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Introduction
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• The gamma distribution is widely used in modeling lifetime data, 
but gamma distribution gave a monotone hazard function

• Many physical phenomena have non-monotone hazard functions, 
such as bathtub and upside-down bathtub hazard functions

• Some new distributions to model lifetime data have appeared by 
compounding existing lifetime models with several discrete 
distributions.



Introduction

• Suppose that     is discrete random variable

• are iid random variables and also independent of    

• The pdf or pmf of

is called compound distribution 

(e.g.,                                                                                               )
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Complementary Gamma Zero-Truncated Poisson Distribution (CGZTP)

• Let                          be  iid random variables from gamma distribution

• is a random variable with a zero-truncated Poisson distribution and 

independent of

• We define                                                       
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Complementary Gamma Zero-Truncated Poisson Distribution (CGZTP)

• Then    

• The joint distribution between       and        :

• The marginal distribution for      : 

• The pdf of CGZTP distribution is                                                                     
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Complementary Gamma Zero-Truncated Poisson Distribution (CGZTP)
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CGZTP: Properties of the distribution

• The cumulative distribution function of the CGZTP distribution is given by

Since                                                     ,
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GZTP: Some properties of distribution

• The rth quantile for this distribution is defined as the value z  such that

• The moment generating function

• The k raw moments 
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CGZTP: Properties of the distribution

• Survival function

• Hazard function 
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CGZTP: Properties of the distribution

We define the function                              , then

and

For          ,                for all . The CGZTP distribution has an increasing hazard 

function that follows from Glaser [14].
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CGZTP: Parameter Estimation

 Method of Maximum Likelihood

The likelihood function based on the observed random sample of size    ,                                    

is given by

The corresponding log-likelihood function is
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CGZTP: Parameter Estimation

The first derivative of log-likelihood function are following:
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CGZTP: Parameter Estimation

Theorem 1  Let                                            and          are known, then     is the 

uniquely exist root of if                           .

Proof. if
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CGZTP: Parameter Estimation

Theorem 1  Let                                            and          are known, then     is the 

uniquely exist root of if                           
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Proof.   The first derivative of       is considered and given by

Consider  and                                               , 

then

Therefore,                               . This means     is strictly decreasing function.

Then       is the uniquely exist root of                             .
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CGZTP: Parameter Estimation

The MLE of   is approximately multivariate normal with a mean   and variance-

covariance matrix which is the inverse of Fisher information matrix, i.e., 

or 

where                            and is the observed Fisher information matrix.

The asymptotic distribution of the ith component of   is  

or 

where                           and                      

Then, the corresponding   Wald confidence intervals for   are

or  

 Variance-Covariance Matrix of the MLEs
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CGZTP: Parameter Estimation

The elements of the observed Fisher information matrix are found as follow:

 Variance-Covariance Matrix of the MLEs

 

    

              

 

2

11

4,0 (0) 3,0

3,4 2,3
(1)

22

1 20 0 1 2

2

33 2

( ( 2)) ,

1,1,1 1,1
2 2 log

1 0,0,0, 0,0,( ) ,

, 2 log( ) log ( )








   

     
      

       
  

        

 



n i i i

i

i i i

i

I ne e e e

G z z G z
I n

z z z

n
I z e

   






    
   


         

 

 
 

     

  

 

 
 

1

3,0

12 21 2,3 0

1

1

13 31

1

1 (0)1

23 32

1

1 ,

1,1
1 ( , ) log ( ) ,

0,0,

1 ,

( ) log( ) log( )










 



 

 
      

 

   

    
         

      









i

i

i i

n
z

i

i

n

i i i

i

n
z

i

i

n
i iz zi

i

z

I I G z z z
a

I I z e

z zn z n
I I e e

 

  
 

 

      

 

   
 

    1

.



n

i

18



CGZTP: Simulation Study

 Simulate 1,000 samples of sizes 50, 100, and 1,000

 Use the simulated annealing method to estimate parameters when all 

parameters are unknown 

 To calculate the averages of MLEs and their MSEs

 To construct Wald confidence interval using the variance from observed Fisher 

information

 Use Monte Carlo simulations with 1,000 repetitions to estimate the coverage 

probability (CP) and average length (AL) of the confidence intervals
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CGZTP: Simulation Study

20

• As sample sizes increase, estimates become more accurate and MSE values decrease

• Among three estimates,   tends to have the smallest MSE 



CGZTP: Simulation Study

21

• In most cases, coverage 
probabilities are close 
to 0.95

• When sample size 
increases, the CPs will 
be close to the nominal 
coverage probability, 
0.95, and the ALs will 
decrease. 

• If   has a small value, 
is required to be 

1,000 to achieve 0.95
n




CGZTP: Application

Illustrating example

• Dataset: The number of successive failures for the air conditioning system 
of each member in a fleet of 13 Boeing 720 jet airplanes was reported with 
213 observations. The dataset is obtained from Proschan [15]. 

• The MLE of      is 

• The Kolmogorov-Smirnov (K-S) statistic is 0.05611 with p-value of 0.5230

• The CGZTP distribution is useful for this data

θ    ˆ ˆ ˆˆ= ,  ,  = 0.11, 0.84, 0.01  θ
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