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METHOD

Time-fractional diffusion equations admit a probabilistic representation through a diffusion process time-changed by the 
inverse of a stable subordinator. This makes continuous-time random walks (CTRWs) a natural probabilistic numerical 

method.

Existing weak convergence rate results for CTRW approximations are well understood in bounded-coefficient settings. We 

extend this theory to unbounded but linearly growing coefficients, a class that already includes geometric Brownian 
motion and fractional Black–Scholes models.

Main difficulty: Linearly growing coefficients break the natural framework tailored to the bounded coefficients [1] and force 

control of derivatives.

Aim. Prove explicit uniform weak convergence rates for CTRW approximations of time-fractional diffusions with linear-

growth coefficients:
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Our approximation combines a spatial Markov chain scheme for the diffusion with a heavy-tailed random walk 
approximation of the fractional clock.
Spatial model

The coefficients of this SDE are of linear growth with bounded derivatives up to the 4th order.

We approximate the spatial model by a discrete Markov process

where ξ is a random variable with a symmetric distribution, 𝐸𝜉2 = 1 and 𝐸 𝜉4 < ∞, and h is a step of the grid.

Temporal model

The time-change is given by an inverse 𝛽-stable subordinator ො𝜎𝑡. The subordinator is approximated by a random walk with 
positive increments and heavy tails

with the density 𝑝𝜏 𝑥 ∼ 𝑥−1−\beta for large 𝑥. It is well-known that
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and, as such, we are motivated to consider an approximation 𝔼 e𝑁𝑡
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h  that we denote as uh(t, x). We establish uniform 𝑥 in 

convergence rates.

We need to control not only the processes, but their derivatives as well. To this end, we apply the Kunita stochastic flow theory 
and consider the derivatives of 𝑋𝑡 with respect to the initial data 𝐷𝑋𝑡(𝑥). These derivatives satisfy the SDE
 

By the Faa di Bruno formula, the SDE for the higher order derivatives are written as well.

To obtain the convergence rates, we apply the semigroup theory. We employ the fact that the first differences of both 
continuous semigroup and its discretization approximate the generator.  In particular, we obtain estimates for the derivatives,

where ||f||k is the norm in the space Ck(ℝ), and, as such, establish that the corresponding semigroup preserves smoothness with 
quantitative estimates.
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𝑑 𝐷𝑋𝑡 = 𝑏′ 𝑋𝑡  𝐷𝑋𝑡𝑑𝑡 + 𝜎′ 𝑋𝑡  𝐷𝑋𝑡𝑑𝑊𝑡 ,  𝐷𝑋0 = 1.

Theorem 1. Let 𝑓 have bounded derivatives up to the fourth order. Then (μ can be found explicitly) 

Theorem 2. Let 𝑓 have bounded derivatives up to the fourth order. Then

supx

|uh(𝑡, x)  −  𝑢(𝑡, x)|
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 ≤  C 𝑙𝑜𝑔(1/ℎ),  തμ < c < μ,

supx

|uh(𝑡, x)  −  𝑢(𝑡, x)|

1 + |x|4
 ≤  C hχ(β) + Ch1/(1+β), c = μ,

supx

|uh(𝑡, x)  −  𝑢(𝑡, x)|

1 + |x|4
 ≤  C hχ(β), c > μ,

where μ and തμ can be found explicitly and χ(β) is taken from [1]. 

These results can be applied to compute convergence rates of numerical approximations to the fractional Black-Scholes 
equation. In this context, the change of time plays a role of the internal clock of the market. In practice, the probabilisti c 
methods are used to approximate the paths as well, not only the solution to the Cauchy problem.

sup0≤s≤tsupx

|𝔼x f(𝑋𝑡)  − 𝔼x f(Yt
h)|

1 + |x|4
≤ Ceμth || f ||4 .

We extend CTRW weak convergence theory from bounded-coefficient models to diffusions with linearly growing coefficients.
The key technical tool is a high-order stochastic-flow sensitivity framework, which yields:
• uniform spatial control of flow derivatives,
• weak one-step expansions strong enough for fractional CTRW approximation.
This gives a clean probabilistic route to time-fractional diffusion numerics in models beyond the bounded setting, including
fractional Black–Scholes.
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