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1. INTRODUCTION 4. RESULTS & DISCUSSION

5. CONCLUSION

FUTURE WORK & REFERENCES

3. THE MODEL & METHOD

v Wave propagation in inhomogeneous nonlinear systems with
varying dispersion and nonlinearities are significant to
explore real-world applications.

v The considered model, variable-coefficient general coupled
nonlinear Schrödinger (vc-GCNLS) equation, consists of
varying dispersion effect along with self-phase–cross-phase
modulations and four-wave mixing nonlinearities.

v Optical breathers are important in the context of localized
nonlinear wave structures in optical media.

v Analysis on localized and periodic wave provide essential
knowledge in understanding their dynamics in various
optical systems.

Ø To study vector breather dynamics in inhomogeneous optical 
media using the vc-GCNLS equation. 

Ø To derive Akhmediev and Kuznetsov–Ma type breather 
solutions using similarity and Darboux transformations.

Ø To analyze the effects of varying dispersion on the dynamics of 
breathers and to identify their modulations. 

Ø To explore potential applications in optical communication and 
nonlinear photonic crystals.

2. OBJECTIVES 

Ø The vc-GCNLS equation:

Ø : dispersion, : nonlinearity,
Ø : external potential & gain/loss.
Ø Three-layer method:

1. Similarity transformation
2. Superposition
3. Darboux transformation

[Nonlinear Dyn 113 (2025) 33777]
Ø 1.Similarity transformation

Ø 2. Linear Superposition

Ø Manakov model

Ø 3.Solution through Darboux transformation
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ture that reveal various phenomena in localized nonlin-
ear waves governed by pulse compression, amplifica-
tion, tunneling, localized excitations, etc., including the
evolution of composite waves with external potentials
[52– 60].

Considering the ever-growing importance of the
nonlinear (rogue) waves as highlighted above and the
need to explore them in inhomogeneous systems, we
wish to investigate the evolution of higher-order opti-
cal RWs in inhomogeneous optical media with vary-
ing nonlinearities. For this purpose, we write a new
generalization of two-component NLS equations with
variable-coefficients consisting of SPM, XPM, and
FWM nonlinearities as below [53].
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where p 1(z, t) and p 2(z, t) are the two modes of the
complex envelope, z denotes the direction of propa-
gation, t represents the transverse coordinate, and ∗
appearing in the superscript corresponds to the com-
plex conjugation. The variable coefficients δ j (z) and
σ (z) appearing in Eq. (1) are real analytic functions
representing the dispersion and nonlinearity modula-
tions along the propagation direction, respectively. The
functions %1(z), %2(z), and %3(z) indicate the exter-
nal linear potential, the harmonic potential, and the
gain/loss effect, respectively. In the above equation (1),
the real constants ϵ11 and ϵ22 correspond to the magni-
tude of the SPM, while ϵ12 and ϵ21 represent the mag-
nitude of the XPM nonlinearity. The complex coef-
ficients b1 and b2 denote the strength of the FWM
effect. Note that the above-generalized equation (1)
can be reduced to various well-studied NLS families
of models. To be precise, the Eq. (1) reduces to the
scalar variable coefficient NLS equation for p 2(z, t) =
ϵ12 = b1 = 0, while its two-component counterpart,
namely variable-coefficient Manakov/CNLS model is
obtained for ϵi j = 1 and b j = 0, where i, j = 1, 2.
Furthermore, for different choices of ϵi j , one shall get
a general variable-coefficient CNLSmodel with focus-
ing (ϵi j > 0), defocussing (ϵi j < 0), and mixed-type

(ϵ j1 > 0 > ϵ j2) nonlinearities [19,20,22– 24]. The
reduced models described above describe the propaga-
tion of the optical beam through inhomogeneous non-
linear media involving varying dispersion and nonlin-
earities, while their constant-coefficient counterparts
describe the dynamics through homogeneous nonlin-
ear media with % j (z) = %3(z) = 0 and δ j (z) = δ,
where j = 1, 2. Various types of localized wave solu-
tions and detailed studies on their dynamics have been
well-studied, which we have not listed here, and one
can refer to related works in the literature.

The system of our interest in this work, the variable-
coefficient general coupled nonlinear Schrödinger (vc-
GCNLS) equation, can be obtained from the Eq. (1)
for the choice δ1(z) = δ2(z) = δ(z), ϵ11 = ϵ21 = ϵ,
ϵ12 = ϵ22 = c, and b1 = b2 = b in the following
dimensionless form [53]:
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In the above vc-GCNLSmodel (2), the refractive index
profile of the corresponding optical medium can be
casted as n (z, t) = n 0 + n 1%1(z) + n 2σ (z)I (z, t),
where n 0, n 1 and n 2 represent the constant, z-modulated
linear and nonlinear part of the refractive index of the
medium with I (z, t) being the total intensity. Note
that Eq. (2) can be derived from Maxwell’s equations,
which begin with the nonlinear polarization and wave
equation by employing the slowly varying envelope
approximation with incorporation of the inhomoge-
neous nature of the medium [61– 63]. In particular,
the inhomogeneity in any given medium is caused by
manufacturing imperfections, variations in the lattice
parameters of the fiber media, fluctuations in the fiber
core diameters, and so on, where the dispersion, non-
linear effects, and gain (loss) parameters vary along the
transmission distance. In such a case, Eq. (2) describes
the evolution of multiple (two) interacting fields in a
nonlinear medium and incorporates various nonlinear
effects such as SPM, XPM, and FWM. These phe-
nomena arise from the nonlinear polarization, which
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coefficient general coupled nonlinear Schrödinger (vc-
GCNLS) equation, can be obtained from the Eq. (1)
for the choice δ1(z) = δ2(z) = δ(z), ϵ11 = ϵ21 = ϵ,
ϵ12 = ϵ22 = c, and b1 = b2 = b in the following
dimensionless form [53]:
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In the above vc-GCNLSmodel (2), the refractive index
profile of the corresponding optical medium can be
casted as n (z, t) = n 0 + n 1%1(z) + n 2σ (z)I (z, t),
where n 0, n 1 and n 2 represent the constant, z-modulated
linear and nonlinear part of the refractive index of the
medium with I (z, t) being the total intensity. Note
that Eq. (2) can be derived from Maxwell’s equations,
which begin with the nonlinear polarization and wave
equation by employing the slowly varying envelope
approximation with incorporation of the inhomoge-
neous nature of the medium [61– 63]. In particular,
the inhomogeneity in any given medium is caused by
manufacturing imperfections, variations in the lattice
parameters of the fiber media, fluctuations in the fiber
core diameters, and so on, where the dispersion, non-
linear effects, and gain (loss) parameters vary along the
transmission distance. In such a case, Eq. (2) describes
the evolution of multiple (two) interacting fields in a
nonlinear medium and incorporates various nonlinear
effects such as SPM, XPM, and FWM. These phe-
nomena arise from the nonlinear polarization, which
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ture that reveal various phenomena in localized nonlin-
ear waves governed by pulse compression, amplifica-
tion, tunneling, localized excitations, etc., including the
evolution of composite waves with external potentials
[52– 60].

