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Introduction

« The gamma distribution is widely used in modeling lifetime data,
but gamma distribution gave a monotone hazard function

* Many physical phenomena have non-monotone hazard functions,
such as bathtub and upside-down bathtub hazard functions

« Some new distributions to model lifetime data have appeared by

compounding existing lifetime models with several discrete
distributions.
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Introduction

» Suppose that N is discrete random variable
« X, X,,X,,...are iid random variables and also independent of N
e The pdf or pmf of

Z=9(Xp, Xy Xy)

is called compound distribution

N
(€.9. Z=> X, Z=min{X,,X,,..., X}, Z=max{X;, X,,...., X} )
i=1




Complementary Gamma Zero-Truncated Poisson Distribution (CGZTP)

« Let X, X,,...,Xy be iid random variables from gamma distribution

a,a-1,— X
f(x;a,ﬁ)z’gl)f(ae) , x>0

« N is a random variable with a zero-truncated Poisson distribution and
independent of X,
-A1n
P(N=m=—"2  nZ12.. and 40,
n!(l—e‘”“)

 We define

The distribution of Z is called
7 = max{Xl, Xoyeory Xy } the Complementary Gamma Zero-
Truncated Poisson (CGZTP) distribution




Complementary Gamma Zero-Truncated Poisson Distribution (CGZTP)

Then 9(zn)=n[F(2)]" (2)

The joint distribution between Z and N : 9(z,n)=g(z|n)p(N =n)

et @) [4F(2)]”
(1-e*) (n-1)!

The marginal distribution for Z :

g(z;a,ﬂ,z)=§g<z,n)
L5201 [AF@]” 267 1@) e

= (1—e‘ﬂ) (n-1)! (1—e‘”)

(e )
1-e*) T(a)

The pdf of CGZTP distribution is |9(Z;8)= (




Complementary Gamma Zero-Truncated Poisson Distribution (CGZTP)

(@) (b)

o _ o~
™ — ]
i — 6=(0.5,0.5,0.5) a — 6=(0.5,2,0.5)
5 , 8=(0.5,0.5,3) - , 6=(0.5,2,3)
< M 6=(3,0.5,0.5) i T 6=(3,2,0.5)
~N HR RS ——- 0=(3,0.5,3) ~N a ff \ , 8=(3,2,3)
5 5
o | <
— o
o _ = = "
S i I I | = W0 I ©T 0 0 T 1
00 05 10 15 20 o 1 2 3 4 5 6 7
z Z

Figure 1. Probability density functions of the CGZTP distribution for (a) a=0.5and (b) a=2.




CGZTP: Properties of the distribution

« The cumulative distribution function of the CGZTP distribution is given by

Sincejz“‘le

G(z;a):jg(z)dz

(1 e‘”

_Al(a,B7)

z _ﬁ _
jza—le F a
o

[ _Al(a,pz)

6o)-| B |T(@)e ™
’ (1-e*)(a) AB°
) _Al(a,B17)
e [(a) _el]

F(a Z)

i)

+C




—
CGZTP: Properties of the distribution

» The rth quantile for this distribution is defined as the value z such that

[, Bz) = —F(f) In(r+(1-r)e?)

« The moment generating function

M, (t) = E _[etzg(z 6)dz
a B tz—ﬁz—ﬂr(a’ﬂz)
_ AP — J 7% M) gz
F(a)(l—e .
e The kraw moments
a _ Z_ﬂl“(a,ﬂz)
E(z¥)=— P etk @ g7 K eN

F(a)(l—e_ﬁ) ’
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CGZTP: Properties of the distribution

e Survival function

S(z;0)=1-G(z;0)

AL (a,p2) _Al(a.By)
e Mla) e—ﬂ 1—¢e I(a)

iel) (e

e Hazard function

Z_/H"(a,,BZ)

CAprte M@

_Al(a,B2)
F(a){l e '@ )
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CGZTP: Properties of the distribution

. . _9'(z;9)
We define the function 7(z)= “a(z0) then
1 A(Bz)" e
77(2)——; a—-1-Bz+ M)
and 7(2)= F(i)zz [(a-DT () +A(p2)" (Bz-a+1)e ™ ],

For a =1, 1'(z)<0 for all z. The CGZTP distribution has an increasing hazard
function that follows from Glaser [14].



