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Abstract: Candidate theories of quantum gravity predict the presence of a minimal meas-

urable length at high energies. Such feature is in contrast with the Heisenberg Uncertainty 

Principle. Therefore, phenomenological approaches to quantum gravity introduced mod-

els spelled as modifications of quantum mechanics including a minimal length. The effects 

of such modification are expected to be relevant at large energies/small lengths. One first 

consequence is that position eigenstates are not included in such models due to the pres-

ence of a minimal uncertainty in position. Furthermore, depending on the particular mod-

ification of the position-momentum commutator, when such models are considered from 

momentum space, the position operator is changed and a measure factor appears to let 

the position operator be self-adjoint. As a consequence, the (quasi-)position representation 

acquires numerous issues. For example, the position operator is no longer a multiplicative 

operator and the momentum of a free particle does not correspond directly to its wave-

number. Here, based on the work [1], we will review such issues, clarifying aspects of 

minimal length models, with particular reference to the representation of the position op-

erator. Furthermore, we will show how such a (quasi-)position description of quantum 

mechanical models with a minimal length affects results concerning simple systems. 
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1. Introduction 

Several approaches to Quantum Gravity, as well as gedanken experiments in black 

hole and high energy physics, suggest the presence of a minimal measurable length [2–9]. 

Such minimal length may be due to structural properties of space time (see e.g. Causal 

Dynamical Triangulation, Loop Quantum Gravity, etc.) or to a fundamental minimal un-

certainty in position (see e.g. String Theory, re-elaborations of the Heisenberg microscope 

including gravity, etc.) Regardless of its nature, such minimal length is in contrast with 

one of the cornerstones of Quantum Mechanics, viz. The Heisenberg Uncertainty Princi-

ple. Therefore, a modification of Quantum Mechanics accounting for such minimal meas-

urable length is often considered in phenomenological approaches to Quantum Gravity. 

This modification is referred to as the Generalized Uncertainty Principle (GUP). Several 

different approaches to GUP have been proposed in the past. In fact, GUP can be cast as 

a modification of the uncertainty relation between position and momentum, with no nec-

essary modification of the representations of the corresponding operators [9–11]; alterna-

tively, modifications of Poisson brackets have been considered in the classical sector, in-

ducing modified classical dynamics [12–15]; finally, a modified commutation relation be-

tween position and momentum is studied, related with a modified uncertainty relation 
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via Schrödinger-Robertson relation [16–19]. In this work, we will consider this last ap-

proach. Specifically, we will consider a generic commutation relation of the form 

[�̂, �̂] = �ℏ�(�̂). (1)
 

To study such relation and its implications, we will use [17] as a guideline. In partic-

ular, we will study the action of the position operator in models with a minimal length 

described by Eq. (Error! Reference source not found.). It is worth pointing out at this stage 

that, since Eq. (Error! Reference source not found.) introduces a minimal uncertainty in 

position, position eigenstates are not included in such a model. We will thus see how a 

new representation is possible, following the ideas developed in [17] and the implications 

of such alternative perspective. 

2. Quasi-position representation 

Let us start from the momentum-space representation, in which the momentum op-

erator acts on a wavefunction �(�) by multiplying by the momentum variable �. In this 

space, a possible representation for the position operator is 

�̂�(�) = �ℏ�(�)
�

��
�(�). (2)

 

As mentioned in the introduction, position eigenstates are not present in such model. 

Thus, we do not have a meaningful representation in which the operator �̂ acts multipli-

catively. However, we can introduce maximally localized states as those state with the 

smallest position uncertainty possible and write any state as a superposition of such max-

imally localized states. For practical reasons, we will specialize our analysis to the case in 

which the function �(�) in Eq. (Error! Reference source not found.) is given as 

�(�) = 1 − 2�� + (�� + �)��, (3)
 

with 

� =
��

� ���
, � =

��

� ��
� ��

. (4)

 

Here, � �� is the Planck mass, � is the speed of light in vacuum, and �� and �� are dimen-

sionless parameters. Similar results in a more general setting can be found in [1]. A func-

tion of minimal uncertainty in position can be found, as usually done in Quantum Me-

chanics, as the function �⟨�⟩(�) of position expectation value ⟨�⟩ fulfilling the following 

equation 

(�̂ − ⟨�⟩)�⟨�⟩ = −
�ℏ⟨�(�)⟩

(��)�
(�̂ − ⟨�⟩)�⟨�⟩. (5)

 

