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The Date–Jimbo–Kashiwara–Miwa (DJKM) equation is an 

integrable nonlinear evolution equation in (2+1)-dimensions that 

arises in the study of multidimensional wave propagation. It serves 

as an important model for understanding nonlinear phenomena in 

physical contexts such as plasma physics, fluid dynamics, and other 

wave-bearing media. Due to its rich mathematical structure, the 

DJKM equation admits a variety of exact solutions that describe 

localized and propagating wave patterns.

AIM: The present work aims to construct exact traveling wave 

solutions of the (2+1)-dimensional DJKM equation using the 

extended modified auxiliary equation mapping (EMAEM) method 

and to illustrate the main qualitative features of the solutions through 

selected 3D visualizations.

Exact traveling wave solutions of the (2+1)-dimensional DJKM equation were 

successfully derived using the extended modified auxiliary equation mapping 

technique. The corresponding 3D plots highlight the essential wave 

characteristics and confirm the effectiveness of the method for studying higher-

dimensional nonlinear wave equations.

• The governing nonlinear evolution equation considered in this study 

is given by, 

𝝓𝒙𝒙𝒙𝒙𝒚 + 𝟒𝝓𝒙𝒙𝒚𝝓𝒙 + 𝟐𝝓𝒙𝒙𝒙𝝓𝒚 + 𝟔𝝓𝒙𝒚𝝓𝒙𝒙 + 𝝓𝒚𝒚𝒚 − 𝟐𝝓𝒙𝒙𝒕 = 𝟎. (1)

• By applying the traveling-wave transformation

𝝓 𝒙, 𝒚, 𝒕 = 𝑼 𝝃 , 𝝃 = 𝒌𝒙 + 𝒍𝒚 − 𝒎𝒕,                                                (2)

 the original partial differential equation is reduced to an ordinary 

differential equation written as,

𝒌𝟒𝒍 𝑼′′′ + 𝟑𝒌𝟑𝒍(𝑼′)𝟐+ 𝟐𝒌𝟐𝒎 + 𝒍𝟑 𝑼′ = 𝟎. (𝟑)

• According to EMAEM method with, the solution is assumed as:

𝑼 𝝃 = 𝒂𝟎 + 𝒂𝟏𝝍 𝝃 + 𝒃𝟏𝝍−𝟏 𝝃 + 𝒅𝟏
𝝍′ 𝝃

𝝍 𝝃

𝟏

,                              (4)

where a₀, a₁, b₁, d₁ are real constants to be determined.

• The functions 𝝍 𝝃  and 𝝍′ 𝝃 satisfy the auxiliary equation system:

𝝍′ 𝝃 = 𝜶𝟏 𝝍(𝝃) 𝟐 + 𝜶𝟐 𝝍(𝝃) 𝟑 + 𝜶𝟑 𝝍(𝝃) 𝟒

𝝍′′ 𝝃 = 𝜶𝟏𝝍 𝝃 +
𝟑

𝟐
𝜶𝟐 𝝍(𝝃) 𝟐 + 𝟐𝜶𝟑 𝝍(𝝃) 𝟑

𝝍′′′ 𝝃 = 𝜶𝟏𝝍′ 𝝃 + 𝟑𝜶𝟐𝝍 𝝃 𝝍′ 𝝃 + 𝟔𝜶𝟑 𝝍(𝝃) 𝟐𝝍′(𝝃)

𝝍′′′′ 𝝃 = ൞
𝜶𝟏

𝟐𝝍 𝝃 +
𝟏𝟓

𝟐
𝜶𝟏𝜶𝟐 𝝍(𝝃) 𝟐 +

𝟏𝟓

𝟐
𝜶𝟐

𝟐 𝝍(𝝃) 𝟑

+𝟐𝟎𝜶𝟏𝜶𝟑 𝝍(𝝃) 𝟑 + 𝟑𝟎𝜶𝟐𝜶𝟑 𝝍(𝝃) 𝟒 + 𝟐𝟒 𝜶𝟑
𝟐 𝝍(𝝃) 𝟓

where α₁, α₂, α₃ are the three key parameters of the method.

