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Abstract: The topic of this paper is an improved PolyMAX for a system with close modes or heavy 
damping. Due to the phenomenon of modal interference induced by close modes or heavy 
damping, the effectiveness of system identification may be therefore degraded. According to the 
theory of mechanical vibration, the response data function can be expressed in rational fraction 
form through the curve fitting technique, and the modal identification can be implemented from 
parametric estimation from rational fractional coefficients. However, we cannot acquire the mode 
shape information because the conventional common denominator model only indicates the 
frequency response function of a single-degree-of-freedom system. In this paper, we propose the 
matrix-fractional coefficients model constructed by the frequency response functions of a 
multiple-degree-of-freedom system to perform modal estimation. In addition, to get rid of the 
phenomenon of omitted modes from the distortion from modal interference among the vibration 
modes of a system, we introduce a system model with higher-order matrix-fractional coefficients in 
the proposed method. The vibration modes of systems and fictitious modes caused by the 
numerical computation can be effectively separated through the different-order constructed 
stabilization diagram. Modal identification can be implemented by solving the eigenproblem of 
companion matrix yielded from least square estimation. Numerical simulation of a full model of 
sedan, confirms the validity and robustness of the proposed parametric-estimation method for a 
system with modal interference. 
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1. Introduction 

Among many techniques of modal estimation in the past, the frequency-domain methods deal 
with the frequency response functions of a structure under consideration from which modal 
parameters are estimated. Due to the fact that the frequency response functions are readily available 
from input and output data, the frequency-domain methods have been used extensively [1]. In 2001, 
Auweraer et al. [2] proposed a fast-stabilizing parametric estimation method in frequency domain 
(LSCF) using the frequency response function matrix to employ the curve-fitting technique. In 2003, 
Guillanume et al. [3] introduced the concept of matrix fraction description (MFD) to extend LSCF for 
a poly-reference case and proposed so-called poly-reference least squares complex 
frequency-domain method (PolyMAX). The main advantages of the PolyMAX are its computation 
speed and yields very clear stabilization diagrams [4] even with highly noise-contaminated 
measurement data. However, it may yield poor estimates in damping ratios especially for a system 
with heavy damping and insufficient modes to be completely excited under noisy conditions. In 
addition, by using the stabilization diagram in conjunction with PolyMAX method, the accuracy of 
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the identification results of structural modes is relatively consistent due to the sufficient order of the 
model to be estimated, the system and fictitious modes can therefore be effectively separated [5]. In 
recently years, the application of PolyMAX method for modal estimation has been extensively 
considered [6] and investigated [7]. This method has been employed to experimental modal 
estimation in flight testing [8], and can be effectively used to identify the damping ratios of the 
offshore wind power system [9] as well as estimate the modal parameters of power transformer 
winding [10] in electric power system. Also, the PolyMAX method has been extended to the damage 
detection and assessment of large-scale structures [11].   

In this paper, we propose an improvement of PolyMAX method to perform parametric 
estimation of structures with modal interference. The content of modal interference caused by the 
close modes and high damping ratios often affects the accuracy of modal estimation. The serious 
problems of modal interference may lead to difficulties in modal estimation, especially for 
identifying damping ratios. By introducing the matrix-fractional coefficients model consisting of the 
frequency response functions of a multiple-degree-of-freedom (MDOF) system, and using the 
different-order constructed stabilization diagram in the process of modal estimation, we can 
estimate the number of structural modes to be identified. The modal parameters of a system can be 
obtained by directly solving the eigenproblem of companion matrix yielded from least square 
estimation.  

2. Poly-reference least squares complex frequency-domain method 

PolyMAX algorithm is based on frequency response function matrix of symmetric form as 
primary data containing the FRFs between all inputs and outputs. Through the least-squares 
estimation between frequency response function matrix and matrix rational mathematical model, 
the coefficients of numerator and denominator matrix polynomials can be identified. The modal 
parameters of a system can then be estimated from the coefficients of denominator matrix 
polynomials. The higher the constructed order mathematical model is, the more complete the modal 
information that can be obtained. The sensitivity of polynomial coefficients is, however, affected by 
high-order polynomial curve fitting.  

Based on the property of companion matrix, modal identification can be implemented by 
directly solving the eigenproblem of companion matrix instead of solving the coefficients of 
numerator and denominator matrix polynomials in rational function form of frequency response 
function, and therefore significantly reduce relatively much calculations required in conventional 
PolyMAX method. After deriving the denominator coefficient, the poles (indicate the information of 
natural frequencies and damping ratios) and mode shape vectors of a system are directly related to 
the eigenvalues and eigenvectors of their companion matrix.  