Considering the ever-growing importance of the
nonlinear (rogue) waves as highlighted above and the
need to explore them in inhomogeneous systems, we
wish to investigate the evolution of higher-order opti-
cal RWs in inhomogeneous optical media with vary-
ing nonlinearities. For this purpose, we write a new
generalization of two-component NLS equations with
variable-coefficients consisting of SPM, XPM, and
FWM nonlinearities as below [53].
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where p 1(z, t) and p 2(z, t) are the two modes of the
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gation, t represents the transverse coordinate, and ∗
appearing in the superscript corresponds to the com-
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σ (z) appearing in Eq. (1) are real analytic functions
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tions along the propagation direction, respectively. The
functions %1(z), %2(z), and %3(z) indicate the exter-
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gain/loss effect, respectively. In the above equation (1),
the real constants ϵ11 and ϵ22 correspond to the magni-
tude of the SPM, while ϵ12 and ϵ21 represent the mag-
nitude of the XPM nonlinearity. The complex coef-
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effect. Note that the above-generalized equation (1)
can be reduced to various well-studied NLS families
of models. To be precise, the Eq. (1) reduces to the
scalar variable coefficient NLS equation for p 2(z, t) =
ϵ12 = b1 = 0, while its two-component counterpart,
namely variable-coefficient Manakov/CNLS model is
obtained for ϵi j = 1 and b j = 0, where i, j = 1, 2.
Furthermore, for different choices of ϵi j , one shall get
a general variable-coefficient CNLSmodel with focus-
ing (ϵi j > 0), defocussing (ϵi j < 0), and mixed-type

(ϵ j1 > 0 > ϵ j2) nonlinearities [19,20,22– 24]. The
reduced models described above describe the propaga-
tion of the optical beam through inhomogeneous non-
linear media involving varying dispersion and nonlin-
earities, while their constant-coefficient counterparts
describe the dynamics through homogeneous nonlin-
ear media with % j (z) = %3(z) = 0 and δ j (z) = δ,
where j = 1, 2. Various types of localized wave solu-
tions and detailed studies on their dynamics have been
well-studied, which we have not listed here, and one
can refer to related works in the literature.

The system of our interest in this work, the variable-
coefficient general coupled nonlinear Schrödinger (vc-
GCNLS) equation, can be obtained from the Eq. (1)
for the choice δ1(z) = δ2(z) = δ(z), ϵ11 = ϵ21 = ϵ,
ϵ12 = ϵ22 = c, and b1 = b2 = b in the following
dimensionless form [53]:
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In the above vc-GCNLSmodel (2), the refractive index
profile of the corresponding optical medium can be
casted as n (z, t) = n 0 + n 1%1(z) + n 2σ (z)I (z, t),
where n 0, n 1 and n 2 represent the constant, z-modulated
linear and nonlinear part of the refractive index of the
medium with I (z, t) being the total intensity. Note
that Eq. (2) can be derived from Maxwell’s equations,
which begin with the nonlinear polarization and wave
equation by employing the slowly varying envelope
approximation with incorporation of the inhomoge-
neous nature of the medium [61– 63]. In particular,
the inhomogeneity in any given medium is caused by
manufacturing imperfections, variations in the lattice
parameters of the fiber media, fluctuations in the fiber
core diameters, and so on, where the dispersion, non-
linear effects, and gain (loss) parameters vary along the
transmission distance. In such a case, Eq. (2) describes
the evolution of multiple (two) interacting fields in a
nonlinear medium and incorporates various nonlinear
effects such as SPM, XPM, and FWM. These phe-
nomena arise from the nonlinear polarization, which
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ture that reveal various phenomena in localized nonlin-
ear waves governed by pulse compression, amplifica-
tion, tunneling, localized excitations, etc., including the
evolution of composite waves with external potentials
[52– 60].

Considering the ever-growing importance of the
nonlinear (rogue) waves as highlighted above and the
need to explore them in inhomogeneous systems, we
wish to investigate the evolution of higher-order opti-
cal RWs in inhomogeneous optical media with vary-
ing nonlinearities. For this purpose, we write a new
generalization of two-component NLS equations with
variable-coefficients consisting of SPM, XPM, and
FWM nonlinearities as below [53].
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where p 1(z, t) and p 2(z, t) are the two modes of the
complex envelope, z denotes the direction of propa-
gation, t represents the transverse coordinate, and ∗
appearing in the superscript corresponds to the com-
plex conjugation. The variable coefficients δ j (z) and
σ (z) appearing in Eq. (1) are real analytic functions
representing the dispersion and nonlinearity modula-
tions along the propagation direction, respectively. The
functions %1(z), %2(z), and %3(z) indicate the exter-
nal linear potential, the harmonic potential, and the
gain/loss effect, respectively. In the above equation (1),
the real constants ϵ11 and ϵ22 correspond to the magni-
tude of the SPM, while ϵ12 and ϵ21 represent the mag-
nitude of the XPM nonlinearity. The complex coef-
ficients b1 and b2 denote the strength of the FWM
effect. Note that the above-generalized equation (1)
can be reduced to various well-studied NLS families
of models. To be precise, the Eq. (1) reduces to the
scalar variable coefficient NLS equation for p 2(z, t) =
ϵ12 = b1 = 0, while its two-component counterpart,
namely variable-coefficient Manakov/CNLS model is
obtained for ϵi j = 1 and b j = 0, where i, j = 1, 2.
Furthermore, for different choices of ϵi j , one shall get
a general variable-coefficient CNLSmodel with focus-
ing (ϵi j > 0), defocussing (ϵi j < 0), and mixed-type