Using Eqs. (Error! Reference source not found.,Error! Reference source not found.), we 

find a differential equation of solution 

�⟨�⟩(�) =
�

�������(����)��
��� �−�

⟨�⟩ ��(�)

ℏ
�, (6)

 

where ��(�) is defined as 

��(�) = ∫
� ��

�(��)

�

�
=

�

√�
������ �

����������

√�
� +

�

√�
������ �

�

√�
�. (7)

 

It is important to notice that, in general, the quantity �� is bounded on subset of ℝ. In fact, 

in the particular case of Eq. (Error! Reference source not found.), we find  

�� ∈ �
�

√�
������ �

�

√�
� −

�

�√�
 ,

�

√�
������ �

�

√�
� +

�

�√�
�. (8)
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Such property is in agreement with the existence of a minimal length, since, as we will see 

below, the two extremes correspond to the shorter wavelength allowed in the model. Fur-

thermore, it is worth noticing that such interval is not symmetric with respect to 0. This is 

a consequence of the linear term in � in Eq. (Error! Reference source not found.) which 

introduces a difference between the left and right direction. 

Considering the function in Eq. (Error! Reference source not found.) as a function of 

both � and � = ⟨�⟩ and using it as a kernel for an integral transform, we obtain the follow-

ing two transform which generalize the Fourier transform in the case of GUP 

���[�](�) =
1

√2�ℏ
�

� �

�(�)

�

��

�∗(�, �)�(�),

�[�](�) =
1

√2�ℏ
� �

�

��

 � [�∗(�, �)]���(�).

 (9)

 

Such transform allows for representing a state as a superposition of maximally localized 

states of different position expectation values �. We can then use them to find the momen-

tum eigenstates in such new “quasi-position” representation 

��~(�) = ���[�(�~− �)](�) =
�

√��ℏ

�

[�����~�(����)�~�]� �⁄ ��� ��
� ��(�~)

ℏ
�. (10)

 

We thus see that a momentum eigenstate, i.e. a free-particle state, in quasi-position space 

corresponds to a plane wave of wave number � = �� (�~) ℏ⁄ . Therefore, GUP changes de 

Broglie relation between wave number and momentum. Furthermore, in models in which 

�(�) is not an even function, e.g. �� ≠ 0, we have two different wave numbers for left- and 

right-moving waves or, equivalently, a different dispersion relation for left- and right-

moving particles. 

Furthermore, the same transformations allow for writing the position and momen-

tum operators in quasi-position space. In fact, we find  

�̂ = � + �ℏ[(�� + �)�̂ − �],

�̂ =
√���� �√��̂� − ������ �

�

√�
�� + �

�� + �
, �̂� = −�ℏ

�

� �

 (11)

 

We then see that the position operator in such representation is not a multiplicative oper-

ator, as in standard Quantum Mechanics. This result is due to the rich structure of models 

with a minimal length. 

3. Examples 

We are now going to consider two special systems in which a minimal length, via the 

results found in the previous section, has interesting consequences. 

3.1 Particle in a box 

Let us consider a one-dimensional box of side �. Such a system, similarly to what is 

done in ordinary Quantum Mechanics, can be described in terms of a discontinuous po-

tential, which is 0 between � = 0 and � = �  and infinite anywhere else. Proceeding as 

usual, one considers a superposition of left- and right- moving waves with same momen-

tum eigenvalue � up to a sign and imposes the relevant boundary conditions. However, 

since in GUP models the wavelengths of left- and right- moving waves are in general dif-

ferent, we cannot directly conclude that a solution of the Schrödinger equation is a stand-

ing wave with � a semi-integer multiple of the wavelength. In fact, after the necessary 

calculation, one find that in this case the condition is that the sum of wavelengths of the 

left- and right-moving waves be a divider of the box width or, in terms of the quantity ��,  

[��(��) − ��(−��)] =
���ℏ

�
, (12)
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Figure 1. Energy times mass of a particle in a box of width 1 m. The green line represents 

the ordinary case, the blu and orange lines represent two different GUP parametriza-

tions. The dashed vertical lines represent the maximum integer n allowed for that partic-

ular model. 

where �� is the momentum eigenvalue associated with the �’s energy state. The relation 

above can then be inverted to find the possible values of the momentum eigenvalue. How-

ever, since �� is bounded as shown in the previous section, Eq. (Error! Reference source 

not found.) admits only a finite number of integers �. The maximum number of possible 

energy eigenstates is in fact related with the ratio � ℓ��⁄ , with ℓ�� the Planck length. Spe-

cifically, one finds for the maximum number  

���� = �
�

�ℓ�����
�. (13)

