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Abstract: In most of autonomous underwater vehicles (AUVs), the navigation system is based on 

an inertial navigation system (INS) aided by a Doppler velocity log (DVL). In several INSs only the 

velocity vector, provided by the DVL, can be used as input for aiding, thus limiting the integration 

approach to a loosely coupled one. In situations of partial DVL measurements (such as failure to 

maintain bottom lock) the DVL cannot provide the AUV velocity vector and as a result the 

navigation solution is based only on the standalone INS solution and will drift in time.  To 

circumvent that problem, the extended loosely coupled (ELC) approach was recently proposed. ELC 

combines the partial DVL measurements and additional information, such as the pervious 

navigation solution, to form a calculated velocity measurement to aid the INS.  When doing so, the 

assumption made in the extended Kalman filter (EKF) derivation of zero correlated process and 

measurement noise covariance does not hold. In this paper, we elaborate the ELC approach by 

taking into account the cross-covariance matrix of the correlated process (INS) and measurement 

(Partial DVL) noises. At first, this covariance matrix is evaluated based on the specific assumption 

used in the ELC approach and then implemented in the EKF algorithm.  Using 6DOF AUV 

simulation, results show that the proposed methodology improves the performance of the ELC 

integration approach. 
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1. Introduction 

Most autonomous underwater vehicles (AUVs) are equipped with an inertial navigation system 

(INS) as their main navigation sensor [1-2]. An INS uses its inertial sensors measurements to provide 

a complete navigation state that is position, velocity and orientation of the platform. Due to 

measurement noises and biases the INS navigation solution drifts in time.  Therefore, INSs are 

usually aided by other external sensors or data such as the Doppler velocity log (DVL) for velocity 

aiding [3-4]. 

There are two main approaches for sensor fusion between INS and DVL (also valid for other sensors): 

(1) loosely coupled (LC); and (2) tightly coupled (TC) [5,6]. In the LC approach, the DVL raw data 

(relative velocity in each beam direction) is used to calculate the vehicle velocity, which in turn is 

used to aid the INS via a navigation filter. The advantage of this method is the simplicity of 

integration and the ability to combine any off-the-shelf INS with any DVL. The main drawback, 

however, is the requirement for the DVL to operate in bottom lock, which refers to the condition 

when a sufficient number of beam measurements (at least three) are available. In the TC approach, 
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the DVL raw data is directly used in the navigation filter. Therefore, there is no need for a bottom 

lock requirement, and aiding may be applied even with a single beam measurement. 

In practice, many off-the-self INSs can only receive from the DVL an external velocity vector 

measurement [7] enabling only implementation of the LC approach. In some situations, such as 

operation in close proximity to the seafloor, or when experiencing extreme tilt angle beam 

malfunction, one or more of the DVL beams may not provide the reflection required for determining 

velocity. Thus, disabling the DVL's ability to provide velocity updates to the INS. As a consequence, 

the INS navigation solution will drift in time. 

To circumvent this problem, the extended loosely coupled (ELC) approach for calculating platform 

velocity with partial DVL measurements was recently proposed [8]. There, the basic idea was to use 

the partial measured raw data from the DVL combined with additional information to derive the 

platform velocity vector. This calculated vehicle velocity is used for aiding the INS, as in the regular 

LC approach. Calculation of the velocity vector in that manner violates one of the assumptions made 

in the extended Kalman filter (EKF) derivation of the process and measurement noises being 

uncorrelated. 

In this paper, we elaborate the ELC approach by taking into account the cross covariance matrix of 

the correlated process (INS) and measurement (Partial DVL) noises. At first, the covariance matrix is 

evaluated based on the specific assumption used in the ELC approach and then implemented in the 

EKF algorithm.  Using 6DOF AUV simulation, results show that the proposed methodology 

improves the performance of the ELC integration approach. 

 

2. Extended Kalman Filter with Correlated Process and Measurement Noise 

Consider the nonlinear system 
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where the system equation f(∙) and measurement equation h(∙) are nonlinear functions, x is the state 

vector and k is the time-step index. The assumptions on the system and measurement noises are 
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where w is a zero-mean white Gaussian noise with covariance Q and v is a zero mean white Gaussian 

noise with covariance R. Assuming no correlation between the process and measurement noise, an 

error-state implementation of a discrete EKF is given by [9]:  
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where 


kx  is the priori estimate of the error-state vector, z is the measurement residual vector, 



kx is the posteriori estimate of the error state vector, 


kP is the covariance matrix of the prior 

estimation error, kK is the Kalman gain, kH  is the measurement matrix and k is the state 

transition matrix. 

When the process and measurement noises are correlated, their cross covariance matrix kM  [10], 
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must be taken into account in the EKF algorithm (3). Notice in (4), the process noise at time k is 

correlated with the measurement noise at time k+1.  The reason is that kw  affects the state at time 

k+1 just as 1kv affects the measurement at time k+1 (see (1) for the definition of the nonlinear system).   