3. Estimation of identified Modes from the Phase of Frequency Response Function 

Based on the theory of structural dynamics, the phase of the frequency of response function 
associated with a single-degree-of-freedom (SDOF) system will vary instantaneously from to   
when natural frequencies of a structure are equal to the applied loading frequency. We can therefore 
estimate the quantity of structural modes to be identified by roughly examining the phase of the 
frequency of response function [12]. However, for the most MDOF systems in practice, the number 
of structural modes to be identified may be erroneously determine due to the distortion the 
modal-identification information among the modes with relatively heavy damping and closely 
spaced modes. We cannot therefore relatively accurate determine the natural frequencies and 
quantity of structural modes by examining the phase of the frequency of response function due to 
the distortion the modal-identification information among the modes with relatively heavy damping 
and closely spaced modes. The more serious the problem of modal interference is, the more 
distortion the information of modal estimation has. 

4. Numerical Simulations 
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The modal identification can be performed from both the excitation and response data of a 
structural system under external force excitation in dynamic tests. However, it is usually difficult to 
obtain the exact modal information in practical dynamic testing of large-scale structure. 
Consequently, it is necessary to verify in advance the effectiveness of the present method through 
the numerical simulations. To demonstrate the effectiveness of the present method for more 
complex structural systems, we consider a full vehicle model with two pairs of closely spaced 
modes (frequency separation smaller than 0.1 rad/sec) as shown in Fig. 1. A full model of motor 
vehicle can be generally viewed as a 7-dof system, which includes the bounce, pitch and roll 
motions for the body of motor vehicle, and 4 bounce motions for the wheels [13]. The vehicle model 

under consideration in this case is a 7-dof system with = u ,u ,u ,u ,u ,u ,u5 71 2 3 4 6  u , where 2u =   

and 3u =   are the rotational displacement of pitch and roll behavior of the motor vehicle, 

respectively, and others are the vertical displacement of bounce behavior of the motor vehicle and 
four wheels as shown in Fig. 1. The mass matrix is a diagonal matrix, diag

= ,m ,m ,m ,m ,m ,m5 71 2 3 4 6m  M , where the sprung mass 1m  represents the corresponding body 

mass of motor vehicle to the wheels as well as the unsprung mass, 4 5 6m , m , m , and 7m , 

represents the wheel and its associated components. 2 ym I=  and 3 xm I=  are, respectively, the 

pitch and roll moment of inertia of the motor vehicle. The stiffness matrix can be obtained as 
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where 1L , 2L , 3L , and 4L  are, respectively, the half of axle track of front and rear wheel as well 
as the distances to the front and rear axle from the center of gravity of a motor. The summation of 

3L  and 4L  is the wheelbase of a motor.  1 2k k ,  3 4k k ,  11 12k k , and  13 14k k  are 

the front and rear suspension spring stiffness as well as the front and rear tire stiffness, respectively. 
Throughout this numerical study,  ,m ,m ,m ,m 1365,46.8,46.8,41.4,41.45 71 4 6m kg   , 

3 2m I 1.831 10y2 = kg m   and 2 2m I 4.98 10x3 = kg m   ; 42.2428 10 /1 2k k N m   , 

42.7022 10 /3 4k k N m   ,  52.32342 10 /11 12k k N m   , and 52.92982 10 /13 14k k N m   ; 

0.71651 2L L m  , 1.11353L m , and 1.54154L m ; 0.1 0.001 sec/N m  C M K . Note that 

the system has proportional damping, because the damping matrix C can be expressed as a linear 
combination of M and K. The results of modal estimation are summarized in Table 1, which shows 
that the average errors in natural frequencies are less than 5 % and those in damping ratios are less 
than 10%. The identified mode shapes are also compared with the exact values in Fig.2, in which we 
observe good agreement with the minimum value of MAC [14] of 0.93. The first three mode shapes 
are modal behavior with bounce, pitch, and roll modes, respectively, of the global motor vehicle, 
while the last four mode shapes are modal behavior with bounce modes of the local left front, right 
front, left rear, and right rear wheels, respectively. It is relatively complicated for modal analysis of 
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this model of motor vehicle, but it is applicable for accurate numerical simulation to confirm the 
validity of the proposed modal-estimation method. 