(ϵ j1 > 0 > ϵ j2) nonlinearities [19,20,22– 24]. The
reduced models described above describe the propaga-
tion of the optical beam through inhomogeneous non-
linear media involving varying dispersion and nonlin-
earities, while their constant-coefficient counterparts
describe the dynamics through homogeneous nonlin-
ear media with % j (z) = %3(z) = 0 and δ j (z) = δ,
where j = 1, 2. Various types of localized wave solu-
tions and detailed studies on their dynamics have been
well-studied, which we have not listed here, and one
can refer to related works in the literature.

The system of our interest in this work, the variable-
coefficient general coupled nonlinear Schrödinger (vc-
GCNLS) equation, can be obtained from the Eq. (1)
for the choice δ1(z) = δ2(z) = δ(z), ϵ11 = ϵ21 = ϵ,
ϵ12 = ϵ22 = c, and b1 = b2 = b in the following
dimensionless form [53]:
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In the above vc-GCNLSmodel (2), the refractive index
profile of the corresponding optical medium can be
casted as n (z, t) = n 0 + n 1%1(z) + n 2σ (z)I (z, t),
where n 0, n 1 and n 2 represent the constant, z-modulated
linear and nonlinear part of the refractive index of the
medium with I (z, t) being the total intensity. Note
that Eq. (2) can be derived from Maxwell’s equations,
which begin with the nonlinear polarization and wave
equation by employing the slowly varying envelope
approximation with incorporation of the inhomoge-
neous nature of the medium [61– 63]. In particular,
the inhomogeneity in any given medium is caused by
manufacturing imperfections, variations in the lattice
parameters of the fiber media, fluctuations in the fiber
core diameters, and so on, where the dispersion, non-
linear effects, and gain (loss) parameters vary along the
transmission distance. In such a case, Eq. (2) describes
the evolution of multiple (two) interacting fields in a
nonlinear medium and incorporates various nonlinear
effects such as SPM, XPM, and FWM. These phe-
nomena arise from the nonlinear polarization, which
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ture that reveal various phenomena in localized nonlin-
ear waves governed by pulse compression, amplifica-
tion, tunneling, localized excitations, etc., including the
evolution of composite waves with external potentials
[52– 60].

Considering the ever-growing importance of the
nonlinear (rogue) waves as highlighted above and the
need to explore them in inhomogeneous systems, we
wish to investigate the evolution of higher-order opti-
cal RWs in inhomogeneous optical media with vary-
ing nonlinearities. For this purpose, we write a new
generalization of two-component NLS equations with
variable-coefficients consisting of SPM, XPM, and
FWM nonlinearities as below [53].
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where p 1(z, t) and p 2(z, t) are the two modes of the
complex envelope, z denotes the direction of propa-
gation, t represents the transverse coordinate, and ∗
appearing in the superscript corresponds to the com-
plex conjugation. The variable coefficients δ j (z) and
σ (z) appearing in Eq. (1) are real analytic functions
representing the dispersion and nonlinearity modula-
tions along the propagation direction, respectively. The
functions %1(z), %2(z), and %3(z) indicate the exter-
nal linear potential, the harmonic potential, and the
gain/loss effect, respectively. In the above equation (1),
the real constants ϵ11 and ϵ22 correspond to the magni-
tude of the SPM, while ϵ12 and ϵ21 represent the mag-
nitude of the XPM nonlinearity. The complex coef-
ficients b1 and b2 denote the strength of the FWM
effect. Note that the above-generalized equation (1)
can be reduced to various well-studied NLS families
of models. To be precise, the Eq. (1) reduces to the
scalar variable coefficient NLS equation for p 2(z, t) =
ϵ12 = b1 = 0, while its two-component counterpart,
namely variable-coefficient Manakov/CNLS model is
obtained for ϵi j = 1 and b j = 0, where i, j = 1, 2.
Furthermore, for different choices of ϵi j , one shall get
a general variable-coefficient CNLSmodel with focus-
ing (ϵi j > 0), defocussing (ϵi j < 0), and mixed-type

(ϵ j1 > 0 > ϵ j2) nonlinearities [19,20,22– 24]. The
reduced models described above describe the propaga-
tion of the optical beam through inhomogeneous non-
linear media involving varying dispersion and nonlin-
earities, while their constant-coefficient counterparts
describe the dynamics through homogeneous nonlin-
ear media with % j (z) = %3(z) = 0 and δ j (z) = δ,
where j = 1, 2. Various types of localized wave solu-
tions and detailed studies on their dynamics have been
well-studied, which we have not listed here, and one
can refer to related works in the literature.

The system of our interest in this work, the variable-
coefficient general coupled nonlinear Schrödinger (vc-
GCNLS) equation, can be obtained from the Eq. (1)
for the choice δ1(z) = δ2(z) = δ(z), ϵ11 = ϵ21 = ϵ,
ϵ12 = ϵ22 = c, and b1 = b2 = b in the following
dimensionless form [53]:
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In the above vc-GCNLSmodel (2), the refractive index
profile of the corresponding optical medium can be
casted as n (z, t) = n 0 + n 1%1(z) + n 2σ (z)I (z, t),
where n 0, n 1 and n 2 represent the constant, z-modulated
linear and nonlinear part of the refractive index of the
medium with I (z, t) being the total intensity. Note
that Eq. (2) can be derived from Maxwell’s equations,
which begin with the nonlinear polarization and wave
equation by employing the slowly varying envelope
approximation with incorporation of the inhomoge-
neous nature of the medium [61– 63]. In particular,
the inhomogeneity in any given medium is caused by
manufacturing imperfections, variations in the lattice
parameters of the fiber media, fluctuations in the fiber
core diameters, and so on, where the dispersion, non-
linear effects, and gain (loss) parameters vary along the
transmission distance. In such a case, Eq. (2) describes
the evolution of multiple (two) interacting fields in a
nonlinear medium and incorporates various nonlinear
effects such as SPM, XPM, and FWM. These phe-
nomena arise from the nonlinear polarization, which
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ture that reveal various phenomena in localized nonlin-
ear waves governed by pulse compression, amplifica-
tion, tunneling, localized excitations, etc., including the
evolution of composite waves with external potentials
[52– 60].

