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Our core contribution is the Fractional Riemannian Gradient Descent (FRGD) algorithm, designed 

to compute the Fréchet mean for the Minimum Distance to Mean (MDM) classifier.

The aim is to go beyond classical gradient descent and introduce a memory effect into the 

learning process.

⮚ Multichannel time-series data (e.g., Human Activity Recognition) are effectively

represented as covariance matrices. These matrices naturally reside on a non-

Euclidean, curved space known as the Symmetric Positive Definite (SPD) manifold.

⮚ Applying standard Euclidean optimization directly to SPD matrices violates their

geometric structure. While classical Riemannian Gradient Descent (RGD) preserves this

geometry, its integer-order derivatives make it strictly local and memoryless, leading to

slower convergence and sensitivity to noisy gradients.

⮚ Fractional calculus introduces a powerful "memory effect" into optimization. However,

integrating it with non-Euclidean geometry is challenging, as applying fractional

operators directly to matrices forces them outside the manifold boundaries.

To execute the fractional-order learning framework, this implementation relies on

specialized mathematical packages beyond the standard data science stack. The

geomstats library is central to the methodology, providing the necessary infrastructure to

define the Symmetric Positive Definite (SPD) manifolds and natively compute the intrinsic

Fréchet mean that serves as the optimization target. Furthermore, advanced modules

from scipy are utilized to handle the complex matrix calculus; specifically,

scipy.linalg.sqrtm and scipy.linalg.logm are strictly required to compute the affine-

invariant Riemannian distance for the loss function, while scipy.special.gamma robustly

evaluates the Gamma function governing the Caputo-type fractional update rule.

Both classical RGD (𝜈 = 1.0) and our FRGD (𝜈 > 1.0) kept trajectories strictly inside the

manifold. However, FRGD exhibited a distinct "sweeping curve," visually proving that the fractional

memory effect allows the path to intelligently bypass sharply conditioned regions.

Convergence of the FRGD algorithm computing the Fréchet mean for the "WALKING"

class on the 9 × 9 empirical covariance manifold. Classical RGD (𝜈 = 1.0) exhibits slow

descent. In contrast, the fractional-order updates ( 𝜈 = 1.2 and 1.5 ) successfully

leverage gradient memory to significantly accelerate convergence. Notably, the fractional

memory acts as an implicit regularizer, dampening the high-frequency noise inherent in

real sensor data and ensuring a steep, stable descent without overshoot (Figure-1).
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Unlike classical models, the risk of overfitting in our framework is directly tied to the

fractional 'memory effect'. Operating within the optimal fractional range (𝜈 ∈
[1.2, 1.5]) acts as a natural low-pass filter against high-frequency sensor noise,

preventing the model from memorizing spurious artifacts and thereby enhancing

generalization. Conversely, excessively high fractional orders (𝜈 → 2.0) cause the

algorithm to 'over-remember' past gradients. This memory over-accumulation forces the

model to overfit historical noise rather than the true manifold geometry, causing the

optimization trajectory to deviate from the Fréchet mean with severe, undamped

oscillations.

This study successfully bridges fractional calculus and information geometry by

introducing the Fractional Riemannian Gradient Descent (FRGD) framework. By

formulating fractional-order updates strictly within the tangent space, we endowed the

optimization process with a robust "memory effect" while preserving the strict geometric

constraints of the SPD manifold. Empirical results on the HAR dataset prove that optimal

fractional orders (𝜈 ∈ [1.2, 1.5]) act as an implicit temporal regularizer—accelerating

convergence, dampening high-frequency sensor noise, and preventing overfitting.

Ultimately, FRGD provides a highly stable, memory-aware paradigm that significantly

enhances manifold-based machine learning.

Future research will explore dynamically adapting the fractional order $\nu$ during training to balance

momentum-based exploration with precise exploitation, and generalizing the framework to other non-Euclidean

spaces like Grassmann or Stiefel manifolds. Most compellingly, extending this manifold-aware memory effect

to Natural Language Processing—specifically to stabilize and accelerate the optimization of Large Language

Models (LLMs) and Retrieval-Augmented Generation (RAG) architectures—represents a major frontier for

integrating information geometry with generative AI.

Figure-1: Memory 

effect of FRGD 

method. 
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