 

Table 1 Results of the modal estimation of a 7-DOF system of a motor vehicle through the PolyMAX 
method choosing polynomials order 2m   

Mode 
Natural Frequency (rad/sec) Damping Ratio (%) 

MAC 
Exact PolyMAX Error (%) Exact PolyMAX Error (%) 

1 5.03 5.11 1.49 1.25 1.21 2.56 0.99 

2 7.82 7.89 0.92 1.03 1.01 1.64 0.95 

3 18.48 18.50 0.13 1.19 1.18 1.11 0.93 

4 73.79 70.77 4.09 3.76 3.45 8.20 0.99 

5 73.87 70.85 4.10 3.76 3.45 8.22 0.97 

6 87.93 82.93 5.68 4.45 3.96 11.10 0.99 

7 88.07 83.05 5.70 4.46 3.96 11.14 0.96 

 

 

Fig.1 Schematic plot of the 7-dof system of a motor vehicle 
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Fig. 2 Comparison between the identified mode shapes and the exact mode shapes of the 7-DOF 
system of a motor vehicle with two pairs of closely spaced modes  

Acknowledgments: This research was supported in part by Ministry of Science and Technology of the Republic 
of China under the Grant MOST 105-2218-E-020-001-.  

Author Contributions: Chang-Sheng Lin conceived, designed, and performed the numerical simulation, as 
well as analyzed the data and wrote the paper. 

Conflicts of Interest: The author declares no conflict of interest regarding the publication of this paper. 
  

References 

1. Hougen, J.O. and Walsh, R. A., “Pulse Testing Method,” Chemical Engineering Progress, Vol.57, No.3, 
pp. 69-79, 1961. 

2. Van der Auweraer, H., Guillaume, P., Verboven, P. and Vanlanduit, S., “Application of a 
fast-stabilizing frequency domain parameter estimation method,” Journal of Dynamic Systems 
Measurement and Control – Transactions of the ASME, pp. 651-658, 2001. 

3. Guillaume, P., Verboven, P., Vanlanduit, S., Van Der Auweraer, H. and Peeters, B., “A Poly-Reference 
Implementation of the Least-Squares Complex Frequency-Domain Estimator,” International Modal 
Analysis Conference (IMAC XXI), Kissimmee, Florida, 2003. 



Proceedings 2018, 2, x 6 of 6 

 

4. Van der Auweraer, H. and Peeters, B., “Discriminating Physical Poles from Mathematical Poles in 
High Order Systems: Use and Automation of the Stabilization Diagram,” Proceedings of the IEEE 
Instrumentation and Measurement Technology Conference, Como, Italy, May, pp. 2193–2198, 2004. 

5. Peeters, B., Van der Auweraer, and Guillaume, P., “The PolyMAX frequency-domain method: a new 
standard for modal parameter estimation,” Shock and Vibration, No.11 (3-4), pp. 395-409, 2004. 

6. Liu, X., Luo, Y., Karney, B. W., Wang, Z., and Zhai, L., “Virtual testing for modal and damping ratio 
identification of submerged structures using the PolyMAX algorithm with two-way fluid–structure 
Interactions,” Journal of Fluids and Structures, No.54, pp. 548-565, 2015. 

7. Sitarz, P. and Powalka, B., “Modal parameters estimation using colony optimization algorithm,” 
Mechanical Systems and Signal Processing, Vol. 76-77, pp.531-554, 2016. 

8. Troyer, T.D., Guillaume, P., and Sitter G. D., “Improved Poly-reference Frequency-domain Modal 
Estimators for Flutter Analysis,” 14th IFAC Symposium on System Identification, Newcastle, 
Australia, 2006. 

9. Shirzadeh, R., Devriendt, C., Bidakhvidi, M. A., and Guillaume, P., “Experimental and computational 
damping estimation of an offshore wind turbine on a monopile foundation,” Journal of Wind 
Engineering and Industrial Aerodynamics, Vol. 120, pp. 96-106, 2013. 

10. Geng, C., Wang, F., Zhang, J., and Jin, Z., “Modal parameters identification of power transformer 
winding based on improved Empirical Mode Decomposition method,” Electric Power Systems 
Research, Vol. 108, pp.331-339, 2014. 

11. Yi, W. J., Zhou, Y., Kunnath, S., and Xu, B., “Identification of localized frame parameters using higher 
natural modes,” Engineering Structures, Vol. 30, pp.3082-3094, 2008. 

12. Lin, C.-S., “Parametric estimation of systems with modal interference,” Archive of Applied Mechanics, 
Vol. 87, pp.1845-1857, 2017. 

13. Goodarzi, A. and Khajepour, A., “Vehicle Vibration Model,” Vehicle Suspension System Technology 
and Design, Morgan & Claypool Publisher s20eries, pp. 48-71, 2017.  

14. Allemang, R. L. and Brown, D. L., “A Correlation Coefficient for Modal Vector Analysis,” Proceedings 
of the 1st International Modal Analysis Conference, Society for Experiment Mechanics, Bethel, CT, pp. 
110-116, 1983. 