When considering the process and measurement noise cross covariance matrix, the EKF algorithm 

(3) is modified to [10] 

 

 
   1

1111

0



























k

T

k

T

kkk

T

kkkk

T

kkk

T

kkkkkk

kkk

k

T

kkkk

k

RMHMHHPHMHPK

MPHKPP

zKx

QPP

x





 (5) 

3. Extended Loosely Coupled Approach 

The ELC approach is considered herein for INS/DVL fusion with partial DVL measurements. In 

particular, situations when only two beam measurements are available. In such situations, the 

velocity vector of the platform cannot be calculated by the DVL and hence no velocity aiding can be 

provided to the INS. The ELC approach utilizes the available partial beam measurements with 

external information to calculate the velocity vector required for aiding the INS. There are four 

different methods for implementing the ELC approach [8] yet only the virtual beam (VB) method is 

considered here.  

 

VB utilizes the available partial beam measurements from the DVL and the last filter prediction of 

the velocity vector in order to solve for the platform velocity. Following [8], without the loss of 

generality, we assume that beams #3 and #4 are not available. Let the matrix 𝐴𝑠 sA relate the velocity 

vector in platform frame to the velocity components in each beam direction 

 TTTT

s bbbA 321  (5) 

where b is the beam direction vector. Assuming, small value of lever arm, the velocities in beams (#1, 

#2 and #3) directions are: 

p

ptss vAy /  (6) 

where 
p

ptv / is the velocity vector between the platform and tangent frames expressed in the platform 

frame. From (6), the velocity in third beam direction is  

p

pt

Tvby /33   (7) 

Since 
p

ptv /  cannot be calculated by the DVL at time k, the estimated velocity 
p

ptv /
ˆ at time k+1 
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  (8) 

is substituted into (7) to calculate the third beam velocity 
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where u is the surge velocity component, v is the sway velocity component and w is the heave velocity 

component.  Plugging the calculated beam #3 velocity (9) together with the measured beam 

velocities #1 and #2 into (6) yields the DVL platform velocity measurement  
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Notice that the platform velocity vector, as calculated in (10), is influenced by the DVL measurement 

noise (in beams #1 and #2) and the process noise (in beam #3), thus a correlation between the two 

exists. Therefore, the process and measurement noise cross covariance matrix should be taken into 

account in the EKF algorithm. The ELC with the VB approach as described in this section is illustrated 

in Figure 1. 

 

  

Figure 1. The extended loosely coupled approach with virtual beam implementation and with the 

process-measurement noises cross covariance matrix. 

4. Analysis and Results 

The EKF with correlated measurements (5) is used for the analysis. All filter relevant parameters 

can be found in [8]. The simulated AUV trajectory is a straight-line trajectory with constant speed 

and depth. This trajectory was chosen since in steady-state conditions most AUVs will follow a 

straight line trajectory. The simulated AUV speed was 2[m/s] for a 100 seconds trajectory. The inertial 

sensors were measured at 150Hz and modeled with a constant bias and zero-mean Gaussian white 

noise. The DVL was aiding was received at rate of 1Hz each DVL beam measurement was modeled 

with constant bias and zero-mean Gaussian white noise.  

The root mean square (RMS) error is used to evaluate the performance of the proposed approach. 

Monte-Carlo runs with the 6DOF AUV simulation were conducted and the RMS was calculated for 

the velocity vector. The IMU residual states and attitude misalignment states are not presented here 

since no major improvement was obtained comparted to the original ELC approach.  

The velocity RMS error with (M=1) and without (M=0) the cross-covariance matrix of the 

correlated process and measurement noises, is presented in Figure 2.  
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Figure 2. The velocity RMS error with (M=1) and without (M=0) the cross-covariance matrix of the 

correlated process and measurement noises. 

The results when taking into account the cross-covariance matrix are better than without 

considering it. The rate of improvement increases as the length of the trajectory increases. For 

example, at the end of the trajectory an improvement of about 18% was achieved. Also, the standalone 

INS obtained a velocity RMS error of 1.29m/s at the end of the trajectory which means that that using 

the original ELC approach an improvement of 22% was obtained while using the ELC approach with 

the cross-covariance matrix an improvement of 36% was obtained.         

5. Conclusions 

In this paper the cross-covariance matrix, representing the correlation between the process and 

measurement noises, was used in INS/DVL fusion with the ELC approach. Simulation results using 

a 6DOF simulation show that when considering the correlation covariance matrix the results improve 

compared to the original ELC approach. In particular, at the end of the trajectory an improvement of 

about 18% was achieved. 

Future research will include evaluation of other trajectories and sea-experiment to validate the 

proposed approach.  
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