/sensors remotely and autono-

mously in a passive, efficient, ecofriendly means with minimum retrofitting cost has been a major 

desire over the past decades. A device that meets such specifications is the vibration energy har-

vester. This work focuses on the electromagnetic transduction harvester whose harvested volt-

age/power is formulated from Faraday law of electromagnetic induction. Electromagnetic parame-

ter that determines the degree of transduction is referred to as the coupling constant. The value of 

coupling constant must be accurately set during harvester design because it directly determines the 

harvester damping ratio and power available for the sensor. In this work, we introduce an approach 

to effectively determine the harvester’s optimum magnetic flux parameter that will be used in com-

puting the optimum coupling constant, electromagnetic damping ratio and the power harvested at 

resonance. This work concludes that maximum power can be harvested for powering the sensor at 

certain optimum value of coupling value only. This optimum is attained by a tradeoff between the 

applied load resistance and resonant frequency. For designs considered here the resonant threshold 

is 20 Hz. Below this threshold, accumulated electromagnetic damping ratio becomes excessive. 

Also, the load resistance should be reasonably high to allow for optimum damping ratio during 

operation. 
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1. Introduction 

Adequate study of structural dynamic characteristic is very important as a robust 

method for assuring the satisfactory integrity and health monitoring because an unpre-

dicted failure may cause devastating consequences on economic, social, and human life. 

An example of SHM attempt is the cost-effective space division multiplexed hybrid vibra-

tion sensor used for vibration monitoring [1]. Most convectional sensors have shown lim-

itations with their usage because they are mostly affected by electromagnetic interference 

and noise inclusion during analog/digital conversion [2]. Powering a SHM device with 

battery power module has some form of limitations to the continuously uninterrupted 

but cheap remote and autonomous operations [3]. A miniaturized and cost-effective 

power management system (PMS) for low-voltage electromagnetic energy harvesters 

(EMEHs) operating in both battery-powered and battery less applications was reported 

in [4]. A review [5] highlights the use of carbon nanomaterials as deposition materials for 
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fiber reinforcements using them as sensors for process monitoring during manufacturing 

and SHM during in-service life. An internet of things (IoT) based structural health moni-

toring using a customized data-logger with sensing nodes was a focus in [6]. The im-

portance of railway in the transportation industry is steadily increasing although more 

than 35% of the 300,000 railway bridges across Europe are over 100-years old. SHM of 

railway bridges to evaluate their structural integrity directly impacts on the reliability of 

the railway networks [7]. Strategies employed to monitor bridge health against seismic 

and severe climatic actions has been discussed [8]. An analytical approach for quantifying 

the cost-benefit optimization using a stochastic methodology to optimally design struc-

tural health monitoring systems is proposed in [9]. 

A simple power module that has shown prospects to powering SHM devices/sensors 

remotely and autonomously is called an electromagnetic vibration energy harvester 

whose transduction depends on the electromagnetic coupling factor [11]. Four different 

methods of measuring the coupling constants were mentioned [12,13] and one of such 

methods is herein employed for this work. An investigation of the electro-mechanical cou-

pling effect of a hybrid electromagnetic and piezoelectric energy harvester [14] reported 

that the bigger the coupling coefficient, the greater the resonant frequency shift, the output 

power, and the energy conversion efficiency. The effect of coupling strength on the effi-

ciency of an electromagnetic energy harvester was shown in [15] concluding that, up to a 

certain point, increasing the coupling strength of the harvester substantially increases the 

output power, hence improving the device efficiency [15]. 

The focus in this work is on formulating an analytical equation for characterizing the 

harvester’s optimum magnetic flux parameter to be used in computing the optimum cou-

pling factor, the electromagnetic damping ratio, and the maximum resonant power. 

2. Determination of the Harvester’s Resonant Frequency 

To properly define the harvester’s resonant frequency, it is modelled as a fixed-free 

Single Degree of Freedom tip loaded beam as shown in Figure 1. The beam is modelled 

so that one end is fixed to a base. The transverse motion equation of the clamped-free 

cantilever beam excited in harmonic at base position x and time t can be described by the 

following equation. 

Cantilever Beam

Vibrating Base

E, ρ ,w

Coil

L

Yo(t)

  

Figure 1. The vibration energy harvester modelled as a fixed-free SDOF cantilever beam with a tip 

coil mass fixed at its free end. 

𝑧𝑎𝑏𝑠(𝑥, 𝑡) = 𝑧𝑟𝑒𝑙(𝑥, 𝑡) + 𝑌0(𝑡) (1) 

where 𝑧𝑎𝑏𝑠(𝑥, 𝑡)  is the absolute vertical beam displacement; 𝑧𝑟𝑒𝑙(𝑥, 𝑡)  is the vertical 

beam displacement relative to the fixed/clamped base; and 𝑌0(𝑡) is the vertical amplitude 

base excitation, h is thickness of beam, 𝜌 is the density of the beam, 𝑤 is the width of the 

beam, 𝐸 is the young modulus of the beam and 𝐿 is the length of the beam. 