CGZTP: Properties of the distribution
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Figure 2. Hazard functions of the CGZTP distribution for (a) a=2and (b) A=2, f=1.
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CGZTP: Parameter Estimation

O Method of Maximum Likelihood

The likelihood function based on the observed random sample of size n,
Wy, =(2;,2,,...,2,) is given by

T L

The corresponding log-likelihood function is

1(0;w,,,) = (Iog/l log(1-¢” ))+na|ogﬁ nlogT (&) +(a - 1ZIogz

_ﬂ@zij_zir(mﬁzi)/ﬂa)-
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CGZTP: Parameter Estimation

The first derivative of log-likelihood function are following:
al(0;w,

Tobs) B n(w_e_ﬂ (1_e—z)‘1)_§r(a,ﬂzi )/F(a),

(0w, )

oa

=nlog B —ny,(a)+ > logz
i=1

n 11
—AY |G| Bz|
|Zl:|: 2,3 (ﬂ i 0,0,a

j+r(a,ﬂzi)(log(ﬂzi)—wo(a>)} /r(a),

ol (0; Wy, )

n ,Bz
3 Zz e

na_z +

The last equation could be solved exactly for A . Hence the MLE of 1 is

.




CGZTP: Parameter Estimation

al(z/\{v‘m) and «, are known, then A is the

uniquely exist root of | (i a, f, obs)_ if Zr(a,ﬂzi)/r(q)<g

Theorem 1 Let | (A, Bowg, ) =

Proof. liml,(4;a, 8, Wy, )= 2—‘:1 () >0 if & @ <2
anl“(a,ﬂzi)
liml, (4;a, B, Wy, ) === M) <0 because r(lf‘(’ﬁ)zi)>0.
A—0 o

Therefore, there exist at least one solution of (/1 a,p, obs) 0.




CGZTP: Parameter Estimation

al(%/\{v"b?') and «,f are known, then A is the
n

uniquely exist root of |, (4;a, B, W, )=0 if ZF(a,,Bzi)/F(a)<§
i=1

Theorem 1 Let | (4;a, 8, W, ) =

Proof. The first derivative of |, is considered and given by

_ne'(e+e" —(1°+2)
el

Il' (ﬂ“;anB’Wobs) -

1 1
Consider e’°=1+/1+%/12+£|13+... and e‘”=1—i+§ﬁz—§/13+---,

then e*+e* =247 +%A4 +..>A%+2.
Therefore, Il'(/%;a,,B,WobS)<0 . This means |, is strictly decreasing function.

Then A is the uniquely exist root of L, (A;a, B, Wy, ) =0,
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CGZTP: Parameter Estimation

O Variance-Covariance Matrix of the MLEs

The MLE of @ is approximately multivariate normal with a mean @ and variance-
covariance matrix which is the inverse of Fisher information matrix, i.e.,

63~N3(0,J(é)1) or 67~N3(0,I(é)1j,

where .J E[I ] and I )|s the observed Fisher information matrix.

