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INTRODUCTION & AIM

Finite Blaschke products are important class of Meromorphic function on C
characteristic by following three properties. They map D to D holomorphically,
continuously extended to unit circle T, and they map unit circle onto itself. It has
been shown that a Blaschke Product itself finite product of Mobius transformation
and they are fundamental in complex analysis and have been studied extensively.
Even though quotient of finite Blaschke product, also have many interesting
properties. They have not been investigated as much as their counter part. In fact,
in literature there 1s no study on the distribution of critical points of such
functions. This study focuses on critical points of quotient of Blaschke products
of degree two and three.

It 1s relatively easy exercises to prove that such a function with a zero in D can

be reduced to the form B(z) = Z(Z_a ) (Z__b );,Where la||b| # 1. When a, b €

1-az/ \1-bz
D, this 1s indeed a Blaschke Product, and it is well known that they do not have
any critical points 1n ID. However, the study proves that situation 1s vastly

different for quotient of Blaschke products.

METHOD

A quotient of finite Blaschke product can be expressed in the form

B(2) = e [T, (2 )

1—aiz
forsomen € Z*, forallk = 1,2, ... ... ,n,and some 0 € [0,2m),a; & T.
In general, B i1s meromorphic in D, continuous on to T, and maps T to itself. If
a, €D, for all k =1,2,...... ,n,then B 1s exactly a finite Blaschke product of
degree n.

It 1s well known that finite Blaschke products have no critical points on T. To see
this one can observe that

B’(Z)_ n  1-lagl?
B(z)  “k=1|z—qy|?’
B'(2)

for all z € T.When |a;|<1 , for k, z

can not be zero.
However at least one k value such that |a;| > 1 . This prove does not applies. In

fact , in our study we show the existence of critical points on T for such function
forn = 2 and 3.

RESULTS & DISCUSSION

Consider the simplest case of n = 2,
Bi(2) = 2 (1) lal > 1.
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We can show that this function has two critical points given by the intersection of

5 1s a strictly positive real number and

two orthogonal circles |z| = 1 and |z — a| = \/ |la|? — 1. These two circles
happened to be the pre-image of T
under B;.
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Figure 1 : Unit circle, critical points, and level curve |B(z)|=1 for a=1+2i.

In the case of n = 3,

Bz<z>=z(Z_“)(Z__b);|a|,|b|¢1
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At least one of a or b is not in D, the critical points on T also satisfy fourth
degree polynomial
ab z*—2(a+b)z3+ (3 +|a+b|*—|ab|?)z? —2(a + b)z+ ab = 0 . These
critical points are exactly the intersection of |z| = 1 and
(Uz=al* = lal* + D(z = b|* = |b|* + 1) — |z|*(1 + |al>)(1 + |b|?)) = 0.
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Figure 2: Unit circle, critical points, and level curve |B(z)| = 1 fora =2 +i,b = —1.5+2i  Figure 3: Unit circle, critical points, and level curve |B(z)| = 1 for a = 2 +i,b=0.5+ 0.5i

|B(z)| = 1 Curve for a = -3i
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Figure 4 : Unit circle, critical points, and level curve |B(z)|=1 for a=—b = /2 Figure 5: Unit circle, critical points, and level curve |B(z)|=1 for a=—3i

CONCLUSION

The study demonstrates that quotients of finite Blaschke products exhibit
fundamentally different critical point behavior from finite Blaschke products.

In particular, critical points may occur on the unit circle, and their locations are
closely related to the geometry of the level curve (|B(z)|= 1). The results
obtained for low degree cases provide a geometric characterization of these
critical points and suggest several directions for future research on higher-degree
quotient Blaschke products.
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