According to the Euler Bernoulli beam theory, the equation of motion that governs 

undamped free vibration of a beam is given as 
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𝐸𝐼

𝜌𝐴

𝜕4𝑧𝑟𝑒𝑙(𝑥, 𝑡)

𝜕𝑥4
+

𝜕2𝑧𝑟𝑒𝑙(𝑥, 𝑡)

𝜕𝑡2
= 0 (2) 

where 𝐸 is the Young modulus, 𝐼 is the second moment of area, 𝜌 is the density, 𝐴 is 

the cross-sectional area, and 𝐸𝐼is the bending stiffness and 𝜌𝐴 mass per unit length of the 

cantilever beam. 

Considering each vibration mode n, the relative vertical beam displacement 

(𝑧𝑟𝑒𝑙(𝑥, 𝑡)) for n-th mode can be represented as the product of the spatial (transverse dis-

placement) and temporal (time) components. The Eigen equation associated with the 

mode shape and temporal response functions are described as follows: 

𝑑4𝜑𝑛(𝑥) 

𝑑𝑥4
− 𝜆𝑛

4𝜑𝑛(𝑥) = 0 (3) 

𝑑𝜂𝑛(𝑡)

𝑑𝑡2
+ 𝜔𝑛

2𝜂𝑛(𝑡) = 0 (4) 

where 𝜂𝑛(𝑡)  is the temporal response, 𝜑𝑛(𝑥) is the mode shape response, 𝜆𝑛
4  is the 

lumped parameter defined as 
𝜔𝑛

2𝜌𝐴

𝐸𝐼
; and 𝜔𝑛 is the n-th vibration mode’s resonant fre-

quency of the beam-mass system obtained as 

𝜔𝑛 = 𝛽𝑛
2√

EI

𝜌𝐴𝐿4
 (5) 

Equation (5) shows that the resonant frequency could be obtained as a function of the 

harvester’s geometry and properties. 

3. Theoretical Determination of the Harvester Coupling Factor 

From the harvester design standpoint, obtaining the accurate and precise electro-me-

chanical coupling in the harvester system is necessary for achieving maximum efficiency 

and highest harvestable power. According to the Faraday law of induction, the coupling 

constant (𝐾) for the electromagnetic harvester can be expressed as 

𝐾 = 𝑁𝑏𝑐𝑓𝑙𝑐 (6) 

where 𝑏 is the magnetic flux density; 𝑁 is the number of the coil turn; 𝑐𝑓 is the coil fill 

factor; and 𝑙𝑐 is the effective length of the coil. For any coil design, the coupling Equation 

(6) considers three coil parameters, 𝑁, 𝑐𝑓  and 𝑙𝑐, as fixed/non-variables while the parame-

ter 𝑏 is variable. These three parameters were considered fixed because it is peculiar to a 

specific coil design such that once the coil has been fabricated, it values cannot be altered. 

The total damping ratio (𝜁𝑇) of an electromagnetic vibration energy harvester had 

been reported as the sum of the mechanical damping ratio (𝜁𝑚𝑒𝑐ℎ) and the electromag-

netic damping ratio (𝜁𝐸) [13]. 

𝜁𝑇 = 𝜁𝑚𝑒𝑐ℎ + 𝜁𝐸   (7) 

The mechanical damping is approximated using a method proposed by same author 

[13] where damping is related to the critically damped stress model. The electromagnetic 

damping (𝜁𝐸) and the power harvested (𝑃𝐶𝑜𝑖𝑙) in the coil winding is obtained using the 

Faraday law of induction for a circular coil geometry, is: 

𝜁𝐸 =
8𝐾2𝑙𝑐

2  

𝑚𝑒𝜔𝑛

(
1

𝑅𝑙 + 𝑅𝑐

) (8) 

𝑃𝐶𝑜𝑖𝑙 = 16𝐾2𝑙𝑐
2(𝜔𝑛𝑧)2 (

1

𝑅𝑙 + 𝑅𝑐

) (9) 
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where 𝑙𝑐  is the effective coil length; 𝑚𝑒 is the fundamental effective modal mass of the 

system; 𝜔𝑛  is the resonant frequency; 𝑅𝑙  is the load resistance; and 𝑅𝑐  is the coil re-

sistance. Rearranging Equation (8) and making 𝐾 as the subject of the formula: 

𝐾 = √𝑚𝑒𝜔𝑛𝜁𝐸  (𝑅𝑙 + 𝑅𝑐) (
1

8𝑙𝑐
2

) (10) 

Equations (8) and (10) show a direct dependency of the coupling factor on the elec-

tromagnetic damping ratio. The higher the electromagnetic damping ratio, the higher is 

the coupling factor. Hence to achieve the value of coupling that commensurate with any 

electromagnetic damping value, the value of 𝑏 must then be sufficiently large enough. 