Considering the ever-growing importance of the
nonlinear (rogue) waves as highlighted above and the
need to explore them in inhomogeneous systems, we
wish to investigate the evolution of higher-order opti-
cal RWs in inhomogeneous optical media with vary-
ing nonlinearities. For this purpose, we write a new
generalization of two-component NLS equations with
variable-coefficients consisting of SPM, XPM, and
FWM nonlinearities as below [53].
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where p 1(z, t) and p 2(z, t) are the two modes of the
complex envelope, z denotes the direction of propa-
gation, t represents the transverse coordinate, and ∗
appearing in the superscript corresponds to the com-
plex conjugation. The variable coefficients δ j (z) and
σ (z) appearing in Eq. (1) are real analytic functions
representing the dispersion and nonlinearity modula-
tions along the propagation direction, respectively. The
functions %1(z), %2(z), and %3(z) indicate the exter-
nal linear potential, the harmonic potential, and the
gain/loss effect, respectively. In the above equation (1),
the real constants ϵ11 and ϵ22 correspond to the magni-
tude of the SPM, while ϵ12 and ϵ21 represent the mag-
nitude of the XPM nonlinearity. The complex coef-
ficients b1 and b2 denote the strength of the FWM
effect. Note that the above-generalized equation (1)
can be reduced to various well-studied NLS families
of models. To be precise, the Eq. (1) reduces to the
scalar variable coefficient NLS equation for p 2(z, t) =
ϵ12 = b1 = 0, while its two-component counterpart,
namely variable-coefficient Manakov/CNLS model is
obtained for ϵi j = 1 and b j = 0, where i, j = 1, 2.
Furthermore, for different choices of ϵi j , one shall get
a general variable-coefficient CNLSmodel with focus-
ing (ϵi j > 0), defocussing (ϵi j < 0), and mixed-type

(ϵ j1 > 0 > ϵ j2) nonlinearities [19,20,22– 24]. The
reduced models described above describe the propaga-
tion of the optical beam through inhomogeneous non-
linear media involving varying dispersion and nonlin-
earities, while their constant-coefficient counterparts
describe the dynamics through homogeneous nonlin-
ear media with % j (z) = %3(z) = 0 and δ j (z) = δ,
where j = 1, 2. Various types of localized wave solu-
tions and detailed studies on their dynamics have been
well-studied, which we have not listed here, and one
can refer to related works in the literature.

The system of our interest in this work, the variable-
coefficient general coupled nonlinear Schrödinger (vc-
GCNLS) equation, can be obtained from the Eq. (1)
for the choice δ1(z) = δ2(z) = δ(z), ϵ11 = ϵ21 = ϵ,
ϵ12 = ϵ22 = c, and b1 = b2 = b in the following
dimensionless form [53]:
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In the above vc-GCNLSmodel (2), the refractive index
profile of the corresponding optical medium can be
casted as n (z, t) = n 0 + n 1%1(z) + n 2σ (z)I (z, t),
where n 0, n 1 and n 2 represent the constant, z-modulated
linear and nonlinear part of the refractive index of the
medium with I (z, t) being the total intensity. Note
that Eq. (2) can be derived from Maxwell’s equations,
which begin with the nonlinear polarization and wave
equation by employing the slowly varying envelope
approximation with incorporation of the inhomoge-
neous nature of the medium [61– 63]. In particular,
the inhomogeneity in any given medium is caused by
manufacturing imperfections, variations in the lattice
parameters of the fiber media, fluctuations in the fiber
core diameters, and so on, where the dispersion, non-
linear effects, and gain (loss) parameters vary along the
transmission distance. In such a case, Eq. (2) describes
the evolution of multiple (two) interacting fields in a
nonlinear medium and incorporates various nonlinear
effects such as SPM, XPM, and FWM. These phe-
nomena arise from the nonlinear polarization, which
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tensors [66]. In addition, linear and harmonic external potentials represent the influence of propagation
direction varying fields. In optics, they correspond to a refractive index gradient and a parabolic index pro-
file, respectively. In BECs, the linear potential models gravitational or magnetic field gradients, while the
harmonic potential represents a confining harmonic trap for atoms. The gain/loss term accounts for energy
exchange with the environment, leading to amplification or attenuation of the wave profiles [66–72].

One of the important properties of the above equation (2) is its nonintegrable nature for arbitrary coe�-
cient functions. In contrast, the constant-coe�cient version of Eq. (2) can be seen as integrable through the
Lax pair and Painlev’e analysis [21]. Such a constant-coe�cient GCNLS equation admits numerous re-
sults as reported in the literature, including vector soliton reflection, N-bright solitons, multi-dark solitons,
oscillating bright-dark solitons, general breathers, and RWs, showing various characteristics revealing the
significance of nonlinear behaviors in their dynamics using di↵erent approaches like the Riemann-Hilbert
problem, Hirota bilinear method, Darboux transformation, etc. [28–31, 33, 34]. However, to the best of our
knowledge, except for a lone report on periodic soliton dynamics [53], there is no work on other nonlinear
waves in the vc-GCNLS model (2). Taking into account this potential gap in the study and the significance
of nonlinearity management, the motivation of the present work is to explore the evolution dynamics of
higher-order RWs in the vc-GCNLS model (2) and to analyze their modulation characteristics for di↵er-
ent forms of nonlinearity variations. This potential challenge can be achieved through a novel three-layer
methodology we propose here for the first time, which incorporates the similarity transformation, linear
superposition, and Darboux transformation methods that could e↵ectively simplify the complexity of the
problem to unearth the estimated dynamical characteristics. Further, we need to construct the explicit rogue
wave solution, using which we investigate possible impacts of four di↵erent nonlinearity modulations,
namely constant, localized-type, step-like, and periodic, on these RWs.