The asymptotic distribution of the ith component of 0 is

6,~N(6,3") o 6~N(g.1")

.. ~\—1 .. ~A\—1
where J":[J(H) } and |"=[|(0) } .
Then, the corresponding (1—a)100% Wald confidence intervals for é. are

N

2 ii i
ei T Zl—a/2 ‘J or el T Zl—a/2 ‘J '
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CGZTP: Parameter Estimation

1 Variance-Covariance Matrix of the MLEs

The elements of the observed Fisher information matrix are found as follow:
|, =ne*(e " +e* — (1% +2))/e*,
| 111

4,0 1= . (0) 30 11
I22=nw(1)(a)+/12n: L G&{ : O’O’O’Q]Jrz(log(mi) g (a))Gz's(ﬂZi 0'0’0‘}

T (a2 (20 () 0gs2) 41/ (@) -4 () 4 Tog?52) _

anzeﬁZ (a-1-Bz,),

Na A" ?
|33
A T(a)

=T )ZGﬁg[ﬂZ

]+F(a,ﬂ2i)(|og(ﬂ2i)—l/lo(a)),

e o[t & | 2B (W (a) +log(B) +log(z)
|23—|32_ /1;9 5 |:F(0():|_ F; ﬂ.;e I: F(a) _
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CGZTP: Simulation Study

» Simulate 1,000 samples of sizes 50, 100, and 1,000

> Use the simulated annealing method to estimate parameters when all
parameters are unknown

» To calculate the averages of MLEs and their MSEs

» To construct Wald confidence interval using the variance from observed Fisher
information

» Use Monte Carlo simulations with 1,000 repetitions to estimate the coverage
probability (CP) and average length (AL) of the confidence intervals
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CGZTP: Simulation Study

Table 1. Mean estimates and mean-squared errors of A, &, and p.

Distribution n Mean estimate MSE
A & B A a B
CGZTP(1,2,1) 50 1.7122 1.9225 1.0064 5.3198 0.4782 0.0519
100 1.6464 1.8901 0.9864 45325 0.3659 0.0272
1000 1.0225 2.0003 0.9965 0.3992 0.0523 0.0025
CGZTP(3,1,0.5) 50 2.2571 1.4061 0.5503 4.4487 0.5402 0.0193
100 2.4622 1.2759 0.5294 3.4684 0.3293 0.0092
1000 2.9382 1.0504 0.5049 0.8841 0.0597 0.0015
CGZTP(3,0.5,0.5) 50 2.3268 0.7150 0.5386 4.5848 0.1518 0.0165
100 2.5139 0.6553 0.5265 3.6790 0.0981 0.0086
1000 2.7430 0.5561 0.5098 0.7855 0.0159 0.0010

« As sample sizes increase, estimates become more accurate and MSE values decrease

« Among three estimates, § tends to have the smallest MSE



CGZTP: Simulation Study

Table 2. Coverage probabilities and average lengths of Wald CIs

0=(1,a,p) n CP AL
A1=05p4=3 a=1 50 0.9130 1.4147
100 0.9090 1.0495
1,000 0.9530 0.3411
a=2 50 0.9020 2.6400
100 0.8880 1.9795
1,000 0.9550 0.6626
a=14=3 A=05 50 0.9800 6.0251
100 0.9610 45462
1,000 0.9520 1.3820
A=1 50 0.9840 6.2418
100 0.9580 5.2028
1,000 0.9560 1.7814
A=La=05  f=05 50 0.9670 0.5587
100 0.9640 0.3832
1,000 0.9470 0.1144
p=1 50 0.9710 1.0991
100 0.9630 0.7861
1,000 0.9530 0.2311

In most cases, coverage
probabilities are close
to 0.95

When sample size
increases, the CPs will
be close to the nominal
coverage probability,
0.95, and the ALs will
decrease.

If A has a small value,
N is required to be
1,000 to achieve 0.95
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CGZTP: Application

lllustrating example

« Dataset: The number of successive failures for the air conditioning system
of each member in a fleet of 13 Boeing 720 jet airplanes was reported with
213 observations. The dataset is obtained from Proschan [15].

A A

+ The MLEof 0 is 6=(4, &, f3)=(0.11,0.84,0.01)

« The Kolmogorov-Smirnov (K-S) statistic is 0.05611 with p-value of 0.5230

e The CGZTP distribution is useful for this data
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