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Introduction
The main objective of our study is finding black hole solutions that do not violate the third law
of thermodynamics. First, we examine possibility of finding such solution in Einstein-Maxwell-
Dilaton model and then study it’s thermodynamics properties. Afterward, we find the duality
between Bose gas and following black hole solution. This establishes statistical description of
black hole entropy, for various dimension and α anisotropy parameters, in contrast to Strominger-
Vaffa approach [1], which provided microscopic origin for entropy only for extremal black hole.

Third Law of Thermodynamics

1 Planck formulation. When temperature falls to absolute zero, the entropy tends to a universal
constant (which can be taken to be zero) M. Planck, Thermodynamik. 1911.

S → 0 as T → 0

2 Einstein formulation [2]. As the temperature falls to absolute zero, the entropy of any
substance remains finite. this implies that S is finite at T → 0.

3 Wald formulation[3] ”The third law of ordinary thermodynamics asserts that the entropy, S, of
a system must go to zero (or a “universal constant”) as its temperature, T, goes to zero.”

The third law of thermodynamics implies that as the temperature of an isolated system decreases,
its energy and entropy—which measure disorder or motion—should also decrease. If entropy
remained, it would imply motion without motion, creating as we call this problem an entropic
paradox or a contradiction of the third law.

Problem with the Schwarzschild black hole

The metric of the Schwarzschild black hole in D = 4 spacetime is

ds2 = −
(
1− rh

r

)
dt2 +

dr2

(1− rh
r )

+ r2dΩ2
2, (1)

The Hawking temperature and the Bekenstein-Hawking entropy are

T =
1

8πG4M
, S =

r2h
4G4

=
1

16πG4T 2
. (2)

1 S goes to infinity as T → 0 and we see a violation of the third law in Planck’s formulation. [3]

2 black hole explosion problem. For M → 0 Hawking temperature goes as T → ∞.[4]

Electric Lifshitz case

The holographic model is supported by Einstein-dilaton-Maxwell action in the form [5,6,7]

S =
1

16πG

∫
d5x

√
−g[R− Λ− 1

2
∂µϕ∂

µϕ− 1

4
eλϕFµνF

µν] (3)

where Fµν Maxwell field tensor field defined via vector potenial Aµ as

Fµν = ∂µAν − ∂νAµ (4)

Consider ansatz with only electric component of vector potential in form

Aµ = (At(z), 0, 0, 0, 0) (5)

The metric ansatz with α anisotropy parameter

ds2 = L2[−z2αf (z)dt2 + z2dx2 + z2dy21 + z2dy22 +
dz2

z2f (z)
] (6)

Equation of Motion

The Maxwell and Scalar equations

αA′
t(z)

z
− λA′

t(z)ϕ
′(z)− 4A′

t(z)

z
− A′′

t (z) = 0 (7)

λz−2αA′
t(z)

2eλϕ(z)

2L2f (z)
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z
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f (z)
+
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z
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And 3 independent gravitational equations

z−2αA′
t(z)

2eλϕ(z)

L2f (z)
+
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zf (z)
+
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z2f (z)
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24
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2
f (z)ϕ′(z)2 + cL2Λz2 + f ′′(z) = 0 (10)
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By solving this EOM system one can find that

f (z) = 1−
(zh
z

)3+α

With

Λ = −(α + 2)(α + 3)

L2
, λ = −

√
6√

α− 1
, ϕ(z) = ±

√
6(α− 1) log(z)

At(z) =
qzα+3

α + 3
q =

√
2
√

(α− 1)(α + 3)L

Thermodyanmics

The Hawking temperature

TH =
(α + 3)L2zαh

4π
(12)

S = 4πL3z3h (13)

By expressing entropy in terms of T

S =
(4π)

3
α+1L3T 3/α

(α + 3)3/α
(14)

NO BH explosion

NO violation of 3LOT

Bose gas

Consider a Bose gas Free energy in a d-dimensional space

FBG =
1

β

∑
ki = 2πni/L
i = 1, . . . , d
ni = 1, 2, . . .

ln
(
1− eβ(µ−σ εγ(k⃗))

)
, (15)

where εγ(k⃗) is the energy of quasi-particles:

εγ(k⃗) = kγ ≡
(
k⃗2
)γ/2

, k⃗ = {k1, . . . , kd}, (16)

and σ is a positive dimensional constant. Using spherical coordinates and integrating over
spherical angles, we obtain for µ = 0:

FBG =
Ωd−1

β

(
L
2π

)d ∫ ∞

0

ln
(
1− e−β σ kγ

)
kd−1 dk, (17)

where Ωd−1 =
2πd/2

Γ(d/2), and kγ represents the exponent of the radial momenta as defined in (16).

Entropy of Bose gas

The entropy is given by

SBG = β2∂FBG
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=
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Duality

Equalizing the entropy of the perfect Bose gas of quasi-particles and entropy of Lifshitz black
brane we get an equality
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We see that

T
d
γ = T 3/α → d =

3γ

α
, α =

3γ

d
(19)

Example

1 d = 3 → γ = 2, α = 2

2 d = 4 → γ = 2, α = 3/2

3 d = 4 → γ = 4, α = 3

Conclusions & outlook

1 We resolved the 3LOT violation problem for anisotropic Lifshitz-like black holes via regulation
by parameter α.

2 The duality between Lifshitz black hole and Bose gas was established for various dimensions
and γ parameter of energy of quasi-particle.

3 The generalization of duality for arbitrary D-dim case and magnetic ansatz was done in [8]. In
that case the duality condition holds

d

γ
=

D − 2

α
(20)

Open questions:

1 Duality between rotating Bose gas in a trap

2 Duality between Bose gas with non-zero chemical potential
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