Based on the above, the plan of the manuscript is designed as follows. We propose the three-layer
methodology to deal with the vc-GCNLS model (2) in the next section 2, where the similarity transforma-
tion and linear superposition are incorporated to link the model with the Manakov model. In Sec. 3, the
explicit form of higher-order RW solutions for the vc-GCNLS model (2) is constructed, and their modula-
tion dynamics for four types of nonlinearities is studied in detail. Also, at the end of the section 3, we briefly
highlight certain possible future directions with open questions for further research studies. The summary
and conclusions of the present work are given in the final section 4.

2. Nonlinearity Management with Similarity Transformation and Linear Superposition

We understand from the vast literature that complex nonlinear evolution equations are quite cumber-
some to solve exactly using a specific tool. Especially, it becomes much more complicated when the
model involves variable coe�cients and additional dispersion/nonlinear terms. In these situations, we have
a set of powerful methodologies to solve such nonlinear equations, and one among them is the similar-
ity transformation that dominates a while with its simple yet e�cient execution mechanism. Note that
the self-similar transformation simplifies the complexity of initial equations by redefining them in a new
domain/coordinates with certain constraints, and such a procedure makes the mechanism of constructing so-
lutions easier [10, 13, 41, 52–54]. To implement the similarity transformation, we consider an approximate
solution form to the vc-GCNLS equation (9) as given below.

pj(z, t) = A(z)Qj[⇠(t, z), ⌧(z)]ei (t,z), j = 1, 2, (3)

where A(z) defines the complex amplitude, while Qj(⇠, ⌧) is the new transformed envelope optical modes.
Further, in Eq. (3),  (z, t) determines the phase while ⇠(z, t) and ⌧(z) are the similarity variables representing
newly transformed coordinates. The above transformation (3) has to be accompanied by a set of similarity
functions, and their explicit form should be obtained through a systematic procedure. To proceed further,
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At this point, we can argue that the non-integrable vcGCNLS model (2) can show the characteristics of
a particular integrable nonlinear equation (4) through certain indirect integrability conditions described
by Eqs. (6)-(7). Further, we can specifically state that the generalized similarity transformation (3) with
expressions (6)-(7) can give us the solution of the initial vcGCNLS model (2) through any solution of the
cc-GCNLS equation (4). As mentioned in the introduction, there exist various studies in the literature
on diverse localized waves, including solitons, breathers, RWs, and interacting waves to the cc-GCNLS
model, showing intriguing characteristics that can be sought directly to explore our intended wave dynamics
[30, 31, 33, 38]. However, we wish to carry out the solution mechanism through a novel approach, the
superposition phenomena, which is quite rare to find in the existing literature [29, 35–37]. For this purpose,
we incorporate the following linear superposed transformation:
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By applying the above-mentioned linear transformation (8) into generalized coupled NLS equations (4),
one can obtain the following well-known Manakov (coupled NLS type) equation of the form
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along with the relationship between the coe�cients of the form ⇢ = ✏↵1↵⇤1 + b↵1↵⇤2 + b⇤↵⇤1↵2 + c↵2↵⇤2
and d = ✏c � |b|2. Here ↵1 and ↵2 are arbitrary complex constants, while ⇢ and d are real constants
depending on ↵1, ↵2, ✏, c, and b. It is important to note that although the e↵ects of four-wave mixing
do not appear exclusively in the Manakov model (9), they can be injected into the solution dynamics of
the targeted GCNLS system (4) through the linear superposition (interference) phenomenon described in
Eqn. (8). From the above discussion, one can easily understand that the present work employs a three-layer
methodology by establishing a connection among vc-GCNLS, cc-GCNLS, and CNLS (Manakov) models
appropriately through the celebrated similarity transformation and linear superposition phenomena. This is
schematically illustrated in Fig. 1 to highlight the motivation and the novel three-layer solution approach
of this study.

The Manakov equation mentioned above is known to be completely integrable using various methods,
including the Lax pair, IST, Painlevé analysis, infinite conserved quantities, and admittance of multi-soliton
solutions [7, 17, 20]. Thus, the e↵ective solution of the vc-GCNLS model (2) at this point can be written in
terms of the Manakov solution as
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As the Manakov equation admits various nonlinear wave solutions such as solitons, breathers, RWs, and
interacting waves [17, 19, 20, 22, 24], we can also construct such types of localized wave solutions of our
choice to the present nonintegrable inhomogeneous vc-GCNLS model (2) using the above expressions (10).
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Figure 1: The schematic representation explaining the three-layer solution methodology involved in the present work for inves-
tigating the considered vc-GCNLS system (2) by connecting the cc-GCNLS and CNLS (Manakov) models.

Note that using the above solutions (10), one can study the role of dispersion and nonlinearity modulations
in the dynamics of localized waves with the dedicated presence of arbitrary functions �(z) and �(z). In this
work, as our intention is to study the doubly-localized RWs alone, we employ the higher-order rogue wave
solution of the Manakov equation qj(⌧, ⇠) and critically analyze their dynamics in the vc-GCNLS model by
bringing out the e↵ects of linear interference phenomenon and inhomogeneous nature of the media with
variable nonlinearity profile �(z) alone by keeping the dispersion constant �(z) = �0, that are detailed in the
following section categorically.

3. Higher-order Rogue Wave Solutions & their Dynamics under Modulated Nonlinearities

We have to obtain the explicit solutions of the model (9) to analyze the e↵ects of variations on the
nonlinearities of the medium and identify the related applications. We attempt to attain the motivation by
adopting the similarity transformation accompanied by the linear superposition or interference phenomenon
explained in the previous section, along with the core solutions of the Manakov system given by Chen et
al in Ref. [17] using the Darboux transformation. Particularly, we deduce exact first and second-order
rogue wave solutions to the present vc-GCNLS model, showing singlet, doublet, triplet, quartet, and sextet
localized patterns, and explore their dynamics under di↵erent nonlinearity modulations with clear analysis
and graphical demonstrations.