It is sufficient to say that we could determine the optimum value of 𝑏 by substituting 

the known coil parameters and resonant frequency value while setting 𝜁𝐸 < 1 into Equa-

tion (10). However, such a procedure will waste the effort because the power harvested 

and the electromagnetic damping ratio changes with the value of the load resistance. 

4. Result and Discussion 

As shown in Figure 2, the variation of damping for several resonant frequencies from 

10 Hz to 50 Hz, is described. 

  

Figure 2. Comparison of the damping ratio with the coupling constant at different resonant frequencies for the total damp-

ing (left) and electromagnetic damping (right) when 𝑅𝑙 = 111.42 Ω. 

From Figure 2, the higher the resonant frequency, the lower is the damping but the 

coupling increases with an increased resonant frequency as in Equation (8). Based on a 

compromise between the degree of coupling and resonant frequency, there exists an op-

timum damping ratio at which the harvester performance becomes optimal, thereby max-

imizing the power harvested. The determination of the optimum damping ratio therefore 

becomes crucial because the power output would stagnate at a certain limit regardless of 

how high other electromagnetic parameters 𝑁, 𝑐𝑓 and 𝑙𝑐  become [13]. The approach 

adopted in this work is that using Equation (6), we plotted the damping ratio against the 

value of coupling until 60 𝑊𝑏𝑚−1 over a range of flux density as shown in Figure 3. The 

figure shows the variation of the total damping ratio (left) with the coupling factor, and 

the variation of the electromagnetic damping ratio (right) with the coupling factor for the 
considered coil geometry having the following design parameters: 𝑁 = 800 turns; 𝑐𝑓 =

0.7803; 𝑙𝑐 = 79.671 mm; and a load resistance 𝑅𝑙 = 111.42 Ω. 

The mechanical damping is reported as the sum of two independent damping com-

ponents: material damping and thermoelastic damping [13–16]. The analysis shows that 

the mechanical damping ratio remains constant for any resonant frequency for all range 
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of the flux density considered and the magnitude is likewise independent on the value of 

the load resistance as shown in Figure 3. 

  

Figure 3. Comparison of the electromagnetic damping with the coupling constant at different resonant frequencies for 

different values of load resistance, 𝑅𝑙 = 200 Ω (left) and 𝑅𝑙 = 20 Ω (right). 

These damping terms were reported to be frequency dependent but has no depend-

ency on the load resistance thus explaining why the mechanical damping will not change 

with the load resistance. Since the mechanical damping remains constant and the same 

for each of the resonant frequency considered, the focus of further analysis will then be 

on the variation of the coupling 

Figure 3 shows a comparison of the electromagnetic damping for different coupling 

factors using two values of load resistance, 𝑅𝑙 = 200 Ω (left) and 𝑅𝑙 = 20 Ω (right), at dif-

ferent resonant frequencies. The figure shows that the higher the load resistance, the lower 

is the damping ratio. In addition, the damping decreases as the resonant frequency in-

creases. Intuitively we can then say that it is desirable to operate the harvester considered 

in this work in the frequency range above 20 Hz to avoid generating too large electromag-

netic damping, which concurs with Equation (8). 

Now we proceed to investigate how the electromagnetic damping-coupling plot var-

ies with the load resistance. Figure 3 shows that for any specific resonant frequency, as 

the applied load increases, the electromagnetic damping ratio reduces. This observation 

confirms Equation (8) as the coupling factor increases, thus confirming the validity of 

Equation (10). 

Figure 4 shows that there exists a point along the power-coupling factor curve where 

the harvested power becomes maximum for each specific resonant frequency. This max-

imized point is the location where the electromagnetic damping and the coupling factor 

becomes optimized, and each maximized resonant power peak corresponds to an opti-

mized resonant value of the flux density which could be obtained using the optimum 

value of 𝐾 and the coil parameters in described Equation (6). 
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Figure 4. Power harvested against the coupling constant at different resonant frequencies for different values of load 

resistance, 𝑅𝑙 = 200 Ω (left) and 𝑅𝑙 = 20 Ω (right). 

5. Conclusions 

The work herein investigated the interdependency among the vibration energy har-

vester’s coupling factor, the electromagnetic damping ratio harvested power and the load 

resistance. The analysis shows inverse dependence of the damping ratio with the load 

resistance thereby confirming Equation (8) while the harvested power as well as the cou-

pling factor shows direct dependence to load resistance. This suggests that for any reso-

nant frequency the harvested power harvested is maximized at certain optimum coupling 

factor for each resonant. Using the known coil parameters and the optimum resonant cou-

pling factor in (6), we can then proceed to determine the optimum resonant flux density 

that will produce the maximum resonant power. 

In summary, to ensure a higher harvested resonant power is available to the sensor 

node, the harvester must operate at certain threshold value (20 Hz in the design consid-

ered) and, the optimum resistance of the sensors must be made as reasonably high as pos-

sible to match the harvester’s optimum resonant damping ratio used during the sensor 

fabrication. 
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