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Abstract
This work introduces a nonparametric estimator for evaluating the per-

formance of semi-Markov systems, framed as the sum or integral of a real-
valued functional stochastic process. For a homogeneous continuous-time
semi-Markov process, we derive empirical estimators for the semi-Markov
kernel, renewal matrix, semi-Markov transition matrix, and mean performance
of the system. We establish asymptotic properties of these estimators, includ-
ing strong consistency and asymptotic normality. Additionally, the theoretical
findings regarding performability are validated through a numerical example.

Introduction

Performability has initially been introduced by Meyer [?] in order to
generalize classical reliability indicators. This idea is theoretically
stated as the sum or the real-valued integral functional of the process
𝑍 for a system with the state space set 𝐸 , a reward rate function ℎ and
a stochastic process 𝑍𝑡, 𝑡 ≥ 0, defined as follows,

Φ(𝑡) =
∫ 𝑡

0
ℎ(𝑍𝑢)𝑑𝑢, 𝑡 ≥ 0. (1)

The performability is the marginal distribution function of the inte-
gral functional Φ(𝑡), 𝑡 ≥ 0. It is worth mentioning that (1) has been
mainly used in insurance, technological systems, in economical etc.
For the purpose of performing semi-Markov systems with general state
space, a complete study is given in [5] when 𝑍 is homogeneous semi-
Markov and continuous-time stochastic process.

Besic set-up

A Markov renewal process is a bivariate stochastic process (𝐽𝑛, 𝑇𝑛).
Let us denote by 𝑇𝑛 the 𝑛th jump time of the process and 𝐽𝑛 the suc-
cessive visited states of the process. This process has to satisfy the
following formula:

P (𝐽n+1 = 𝑗 , 𝑇n+1 − 𝑇n ≤ 𝑡 | 𝐽0, 𝐽1, . . . , 𝐽n,T0, 𝑇1, . . . , 𝑇n)
= P (𝐽n+1 = 𝑗 , 𝑇n+1 − 𝑇n ≤ 𝑡 | 𝐽n) ,

for all 𝑗 ∈ 𝐸 , all 𝑡 ∈ R+ and all 𝑛 ∈ N.

Continuous-time semi-Markov process
The Semi-Markov Process (SMP) {𝑍𝑡; 𝑡 ∈ R+} defined by 𝑍𝑡 = 𝐽𝑁 (𝑡),

where 𝑁 (𝑡) = max {𝑛 ∈ N : 𝑇𝑛 ≤ 𝑡} is the counting process of the
SMP up to time 𝑡. Let us also define 𝑋𝑛+1 = 𝑇𝑛+1−𝑇𝑛 as the successive
sojourn times in 𝐽𝑛 for any 𝑛 ∈ N.

For all 𝑖, 𝑗 ∈ 𝐸 let us define:
• The semi-Markov kernel 𝑄(𝑡) =

{
𝑄𝑖 𝑗 (𝑡), 𝑖, 𝑗 ∈ 𝐸

}
, 𝑡 ≥ 0 is given

by
𝑄𝑖 𝑗 (𝑡) = 𝑃 (𝐽𝑛+1 = 𝑗 , 𝑋𝑛+1 ≤ 𝑡 | 𝐽𝑛 = 𝑖) .

• 𝐻𝑖, the sojourn time distribution in state 𝑖.

𝐻𝑖(𝑡) = 𝑃 (𝑋𝑛+1 ≤ 𝑡 | 𝐽𝑛 = 𝑖) =
𝑠∑︁
𝑗=1

𝑄𝑖 𝑗 (𝑡), 𝑡 ∈ R+.

• Let us define the Markov renewal function Ψ𝑖 𝑗 (𝑡), 𝑖, 𝑗 ∈ 𝐸, 𝑡 ≥ 0, by

Ψ𝑖 𝑗 (𝑡) =
∞∑︁
𝑛=0

𝑄
(𝑛)
𝑖 𝑗

(𝑡).

• We define the semi-Markov transition function 𝑃𝑖 𝑗 (𝑡), 𝑖, 𝑗 ∈ 𝐸, 𝑡 ≥
0, by

𝑃𝑖 𝑗 (𝑡) = P (𝑍𝑡 = 𝑗 | 𝑍0 = 𝑖) = P
(
𝐽𝑁 (𝑡) = 𝑗 | 𝐽0 = 𝑖

)
.