3.1. Fundamental First-order Rogue Waves

First, we start with an analysis of the fundamental rogue wave dynamics in the vc-GCNLS model. For
this purpose, the first-order RW solution of the Manakov equation (9) can be written as [17]
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Breather

Ø Studied vector breather dynamics of the vc-GCNLS equation
arising in inhomogeneous optical media.

Ø Derived explicit breather solutions using a three-layer
method involving similarity and Darboux transformations.

Ø Analyzed the effects of varying dispersion on the dynamics
of breathers and identified their modulations.

Ø Potential applications include inhomogeneous type optical
communication systems and nonlinear photonic crystals.

Ø Investigations on various other nonlinear waves in closely
related vc-CNLS type systems are significant open problems
to address in the near future.

Ø For further reading and related references, Nonlinear Dyn 113
(2025) 33777-33804. https://doi.org/10.1007/s11071-025-11749-1

At this point, we can argue that the non-integrable vcGCNLS model (2) can show the characteristics of
a particular integrable nonlinear equation (4) through certain indirect integrability conditions described
by Eqs. (6)-(7). Further, we can specifically state that the generalized similarity transformation (3) with
expressions (6)-(7) can give us the solution of the initial vcGCNLS model (2) through any solution of the
cc-GCNLS equation (4). As mentioned in the introduction, there exist various studies in the literature
on diverse localized waves, including solitons, breathers, RWs, and interacting waves to the cc-GCNLS
model, showing intriguing characteristics that can be sought directly to explore our intended wave dynamics
[30, 31, 33, 38]. However, we wish to carry out the solution mechanism through a novel approach, the
superposition phenomena, which is quite rare to find in the existing literature [29, 35–37]. For this purpose,
we incorporate the following linear superposed transformation:
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↵1p
⇢

q1(⇠, ⌧) � ↵
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p
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By applying the above-mentioned linear transformation (8) into generalized coupled NLS equations (4),
one can obtain the following well-known Manakov (coupled NLS type) equation of the form
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along with the relationship between the coe�cients of the form ⇢ = ✏↵1↵⇤1 + b↵1↵⇤2 + b⇤↵⇤1↵2 + c↵2↵⇤2
and d = ✏c � |b|2. Here ↵1 and ↵2 are arbitrary complex constants, while ⇢ and d are real constants
depending on ↵1, ↵2, ✏, c, and b. It is important to note that although the e↵ects of four-wave mixing
do not appear exclusively in the Manakov model (9), they can be injected into the solution dynamics of
the targeted GCNLS system (4) through the linear superposition (interference) phenomenon described in
Eqn. (8). From the above discussion, one can easily understand that the present work employs a three-layer
methodology by establishing a connection among vc-GCNLS, cc-GCNLS, and CNLS (Manakov) models
appropriately through the celebrated similarity transformation and linear superposition phenomena. This is
schematically illustrated in Fig. 1 to highlight the motivation and the novel three-layer solution approach
of this study.

The Manakov equation mentioned above is known to be completely integrable using various methods,
including the Lax pair, IST, Painlevé analysis, infinite conserved quantities, and admittance of multi-soliton
solutions [7, 17, 20]. Thus, the e↵ective solution of the vc-GCNLS model (2) at this point can be written in
terms of the Manakov solution as
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As the Manakov equation admits various nonlinear wave solutions such as solitons, breathers, RWs, and
interacting waves [17, 19, 20, 22, 24], we can also construct such types of localized wave solutions of our
choice to the present nonintegrable inhomogeneous vc-GCNLS model (2) using the above expressions (10).
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Ø Different types of breather profiles can be obtained for vector
breathers of the vc-GCNLS equation in inhomogeneous
optical media.

Ø Akhmediev breathers are localized along the propagation
direction z and periodic along the transverse direction t.

Ø Ma breathers or Kuznetsov-Ma solitons are periodic along
the propagation direction z and localized in the transverse
coordinate t.

Ø Akhmediev & Ma breathers exhibit bright, gray and dark
type profiles for different choices of solution parameters.

33796 Sakkaravarthi K. et al.

Fig. 15 (a) The nature of periodic nonlinearity modulation for different σ j parameters and their characteristics influences on the singlet
RWs in the (b) | p 1|2 component, and (c) | p 2|2 component

Fig. 16 Changes induced using periodic nonlinearity on the evo-
lution of inhomogeneous bright-dark rogue-periodic wave struc-
ture for σ (z) = σ0+σ1 sin(σ2z + σ3). The periodic nonlinearity
parameters are taken as (a) σ0 = 0.75, σ1 = 0.5, σ2 = 0.25,

σ3 = 0.05; (b) σ0 = 1.75, σ1 = 0.5, σ2 = 0.25, σ3 = 0.05; (c)
σ0 = 0.75, σ1 = 1.5, σ2 = 0.25, σ3 = 0.05; (d) σ0 = 0.75,
σ1 = 0.5, σ2 = 1.25, σ3 = 0.05. The other parameters are the
same as in Fig. 2

123

33796 Sakkaravarthi K. et al.

Fig. 15 (a) The nature of periodic nonlinearity modulation for different σ j parameters and their characteristics influences on the singlet
RWs in the (b) | p 1|2 component, and (c) | p 2|2 component

Fig. 16 Changes induced using periodic nonlinearity on the evo-
lution of inhomogeneous bright-dark rogue-periodic wave struc-
ture for σ (z) = σ0+σ1 sin(σ2z + σ3). The periodic nonlinearity
parameters are taken as (a) σ0 = 0.75, σ1 = 0.5, σ2 = 0.25,

σ3 = 0.05; (b) σ0 = 1.75, σ1 = 0.5, σ2 = 0.25, σ3 = 0.05; (c)
σ0 = 0.75, σ1 = 1.5, σ2 = 0.25, σ3 = 0.05; (d) σ0 = 0.75,
σ1 = 0.5, σ2 = 1.25, σ3 = 0.05. The other parameters are the
same as in Fig. 2

