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Introduction

We consider the fractional differential equation

Dl u(t) + Af(t,ult) = 0, t € (a,b), (1)
subject to the nonlocal boundary conditions
. m . .h
u(z)(a) =0, i=0,1,...,n—2; Dz’ffu(b) = Z Dg"’wu(s) dH;(s), (2)
i=1"%

where 0 < a < b,a > 0, € (n—1,n],n € N, n > 3, v € C"a,b] with ¢/(t) > 0 for all
t € la,b], D, % denotes the -Riemann-Liouville fractional derivative of function « of order k, for
kela,co,i=1...m},meN,1<¢<a-1,0<y9 <g¢g,i=1,...,m, Ais a positive para-
meter, the function f may change sign and may be singular at the points ¢t = « and/or ¢t = b, and
H; : la,b] = R, 7 =1,...,m are bounded variation functions.

We give intervals for the parameter )\ such that the problem (1)-(2) has at least one positive
solution. Since f can have negative values, then our problem is called a semipositone fractional
boundary value problem. In the proofs of the main results we apply the Guo-Krasnosel’skii fixed point
theorem. The y-Riemann-Liouville fractional derivative generalizes the Riemann-Liouville derivative
(for ¢(t) = t), and the Hadamard derivative (for ¢ (t) = Int).

Auxiliary results

We consider the fractional differential equation

DOYu(t) + k(t) =0, t € (a,b), (3)

with the boundary conditions (2), where k € C(a,b) N L'(a,b). We denote by

m
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Lemma 1 /f A #£ 0, then the solution of problem (3)-(2) is
/gts s)ds, t € la,b, (4)
where the Green function G is given by
_ ) L m b
Q(t,s):gl(t,s)Jr(w(t) Z(/ g9; (T, 8) dH,;( )), t,s € |a,b,
1=1
( i a—¢—1 i
(s) | i) — vl (S =) —g(s)* |, a<s<e<h
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fori=1,...,m.
Lemma 2 Assume that A > 0 and H; : |a,b] — R, i =1,...,m are nondecreasing functions.

Then the function G is a continuous function on |a, b| x |a, b] and satisfies the conditions:
a)Ggt,s) < Jl(s), forallt,s € |a,b], where

— Wla a—1 M b
7(s) = n(s) + LU= Z( / ggms)dwﬂ), s € lat),

1=1

Pi(s) = =0 (s)(1(b) — ¥(s))* (W (b) = (a))® = (V(b) = ¥(s))]; s € [a,b].

b) G(t,s) > (v(t)*~ 1T (s), for allt, s € [a, b], where () = Wg—;@@, t € [a,b].
c)G(t,s) < O(y(t) 1, forallt, s € [a,b], where

0 = Co()(b) — w(a»@—l — + X Z (/ Mo — QZ>(¢(T) — (a))* 0! d%M) > 0,

with Cp = supeig g Y (s).
Lemma 3. Assume that A > 0, H; : |a,b] = R, i =1,...,m are nondecreasing functions, and
k(t) > 0 for allt € (a,b). Then the solution v of problem (3)-(2) given by (4) satisfies the inequality

u(t) > (v()*tu(C) forallt, ¢ € [a,b].

We present below the assumptions that we will use in the sequel.

(Al)a >0, € (n—1,n,,n € N,n > 3,9y € C"[a,b]) with ¢/(t) > 0forall t € [a,0], 1 < ¢ < a—1,
0<pg<cforalle=1,...,m A>0,H;:|a,b] >R, i=1,...,m are nondecreasing functions, and
A > 0.

(A2) The function f € C((a,b) x R4, R) may be singular at ¢ = a and/or ¢ = b, and there exist the
functions p,q € C((a,b),R4), w € C([a, b] x Ry, R4 ) such that

—q(t) < ft.y) <pyw(t,y), Ve (a,b), y € Ry,
W|th0<f q(t dt<ooand0<f p(t) dt < oo, (R4 = [0, 00)).
(A3) There exist ¢, d € (a,b), ¢ < d such that foo =lim,_, 4eicq f(E,y)/y = o0.
(A4) There exist c, d € (a,b), ¢ < d such that lim infy o0 minte[adv] f(t,y) > Ag, with Ay = (29 ffq(s) ds) X
((,y(a’»og—l fgj(s) ds) _1, and weo = limy o0 maXeg y w(t,y)/y = 0, where J and 6 are given in
Lemma 2.

We consider the fractional differential equation

D u(t) + AF(t [o(t) = Az(B)]") + q(t)) = 0, t € (a,b), (5)
with the boundary conditions
| mo b
v@(a) =0, i1=0,1,...,n—2; DZipv(b) = Z Dgf’:pv(s) dH;(s), (6)
=174
where J(t)* = 19( ) ifz?( ) > 0, andﬁ( ¥ =01if 9¥(t) < 0.
Here z(¢ f Gt s)ds, t € [a,b] is the solution of the problem
D;“ﬁ” (1) +q(t) =0, € (a,b),
z(z)(a) =0, 1=0,1,...,n—2; Dz’fz(b) = Z Dgi’wz(s) dH;(s).
=174

Under assumptions (A1), (A2), we have z(t) > 0 for all t € |a,b]. We show that there exists
a solution v of problem (5)-(6), with v(¢) > Az(¢) on |a,b], and v(t) > Az(t) on (a,b). In this case
u = v — Az represents a positive solution of problem (1)-(2). Hence next we study the problem (5)-(6).

By using Lemma 1, v is a solution of problem (5)-(6) if and only if v is a solution of equation

/ G(t5)(f(s,[0(s) — Az(s)]) + q(s)) ds, ¢ € [a,b]. 7)
v(t)|, and

We consider the Banach space X' = Cfa, b] with the supremum norm ||v[| = sup;¢j, 4
we define the cone P = {v € X, w(t) > (v(t)* Yv|, Yt € [a,b]}.
For A > 0 we introduce the operator

/ G(t, 5)(f(s, [ols) — A()]) + q(s)) ds.

fort € |a,b], and v € X. It is clear that v is a solution of equation (7) (or equivalently of problem
(9)-(6)) if and only if v is a fixed point of operator L.

Lemma 4. I/f (Al) and (A2) hold, then the operator L : P — P is a completely continuous
operator.

By applying the Guo-Krasnosel'skii fixed point theorem of cone expansion and compression
of norm type for operator £, we obtain the following main results for our problem (1)-(2).

Theorem 1. Assume that (A1), (A2) and (A3) hold. Then there exits A\y > 0 such that for all
A € (0, \1], the boundary value problem (1)-(2) has at least one positive solution u(t), t € |a,b).

Theorem 2. Suppose that (A1), (A2) and (A4) hold. Then there exists Ao > 0 such that for any
A > )9, the boundary value problem (1)-(2) has at least one positive solution u(t), t € |a, b|.

Theorem 3. Assume that (A1), (A2) and

(A4) There exist ¢, d € (a,b), ¢ < d such that foo = limy o0 min
limy 00 max;epy 4 w(t, y)/y =0,
hold. Then there exists Xg > ( such that for any A > Xg, the boundary value problem (1)-(2) has at
least one positive solution u(t), t € |a,b].

te[g’&]f(tay) = o0 and weo =
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