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In the study of several real time series and beside the other major 

fluctuations such as the trend, the cycle and the noise, the presence 

of seasonal fluctuations is one of the most important issues.

The investigation has an established practice provided that seasonal 

variations have been regarded as a disruptive element and then 

must be eliminated. However, these fluctuations are an integral part 

that must be studied in order to evaluate and forecast the studied 

model. A well-known practice for modeling seasonal data is to utilise 

an autoregressive model that is able to handle the presence of the 

seasonal patterns in the data. Autoregressive models are kind of 

time series model that utilise lagged values of the target variable to 

make predictions about future values.

Notice that despite the fact that these data are obtainable in practice 

as sequences of discrete observed values, they are basically 

approached as functions. Hence their processing can not be 

achieved using classical statistical methods and then the appeal to a 

new modern and dynamically field of statistics was required whose 

subject of interest is data that can naturally be perceived as 

functions,the FDA (functional data analysis). It combines the 

methods and approaches of classical statistics and mathematical 

functional analysis and owns the similar goals in statistics. Its 

relevance is directly linked to the development of computer 

technology, which allows the acquisition, storage, and processing of 

large amounts of data.

we propose in this work a study of a functional modeling framework 

built on estimating the seasonality behaviour using the technique of 

dividing the time series into a deterministic component that 

comprises seasonality and a stochastic component that puts out of 

action a functional autoregressive model see[3].

A seasonal functional autoregressive process of order one see [1] of 

mean m is a sequence (𝑌𝑛, n ∈ Z) of r.v.s defined on a complete 

probability space(Ω, A, P) with values in a real separable Banach space

B such that

where L is a linear operator and ε is a strong white noise and s is a 

positive integer.

Another way of dealing with the seasonality is to consider it as a 

deterministic part perturbed by an autoregressive process. Suppose 

having a real almost sure continuous paths process (ξ𝑡 ,  t >  0)
admitting the following decomposition

where S(t) is a non constant real continuous β-periodic function with β >
 0 and (χt, t >  0) is a zero-mean process admitting a B-valued 

autoregressive representation ARB(1) see [2] i.e. the sequence (χ(nβ +
 t), n ∈  N) satisfies (1) with s =  1, B =  C[0, β] the space of continuous

functions on [0, β]. It clear that (ξt) has ARB(1) having the periodic 

function S as a mean.

When observing a trajectory of the process (ξ𝑡 ,  t >  0) over an interval 

[0, nβ], the observations over succesive intervals of length β are then rv's 

Y1, . . . , Yn. Then, one can define the estimator that satisfies the strong law 

of large numbers
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Investigating the seasonality in time series models is the consequence of 

a huge volume of published research in this era. In this work we propose 

a different way for dealing with seasonality when the pattern of 

seasonality is changing over time. Changing seasonal patterns impose 

special diffculties when attempting to separate seasonal and non-

seasonal fluctuations. Accordingly, the development and enhancement of 

techniques to make such distinctions constitutes an important

development in time series analysis. In order to obtain improvement in 

forecasting accuracy an efficient evaluation of the seasonal component 

using functional autoregressive models is provided.

Seasonality Estimation
The observations of the process _x0011_ on successive intervals of 

length 𝛽 can be interpreted as random variables X1;  . . . ; X𝑛 with values 

in C[0; β] in the sense of (2): for i =  0;  1; . . . . ;  n =
[T]

𝛽
-1, set

 X𝑛 ∶=  ξ(iβ +  t);  0 ≤  t ≤ β
We define the empirical mean ത𝑋𝑛 from the observations 𝑋𝑖; i =
 1; . . . ;  n. 

The following result gives its almost sure convergence to the 

seasonality m.

proposition: 

(i) ത𝑋𝑛 is an unbiased estimator of m.

(ii) lim
𝑛→+∞

ത𝑋𝑛  = m a.s. and in 𝐿2
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