123

Higher-Order Vector Rogue Waves in Inhomogeneous Optical… 33797

Fig. 17 Inhomogeneous doublet RW with periodic background
for four different nonlinearities obtained from thefirst-order solu-
tion. (a) & (e) Standard double-peak RWs on periodic back-
ground for constant nonlinearity σ (z) = σ0 with σ0 = 0.75, and
"10 = 0.001, (b) & (f) Doublet RWs undergo localized amplifi-
cation due to the nonlinearity σ (z) = σ0 + σ1sech(σ2z + σ3)
with σ0 = 0.95, σ1 = 0.5, σ2 = 1.75, (c) & (g) Broad-
ening with step-amplification of RW structures with nonlinear

modulation σ (z) = σ0 + σ1 tanh(σ2z + σ3) with σ0 = 1.05,
σ1 = 0.5, σ2 = 1.75, and (d) & (h) Occurrence of doublet RW
peaks on doubly-periodic background for the modulation form
σ (z) = σ0 + σ1 sin(σ2z + σ3) with σ0 = 1.05, σ1 = 0.75,
σ2 = 2.05. The other parameters are δ0 = 0.75, σ3 = 0.05,
a = 1, "10 = 0, k1 = 0.5, k2 = −0.5, ζ1 = 0, ζ2 = 18, ζ3 = 1,
α1 = 3, α2 = 2, b= i , ξ10 = 1, and ψ10 = 1

we undertake the dark-bright triplet RWs along with
the bright-bright quartet and sextet RWs. Additionally,
we will provide a concise discussion on the evolution
of these RW patterns due to three forms of z-varying
nonlinearity parameters and demonstrate the possibili-
ties of controlling such localized inhomogeneous RWs
appearing in the considered vc-GCNLS system (2.

3.2.1 Triplet Rogue Waves (β > a)

As mentioned above, triplet RWs can be obtained for
the choiceβ ̸= a, and the corresponding complex func-
tions are obtained in addition to the general expression
(17) as below [17].
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Fig. 17 Inhomogeneous doublet RW with periodic background
for four different nonlinearities obtained from thefirst-order solu-
tion. (a) & (e) Standard double-peak RWs on periodic back-
ground for constant nonlinearity σ (z) = σ0 with σ0 = 0.75, and
"10 = 0.001, (b) & (f) Doublet RWs undergo localized amplifi-
cation due to the nonlinearity σ (z) = σ0 + σ1sech(σ2z + σ3)
with σ0 = 0.95, σ1 = 0.5, σ2 = 1.75, (c) & (g) Broad-
ening with step-amplification of RW structures with nonlinear

modulation σ (z) = σ0 + σ1 tanh(σ2z + σ3) with σ0 = 1.05,
σ1 = 0.5, σ2 = 1.75, and (d) & (h) Occurrence of doublet RW
peaks on doubly-periodic background for the modulation form
σ (z) = σ0 + σ1 sin(σ2z + σ3) with σ0 = 1.05, σ1 = 0.75,
σ2 = 2.05. The other parameters are δ0 = 0.75, σ3 = 0.05,
a = 1, "10 = 0, k1 = 0.5, k2 = −0.5, ζ1 = 0, ζ2 = 18, ζ3 = 1,
α1 = 3, α2 = 2, b= i , ξ10 = 1, and ψ10 = 1

we undertake the dark-bright triplet RWs along with
the bright-bright quartet and sextet RWs. Additionally,
we will provide a concise discussion on the evolution
of these RW patterns due to three forms of z-varying
nonlinearity parameters and demonstrate the possibili-
ties of controlling such localized inhomogeneous RWs
appearing in the considered vc-GCNLS system (2.

3.2.1 Triplet Rogue Waves (β > a)

As mentioned above, triplet RWs can be obtained for
the choiceβ ̸= a, and the corresponding complex func-
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Fig. 18 Evolution of inhomogeneous dark-bright triplet RWs
showing triangular structure with periodic background for four
different nonlinearities. (a) & (e) symmetric triplets for constant
nonlinearity σ (z) = σ0 with σ0 = 1 and "10 = 0.001. (b)
& (f) asymmetric variations in the triplets for localized nonlin-
earity σ (z) = σ0 + σ1sech(σ2z + σ3) with σ2 = 1.5, (c) &
(g) Amplification with compression of the triplet for step-like

nonlinearity σ (z) = σ0 + σ1 tanh(σ2z + σ3) with σ2 = 1.5,
and (d) & (h) Amplified triplets on double periodic background
σ (z) = σ0+σ1 sin(σ2z + σ3)with σ2 = 2.05. The other param-
eters are δ0 = 0.75, σ0 = 1.05, σ1 = 0.5, σ3 = 0.05, a= 1,
"10 = 0, k1 = 1.6879a, k2 = 0, ζ1 = 6, ζ2 = 1.2, ζ3 = 0,
ζ4 = 0, α1 = 3, α2 = 1, b= i , ξ10 = 1, and ψ10 = 1
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√
3a/2, G =

√
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(
√
3a/2)(κτ + i −

√
3aτ + 2ξ), and F = 3a2τ − iν2

with ζ1, ζ2, ζ3, ζ4, ζ5 and ζ6 are the structural parame-
ters.

The above second-order RW solution (19g) results
in a superposition of four or six fundamental RWpeaks,
which we refer to as quartet and sextet RW structures,
mainly based on the arbitrary parameters ζ2 and ζ3.
Particularly, when we assume ζ3 = 0 and ζ2 ̸= 0, an
RWquartet structurewould occur, leading to a rhombus
pattern formation, where the inter-peak distance can be
tuned effectively using the available arbitrary parame-
ters. Generally, the constituents of these quartet peaks
look similar but need not be identical. In the present
model, due to the superposition phenomenon imposed
on the solution root, the quartets appear on the periodic
background that modifies peaks asymmetrically, lead-
ing to differing profile nature with unequal amplitude
and width of the four peaks. Further, these quartets
possess a peak amplitude more than twice the back-
ground amplitude except for a few peaks that admit
lesser amplitude and can even admit a double-peak
structure. Moving further, we can arrive at an inter-
esting sextet RW structure when we choose the param-
eters ζ2 = 0 and ζ3 ̸= 0. Such sextet RWs create a
pentagon pattern with five peaks on its sides and one
peak at the center. Similar to the quartet form,we notice
that the amplitudes of individual peaks in the sextets
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Fig. 18 Evolution of inhomogeneous dark-bright triplet RWs
showing triangular structure with periodic background for four
different nonlinearities. (a) & (e) symmetric triplets for constant
nonlinearity σ (z) = σ0 with σ0 = 1 and "10 = 0.001. (b)
& (f) asymmetric variations in the triplets for localized nonlin-
earity σ (z) = σ0 + σ1sech(σ2z + σ3) with σ2 = 1.5, (c) &
(g) Amplification with compression of the triplet for step-like