• It is known in [6] that

𝑃𝑖 𝑗 (𝑡) = 1{𝑖= 𝑗}

(
1 −

𝑠∑︁
𝑘=1

𝑄𝑖𝑘 (𝑡)
)
+

∑︁
𝑘∈𝐸

∫ 𝑡

0
𝑃𝑘 𝑗 (𝑡 − 𝑠)𝑄𝑖𝑘 (𝑑𝑠).

By solving the above Markov renewal equation, cf. [10], the unique
solution is given in matrix notation by

𝑃(𝑡) = (𝐼 − Q(𝑡)) (−1) ∗ (𝐼 − diag(Q(𝑡)e)) (2)

where diag(·) is a diagonal matrix of i-th entry
∑𝑠

𝑗=1 𝑄𝑖 𝑗 (𝑡) and
𝑒 = (1, 1, . . . , 1)𝑡.

Let (𝑍𝑡)𝑡∈R+, be a homogeneous SMP with finite state space 𝐸 , and let
ℎ be a real-valued function defined on 𝐸 . The performance process is
defined by

Φ(𝑡) =
∫ 𝑡

0
ℎ (𝑍𝑢) 𝑑𝑢 =

∑︁
𝑖∈𝐸

ℎ(𝑖)
∫ 𝑡

0
1{𝑧𝑢=𝑖}𝑑𝑢, 𝑡 ≥ 0. (3)

The mean performance at time 𝑡 > 0, denoted by Φ(𝑡) := E[Φ(𝑡)], is
given by

Φ(𝑡) := E[Φ(𝑡)] =
∑︁
𝑖∈𝐸

∫ 𝑡

0
ℎ(𝑖)P [𝑍𝑢 = 𝑖] 𝑑𝑢 =

∑︁
𝑖∈𝐸

ℎ(𝑖)
∫ 𝑡

0
𝑃𝑢(𝑖)𝑑𝑢.

(4)

Empirical estimators

Nonparametric estimators of the main characteristics of the SMP 𝑍

are defined on sample functions of the MRP over [0, 𝑀]. These
sample functions of the MRP are equivalent to the sample functions(
𝐽0, 𝐽1, . . . , 𝐽𝑁 (𝑀), 𝑋0, 𝑋1, . . . , 𝑋𝑁 (𝑀)

)
. For all 𝑖, 𝑗 ∈ 𝐸 , 𝑡 ≥ 0 and

𝑡 ≤ 𝑀 , we define:

• The empirical estimator of the semi-Markov kernel 𝑄𝑖 𝑗 (𝑡) is given
by

𝑄𝑖 𝑗 (𝑡, 𝑀) = 1
𝑁𝑖(𝑀)

𝑁 (𝑀)∑︁
𝑛=1

1{𝐽𝑛−1=𝑖,𝐽𝑛= 𝑗 ,𝑋𝑛≤𝑡}, (5)

• The following estimator of the Markov renewal function Ψ𝑖 𝑗 (𝑡) is
given by

Ψ̂𝑖 𝑗 (𝑡, 𝑀) =
∞∑︁
𝑛=0

𝑄
(𝑛)
𝑖 𝑗

(𝑡, 𝑀). (6)

• The empirical estimator of the transition function of the SMP 𝑃𝑖 𝑗 (𝑡),
𝑖, 𝑗 ∈ 𝐸 and 𝑡 ≥ 0 is given by the following matrix form

𝑃(𝑡, 𝑀) = Ψ̂ ∗ (𝐼 − diag(𝑄(𝑡, 𝑀)𝑒)). (7)

• Define now the following estimator for the mean performance
Φ𝑖(𝑡) := E𝑖 [Φ(𝑡)],

Φ̂𝑖(𝑡, 𝑀) :=
∑︁
𝑗∈𝐸

ℎ( 𝑗)
∫ 𝑡

0
𝑃𝑖 𝑗 (𝑠, 𝑀)𝑑𝑠 (8)

Asymptotic behavior

Assumptions All along this paper we are working under the following
assumptions :

(H.1) The embedded Markov chain (𝐽𝑛)𝑛∈N is an ergodic irreducible
Markov chain, with stationary distribution 𝜈.

(H.2) The SMP is irreducible, aperiodic, with finite mean sojourn times.
The intermediate following result is needed.

We have the following strong convergence :
Φ(𝑡)
𝑡

𝑎.𝑠.−→ 𝜋ℎ :=
∑

𝑖∈𝐸 𝜋(𝑖)ℎ(𝑖), 𝑡 → +∞.

Φ(𝑡)
𝑡

𝑎.𝑠.−→ 𝜋ℎ, 𝑡 → +∞.

