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INTRODUCTION & AlM

The aim is to go beyond classical gradient descent and introduce a memory effect into the
learning process.

Both classical RGD (v = 1.0) and our FRGD (v > 1.0) kept trajectories strictly inside the
manifold. However, FRGD exhibited a distinct "sweeping curve," visually proving that the fractional

e I N T T e s memory effect allows the path to intelligently bypass sharply conditioned regions.

represented as covariance matrices. These matrices naturally reside on a non-

Fractional Riemannian Loss Optimization on SPD Manifold

Euclidean, curved space known as the Symmetric Positive Definite (SPD) manifold. — V=10

> Applying standard Euclidean optimization directly to SPD matrices violates their 175 I
geometric structure. While classical Riemannian Gradient Descent (RGD) preserves this Y I
geometry, its integer-order derivatives make it strictly local and memoryless, leading to | \ i
slower convergence and sensitivity to noisy gradients. 125 \ N i
Fractional calculus introduces a powerful "memory effect" into optimization. However, '::;m &R =
integrating it with non-Euclidean geometry is challenging, as applying fractional 3 \\ Ficuret: Mormor
operators directly to matrices forces them outside the manifold boundaries. 5 ors &\ | oot of FRGD

) B - - i K\%&‘\ method.

The primary objective of this study is to bridge the gap between differential geometry and ”? "‘\““: E‘*\-___‘__ﬁ_

fractional calculus by proposing a novel, memory-aware learning paradigm. Specifically, we aim to: 025 Y~ i:

v" Develop a New Framework: Introduce a Fractional Riemannian Gradient Descent (FRGD) %‘%E
algorithm that operates intrinsically on the SPD manifold. 0.00 —+ : s - " - - - -

v" Preserve Geometric Constraints: Formulate the fractional-order update rule strictly within the iteration (Epoch)

tangent bundle of the manifold, utilizing the Affine-Invariant Riemannian Metric (AIRM) and
Exponential map to ensure all updates remain strictly positive definite.

v' Enhance Optimization Dynamics: Utilize the fractional order (v > 1) as an implicit temporal
regularizer to incorporate past gradient history.

This geometric "memory" aims to dampen high-frequency oscillations, bypass local minima, and

yield smoother, more stable convergence for HAR classification.

Our core contribution is the Fractional Riemannian Gradient Descent (FRGD) algorithm, designed
to compute the Fréchet mean for the Minimum Distance to Mean (MDM) classifier.

The Riemannian Objective: HAR sensor signals are mapped to 9 X 9 SPD covariance matrices ( X; ).
Instead of the arithmetic mean, we compute the intrinsic Fréchet mean ( M ) that minimizes the Affine-
Invariant Riemannian Metric (AIRM) distance:

N
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Tangent Space Gradient: The classical gradient is computed by mapping target matrices into the flat
tangent space using the Riemannian Logarithmic map:

T This study successfully bridges fractional calculus and information geometry by

VrL(M) = “Nz log, (Xi) introducing the Fractional Riemannian Gradient Descent (FRGD) framework. By

=1 formulating fractional-order updates strictly within the tangent space, we endowed the

Fractional Modulation (The Core Innovation): Applying fractional derivatives directly to optimization process with a robust "memory effect" while preserving the strict geometric
matrices destroys their SPD structure. Instead, we lift a Caputo-type fractional modifier into constraints of the SPD manifold. Empirical results on the HAR dataset prove that optimal
the tangent space to modulate the gradient's magnitude: fractional orders (v € [1.2,1.5]) act as an implicit temporal regularizer—accelerating

_ convergence, dampening high-frequency sensor noise, and preventing overfitting.
T TR2-v) Ultimately, FRGD provides a highly stable, memory-aware paradigm that significantly
(For 1 < v < 2, this acts as a geometric low-pass filter, penalizing oscillatory gradients enhances manifold-based machine learning.

and mimicking momentum).

v, VR LM 1L VR L(M,)

Geodesic Projection: Finally, the fractionally modulated update (V;) is mapped back onto the curved
manifold via the Exponential map, ensuring the new matrix remains strictly positive definite:

My = Expp, (—1V)

Dataset & Representation (UCI HAR)
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