nonlinearity σ (z) = σ0 + σ1 tanh(σ2z + σ3) with σ2 = 1.5,
and (d) & (h) Amplified triplets on double periodic background
σ (z) = σ0+σ1 sin(σ2z + σ3)with σ2 = 2.05. The other param-
eters are δ0 = 0.75, σ0 = 1.05, σ1 = 0.5, σ3 = 0.05, a= 1,
"10 = 0, k1 = 1.6879a, k2 = 0, ζ1 = 6, ζ2 = 1.2, ζ3 = 0,
ζ4 = 0, α1 = 3, α2 = 1, b= i , ξ10 = 1, and ψ10 = 1
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√
3(iG∗ν − 1)F, (19i)

w2 = l2 +
2√
3
(ν − 2)(ν2 − ν + 1)G

−
√
3(iGν + 1)F, (19j)

l3 = 4ia2τ (10+ 9ν)+ 8
3
ν(2ν + 1) − 2

45
ν5

+ν

(
2ν − 2

3
ν2 + i F

)2

, (19k)

m3 = l3 −
√
3G∗

[(
2i F − 5

3
ν2

)
ν2

−(2G∗ν + 3a2τ )2
]

− 6ν3 − 4ν

+ 2i√
3
(ν3 + 14ν − 4) − 12(4G + i)a2τ, (19l)

w3 = l3 −
√
3G

[(
2i F − 5

3
ν2

)
ν2

−(2Gν + 3a2τ )2
]

− 6ν3 − 4ν

− 2i√
3
(ν3 + 14ν − 4)+ 12(4G∗ − i)a2τ.

(19m)

Here λ0 = κ/6 + i
√
3a/2, G =

√
3/2 + i/2, ν =

(
√
3a/2)(κτ + i −

√
3aτ + 2ξ), and F = 3a2τ − iν2

with ζ1, ζ2, ζ3, ζ4, ζ5 and ζ6 are the structural parame-
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background that modifies peaks asymmetrically, lead-
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possess a peak amplitude more than twice the back-
ground amplitude except for a few peaks that admit
lesser amplitude and can even admit a double-peak
structure. Moving further, we can arrive at an inter-
esting sextet RW structure when we choose the param-
eters ζ2 = 0 and ζ3 ̸= 0. Such sextet RWs create a
pentagon pattern with five peaks on its sides and one
peak at the center. Similar to the quartet form,we notice
that the amplitudes of individual peaks in the sextets
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Ø Inhomogeneous nature of the model is implemented through
periodic, step-like tan-hyperbolic, localized soliton-type
varying nonlinearities.

Ø Modulation in the identities of breathers occur, like
localization breaking, doubly-periodic structures,
amplification and compression, generation of sideband
oscillating tails, cross- over and exciton formation.

Fig. Doubly-periodic structures, cross-over interaction, amplification with
compression of breathers due to inhomogeneous nature of the medium.
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Fig. 8 The nature of bright-dark rogue wave profile on the peri-
odic background for constant dispersion δ(z) = δ0 and nonlin-
earity σ (z) = σ0 with α1 = 3 and α2 = 1. (a) & (d) σ0 = 1.75,

(b) & (e) δ0 = 2.5, and (c) & (f) $10 = 0.05. The other param-
eters are the same as in Fig. 2

dark rogue wave on a periodic background, as shown in
Fig. 10(c), while the |p2|2 component exhibits a bright
rogue wave on a periodic background, as seen in Fig.
10(d). The interplay between the bright and dark char-
acteristics of the rogue waves across the two compo-
nents is further illustrated in the contour plots presented
in Figs. 10(e)-(h), providing a clear visualization of
these dynamic wave behaviors.

The above discussion revealed different dynamical
characteristics of the singlet RWs when the medium
nature is homogeneous. Next, we have to explore in
detail how the inhomogeneity of themediumwith vary-
ing nonlinearity will modulate the dynamics of RWs.
We wish to remind here that throughout our analy-
sis, we consider the situation of constant dispersion
δ(z) = δ0 alone.

3.1.1.2. Inhomogeneous Medium: Nonlinearity Modu-
lation

Now, we proceed to analyze the nature of the inho-
mogeneous RW profiles by incorporating three types
of longitudinally varying nonlinearity arising from the
nature of the refractive index of the propagating opti-
cal medium [10]. The types of modulations consid-

ered here are (i) localized-type, (ii) step-like, and (iii)
periodic nonlinearities described by the form (i) local-
ized type σ (z) = σ0 + σ1sech(σ2z + σ3), (ii) step-
like σ (z) = σ0 + σ1 tanh(σ2z + σ3), and (iii) periodic
σ (z) = σ0 + σ1 sin(σ2z + σ3), respectively. The arbi-
trary real parameters σ0, σ1, σ2, and σ3 appear in the
nonlinearity function play a crucial role in determin-
ing the various dynamical behaviors of the resultant
RW profiles, and the modulation of their properties. In
the following, we will investigate the changes in rogue
wave dynamics under these three forms of nonlinear
media.
A. Localized-type nonlinearity modulation:
We begin by examining the case of localized-type non-
linearity, specifically expressed by the function σ (z) =
σ0+σ1sech(σ2z+σ3), to explore the distinct behaviors
of inhomogeneous RW profiles along with a periodic
background by tuning the parameters σ0, σ1, σ2, and
σ3 individually. For such localized nonlinearity mod-
ulation, the present model creates an exciting super-
posed state of three waves, namely the singlet rogue
wave, the background periodic wave, and the localized
solitary wave, by the inhomogeneity of the medium.
On the other hand, one can visualize the current phe-
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v Periodic modulation:
v Step-like modulation:
v Localized soliton modulation:
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