• Substituting the solution assumption and auxiliary equations into the 

ODE (3), collecting terms with same powers of 𝜓′𝑗
𝜉 𝜓 𝜉

𝑖
 and 

setting each coefficient to zero generates an algebraic system, which 

is then solved to obtain the solution families.

Solving the algebraic system yields the following solution family:

𝒂𝟎 = 𝟎, 𝜶𝟏 =
−𝟐𝒌𝟑𝒎 − 𝒍𝟑

𝒌𝟒𝒍
, 𝜶𝟑 = −

𝒌𝟒𝒍𝜶𝟐
𝟐

𝟖𝒌𝟐𝒎 + 𝟒𝒍𝟑 , 𝒃𝟏 = 𝟎, 𝒅𝟏 = −𝟐𝒌.

Case 1.1: 𝑈 1,1 𝜉 = −2𝑘
−𝟐𝒌𝟑𝒎−𝒍𝟑

𝒌𝟒𝒍
+ 𝛼2

1+𝜖 𝑡𝑎𝑛ℎ
𝛼1
2

𝜉+𝜉0

𝛼2
+ 𝛼3

1+𝜖 𝑡𝑎𝑛ℎ
𝛼1
2

𝜉+𝜉0

𝛼2

2

1

2

, 

 𝛼1 > 0, 𝜖 = ±1, 𝛼2
2 − 4𝛼1𝛼3 = 0.

Case 1.2: 𝑈 1,2 𝜉 = −2𝑘
−𝟐𝒌𝟑𝒎−𝒍𝟑

𝒌𝟒𝒍
+ 𝛼2

𝛼1
𝛼3

1+
𝜖 𝑠𝑖𝑛ℎ 𝛼1 𝜉+𝜉0

𝛿+𝑐𝑜𝑠ℎ 𝛼1 𝜉+𝜉0

2
+ 𝛼3

𝛼1
𝛼3

1+
𝜖 𝑠𝑖𝑛ℎ 𝛼1 𝜉+𝜉0

𝛿+𝑐𝑜𝑠ℎ 𝛼1 𝜉+𝜉0

2

2

1

2

, 𝛼1 >

0, 𝛼3 > 0, 𝜖 = ±1, 𝛿 = ±1, 𝛼2 = − 4𝛼1𝛼3.
Case 1.3: 

𝑈 1,3 𝜉 = −2𝑘
−𝟐𝒌𝟑𝒎−𝒍𝟑

𝒌𝟒𝒍
+ 𝛼2

𝛼1 1+
𝜖 1+𝜇0

2𝛿+𝑐𝑜𝑠ℎ 𝛼1(𝜉+𝜉0)

𝜇0+𝑠𝑖𝑛ℎ 𝛼1(𝜉+𝜉0)

𝛼2
+ 𝛼3

𝛼1 1+
𝜖 1+𝜇0

2𝛿+𝑐𝑜𝑠ℎ 𝛼1(𝜉+𝜉0)

𝜇0+𝑠𝑖𝑛ℎ 𝛼1(𝜉+𝜉0)

𝛼2

2

1

2

,

α1 > 0, 𝜖, 𝛿 = 1,1 , −1,1 , 1, −1 , −1, −1 .
In all above cases 𝜉 = kx+ly-mt, 𝜇0 and 𝜉0 are arbitrary constants.

Dark soliton on a kink 

background: 𝝓𝟏,𝟐(𝒙, 𝒚, 𝒕) with 

parameters k=1, l=-1, m=1, 

𝛿=-1, 𝜖=-1, 𝝃𝟎 = 𝟑. 

Kink wave: 𝝓𝟏,𝟏(𝒙, 𝒚, 𝒕) with 

parameters k = -1, l = -1, 

m = 6, 𝜖 = 1, 𝝃𝟎 = 𝟎, 𝜶𝟐 = 𝟐 

Kink wave with bright-dark 

transition: 𝝓𝟏,𝟑(𝒙, 𝒚, 𝒕) with 

parameters k=1, l=-1, m=1, 

𝛿=1, 𝜖=1, 𝝃𝟎 = 𝟎 
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