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INTRODUCTION & AIM RESULTS & DISCUSSION

A foliation decomposes a smooth manifold into disjoint, immersed submanifolds
called leaves. They have long been studied through a classical geometric lens,
using distributions, tangent bundles, and the Frobenius theorem. While this
geometric framework is well-established, 1t provides limited tools for classifying
and reconstructing singular or non-Hausdorff leaf spaces, where standard
geometric methods break down. A fundamental gap exists in translating foliation
theory into a purely algebraic language that would allow the machinery of
module theory to be applied systematically to foliations. This research addresses
that gap by constructing a comprehensive algebraic framework for foliations on
smooth manifolds, using the module of derivations Der(C* (M, R)) as the central
algebraic object and Smooth Gelfand Duality as the categorical bridge between
geometry and algebra.

The aim of this research is to establish that every foliation F on a smooth
manifold M 1s completely and uniquely encoded by an involutive projective
submodule of the module of derivations Der(C*(M,R)), creating a precise
algebraic dictionary in which: tangent distributions correspond to submodules of
derivations, the Lie bracket of vector fields corresponds to the commutator
operation, and integrability (the classical Frobenius condition) corresponds to
involutivity.

METHOD

Smooth Gelfand Duality

Smooth Gelfand Duality states that smooth manifolds are completely determined
by their algebras of smooth functions. This establishes a contravariant
equivalence of categories of smooth manifolds and smooth maps, and a certain
category of commutative R -algebras. This means that given the algebra
C*(M, R) of all smooth real-valued functions on a manifold M, one can fully
recover M itself including its topology and smooth structure so that the manifold
and its function algebra carry exactly the same information. This result is inspired
by the classical Gelfand—Naimark Theorem (1943), which identifies compact
Hausdorff spaces with commutative C™ -algebras. The smooth analogue,
developed in Nestruev (2003), replaces continuous functions with smooth
functions and topological spaces with smooth manifolds, establishing an
equivalence between smooth manifolds and their algebras of smooth functions.

Geometry Algebra
A single point A maximal ideal in C*° (M, R)
Topology of M Zariski spectrum of C*° (M, R)
Morphism f : M - N of | Ring homomorphism
manifolds C*°(N,R) » C*(M,R)
Diffeomorphism of M Automorphism of C* (M, R)
Closed subsets of M Ideals in C* (M, R)
A vector field on M A derivation on C*° (M, R)

Differential forms on M Elements of the exterior algebra of

Kahler differentials
Tangent Bundle TM Module of derivations of
C*(M,R)
Cotangent Bundle T*M Module of Kahler differentials
Lie group G Hopf algebra of C* (G, R)

1. Theorem

Given a foliated manifold (M, F), there exists a unique involutive projective
submodule & € Der(C*(M,R)). Conversely, every involutive projective
submodule of Der(C* (M, R)) determines a unique foliation on M.

2. Ideal Leaf Correspondence
Let (M,F) be a foliated manifold. For a leaf L € M, which is an immersed

submanifold, define the 1deal

L={fec=mn:f| =of

This 1s the set of all smooth functions on M that vanish on the leaf L.

 The quotient algebra C®(M) /I, = C*(L,R) is the algebra of smooth
functions on the leaf.

* Every function in C* (M) restricts uniquely to a function on L, and functions
vanishing on L form the kernel of the homomorphism corresponding to the
inclusion.

« If L is a point, then I; is a maximal ideal in C* (M) .

e If the leaf L 1s dense in M, then by continuity any smooth function vanishing
on L must vanish everywhere, so I; = {0}.

3. Constant Leaf Functions
LetA = C*(M).
AT ={fed: X(f)=0VX e F}
i1s exactly the set of smooth functions that are constant along each leaf of the
foliation. Hence, these are the functions that descend to the leaf space M /F.

Example

Consider the manifold M = R?\{0} with the
foliation given by concentric circles C,; =
{(x,y) EM|x?*+y?=2a%a>0}. The C®(M)
submodule generated by —ydyx +xdy form an
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involutive projective submodule of
Der(C*(M, R)). Each leaf C, determines the ideal
Ic, = {f e C®(M): flc, = 0}, where C*(M)/ Ic, =
C*(C,, R) and functions vanishing on C, form the
kernel of the restriction homomorphism. Functions
of the form f(x.y) = g(x? +y?) constitute the

foliation algebra A¥, descending to the leaf space
M/F = (0, ).
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CONCLUSION

Foliated manifolds can be completely characterized algebraically via their
correspondence to unique involutive projective submodules of derivations.
Furthermore, the geometric structure of individual leaves corresponds directly to
specific algebraic ideals of smooth functions that vanish on them. Consequently,
the leaf space M /F can be effectively analyzed using the smooth functions that
remain constant along each leaf.
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