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Introduction:

• Nonhomogeneous nanobeams, particularly axially 

functionally graded (AFG) nanobeams, possess 

continuously varying material properties, making them 

suitable for advanced nano-engineering applications.

Research Gap:

• Most existing studies assume a constant nonlocal 

parameter throughout the nanobeam.

• In practical AFG nanobeams, the nonlocal parameter 

may also vary along the grading direction.

Objective:

• Develop a vibration model for axially FG nanobeams with 

a linearly varying nonlocal parameter.

• Investigate the effects of power-law exponent (k), 

variable nonlocal parameters (a, b), and material 

gradation on the natural frequencies.

Material Properties [1, 2]:

Young’s modulus:  𝐸 𝑥 = 𝐸𝑙 𝑉 𝑥 + 𝐸𝑟 1 − 𝑉 𝑥 ,

Mass density:  𝜌 𝑥 = 𝜌𝑙 𝑉 𝑥 + 𝜌𝑟 1 − 𝑉 𝑥 ,

where the volume fraction 𝑉 𝑥 = 1 −
𝑥

𝐿

𝑘
, subscripts 𝑙 and 

𝑟 denote the left and right sides of the nanobeam, and 𝑘 is 

the power-law exponent (non-negative).

Variable Nonlocal Parameter [2]:

𝜇 𝑥 = 𝑎 + 𝑏𝑥,
where 𝑎 and 𝑏 are constants.

The maximum strain 𝑆  and kinetic 𝑇  energies of the 

Euler-Bernoulli AFG nanobeam incorporating Eringen’s 

nonlocal theory are expressed as [2]:
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Implementation of Rayleigh-Ritz Method:

Here, the values of natural frequency 𝜔 are found using the 

Rayleigh-Ritz method. In this approach, the displacement 

functions 𝑈0 𝑥  and 𝑊0 𝑥  are expressed as (for simply-

supported boundary conditions) [2]:

𝑈0 𝑥 = 𝑥 𝐿 − 𝑥 ෍

𝑖=1

𝑁

𝑐𝑖 𝑥𝑖−1, W0 𝑥 = 𝑥 𝐿 − 𝑥 ෍

𝑗=1

𝑁

𝑑𝑗 𝑥𝑗−1,

The Rayleigh Quotient is obtained by equating the expressions for 
the maximum strain energy with the maximum kinetic energy. 
Then by partially differentiating it by 𝑐𝑖 and 𝑑𝑗 , a system of 2𝑁 

linear equations is generated, which is represented as:
𝐾 − 𝜆2 𝑀 {△} = 0,

where 𝐾  and 𝑀  are stiffness and inertia matrices, respectively, 
{△} denotes the column vector containing 𝑐𝑖's and 𝑑𝑗's, and the 

frequency parameter 𝜆 is defined by 𝜆 = 𝜔𝐿2 𝜌𝑙𝐴 / 𝐸𝑙𝐼 , where 

𝐼 is the moment of inertia.

It is observed that higher 

values of the power-law 

exponent result in lower 

frequency parameter values. 

Similarly, increasing the 

nonlocal parameter (by 

increasing (𝑎, 𝑏, or both) also 

reduces the frequency 

parameters.

• A vibration model for axially FG nanobeams with variable nonlocal 

parameter is developed.

• Rayleigh-Ritz method is implemented to obtain the values of frequency 

parameters.

• Future research could explore more complex boundary conditions, multi-

scale modeling, and the impact of environmental factors.
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