Using the above definitions and results, the following theorem holds :

The estimator Φ̂(𝑡, 𝑀) of Φ(𝑡) is
• Strongly uniformly consistent, that is

max
𝑖∈𝐸

sup
0≤𝑡≤𝑀

���Φ̂(𝑡, 𝑀) −Φ(𝑡)
��� 𝑎.𝑠.−→ 0, 𝑀 → ∞.

• Converges in distribution, for any fixed 𝑡, as 𝑀 → ∞, to a normal random
variable, i.e.,

𝑀1/2(Φ̂(𝑡, 𝑀) −Φ(𝑡)) D→ 𝑁

(
0, 𝜎2

𝑖 𝑗 (𝑡)
)
,

with

𝜎2
𝑖 𝑗 (𝑡) =

𝑠∑︁
𝑖=1

𝑠∑︁
𝑗=1

𝜇𝑖𝑖

{(
𝑊𝑖 𝑗

)2 ∗𝑄𝑖 𝑗 −
(
𝑊𝑖 𝑗 ∗𝑄𝑖 𝑗

)2

+
∫ ∞

0

[∫ ∞

0
ℎ( 𝑗) (𝑥 ∧ (𝑡 − 𝑢))𝑑𝐴𝑖 (𝑢)

]2
𝑑𝑄𝑖 𝑗 (𝑥)

−
[∫ ∞

0

∫ ∞

0
ℎ( 𝑗) (𝑥 ∧ (𝑡 − 𝑢))𝑑𝐴𝑖 (𝑢)𝑑𝑄𝑖 𝑗 (𝑥)

]2

+ 2
∫ ∞

0
𝑊𝑖 𝑗 (𝑡 − 𝑥)

∫ ∞

0
ℎ( 𝑗) (𝑥 ∧ (𝑡 − 𝑢))𝑑𝐴𝑖 (𝑢)𝑑𝑄𝑖 𝑗 (𝑥)

−2
(
𝑊𝑖 𝑗 ∗𝑄𝑖 𝑗

)
(𝑡) · (𝐴𝑖 ∗ (ℎ( 𝑗) (𝑥 ∧ .))) (𝑡)

}
,

where for 𝑡 ∈ R+ :

𝐴𝑖 (𝑡) =
𝑠∑︁

𝑘=1
𝛼𝑘ℎ(𝑖)Ψ𝑘𝑖 (𝑡), and 𝑊𝑘𝑙 (𝑡) =

𝑠∑︁
𝑖=1

∑︁
𝑗∈𝑈

𝛼𝑖
(
Ψ𝑖𝑘 ∗ Ψ𝑙 𝑗 ∗ 𝐼 𝑗

)
(𝑡).

1 Numerical Example
Let us consider a three state semi-Markov system as illustrated in figure 1. States
1 and 2 are up states and state 3 is a down state. The reward rate function
ℎ is defined by ℎ(1) = 1, ℎ(2) = 0.6 and ℎ(3) = 0. We have two expo-
nential and two Weibull distribution functions as conditional transitions, for all
𝑥 ≥ 0, say 𝐻12(𝑥) = 1 − exp (−𝜆1𝑥) , 𝐻31(𝑥) = 1 − exp (−𝜆2𝑥) , 𝐻23(𝑥) =

1 − exp
[
−

(
𝑥
𝛼1

) 𝛽2
]
, 𝐻21(𝑥) = 1 − exp

[
−

(
𝑥
𝑎1

) 𝛽1
]
. The parameters of these distri-

butions are : 𝜆1 = 0.1, 𝜆2 = 0.2, 𝛼1 = 0.3, 𝛽1 = 2, 𝛼2 = 0.1, 𝛽2 = 2.
The transition probability matrix of the embedded Markov chain (𝐽𝑛) is :

𝑃 =
©­«

0 𝑝 0
𝑝 0 1 − 𝑝

1 0 0

ª®¬
where 𝑝 is given by 𝑝 =

∫ ∞
0 [1 − 𝐻23(𝑥)] 𝑑𝐻21(𝑥).

Figure 1: A Three State Semi-Markov System
If we simulate one trajectory for different censure times 𝑀1 < 𝑀2 < . . . < 𝑀𝑟 ,

we see that the performance curve of the estimator (8), that is ˆ̄Φ𝑖 (𝑡, 𝑀𝑘), converges
to the true curve of Φ̄(𝑡) as 𝑘 increases. Figure 2 illustrates such a situation for
two values of 𝑀 , that is for 𝑀1 = 100 and for 𝑀2 = 1000. It can be noticed that
the second curve is closer to the true curve represented on the same figure 2 by a
continuous line.

Figure 2: Mean performance estimation of the three state Semi-Markov System
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