 

In Figure Error! Reference source not found., two different choices for the parame-

ters �� and �� are compared to the standard case. The vertical dashed lines correspond to 

the higher energy state allowed in each model. Such effect is more relevant the narrower 

the box is. For example, when � = 20ℓ�� and �� = 1, one finds that only 10 energy states 

are allowed. Conversely, one can find that boxes narrower than a particular width do not 

allow any state, that is when  

� < 2ℓ�����. (14)
 

3.2. Potential Barrier 

As a second example, let us consider a potential barrier of width � and height �� be-

tween � = 0 and � = �. As in ordinary Quantum Mechanics, considering a particle ap-

proaching the barrier from the left, a generic energy eigenstate is given by a superposition 

of a left- and a right-moving waves on the left of the barrier, corresponding to an incoming 

and a reflected wave, a left- and a right-moving wave in the region of the barrier, and a 

right-moving wave on the right of the barrier, corresponding to a transmitted wave. Im-

posing the corresponding boundary conditions, one can then find a relation for the trans-

mission and reflection coefficients. Carrying out the calculations, one can find that reso-

nances in the transmission amplitudes appear at different energies than in the standard 

case. Furthermore, contrary to ordinary Quantum Mechanics, only a finite number of res-

onances are allowed. As in the case of a particle in a box, in this case as well, resonances 

are related with the sum of the wavelengths of left- and right-moving waves in the region 

of the barrier. Specifically, a resonance is obtained when the width of the barrier is a half-

integer multiple of such a sum. In terms of the quantity ��, we have  

��(�′�) − ��(−�′�) =
���

�
, (15)

 

with �′� the momentum eigenvalue of the stationary states corresponding to a resonance, 

i.e.,  
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Figure 2. Resonance energies with a minimal length (blue and orange dots) and in the 

standard case (green dots). The vertical lines represent the maximum number of reso-

nances allowed in the models. Here, a barrier of width � = 20ℓ��  and height �� =

120 ℏ� ���⁄  has been used. 

�� = �2�(�� − ��). (16)
 

In this case as well, since �� acquires values on a limited interval, we can conclude 

that only finitely many resonances are allowed, as showed in Figure Error! Reference 

source not found.. The maximum number of resonances depend on the ratio � ℓ��⁄  and is 

given by 

���� = �
�

�ℓ�����
�. (17)

 

4. Conclusions 

The Generalized Uncertainty Principle is a quantum model describing the existence 

of a minimal uncertainty in position. In this paper, we considered such a model modifying 

the commutation relation between position and momentum. Due to the presence of a min-

imal uncertainty in position, it is not possible defining a position representation and we 

had to resort to an alternative description, often referred to as “quasi-position”. However, 

such methodology introduces various issues that we have tried to clarify here. In particu-

lar, the position operator does not act multiplicatively in such new representation. Rather, 

it contains a term proportional to the momentum operator and another which is an imag-

inary constant. Such an imaginary constant is related to the position expectation value on 

states of minimal uncertainty in position. Furthermore, by studying momentum eigen-

states in the quasi-position representation, we saw that they can be described as plane 

waves with a wave number which is not proportional to the momentum eigenvalue, sug-

gesting a modification of de Broglie relations. In fact, left- and right-moving waves char-

acterized by the same momentum eigenvalue are described by different wavelengths. Fur-

thermore, in general the wave number of a free wave acquires its value on a limited inter-

val, thus introducing a maximum wave number or a minimal wavelength, compatible 

with the introduction of a minimal length. All this has interesting implications when 

quantum systems are analyzed, as in the two examples presented here. In fact, we have 

seen that, differently from ordinary Quantum Mechanics, only a finite number of station-

ary states are allowed in a box. Furthermore, depending on the width of the box and on 

the parameters of the adopted model, a box may even present no state at all. As a second 

example we considered the case of a potential barrier. Here as well a minimal length has 

relevant implications. In fact, we found a finite number of resonance energies for a wave 
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crossing the barrier. Such number depends on the width of the barrier and on the param-

eters of the model. Furthermore, when no resonance is present, the reflection coefficient 

is strongly suppressed even for energies below the potential energy of the barrier. Again, 

these last features are compatible with the presence of a minimal length. 

 

Figure 3. Transmission coefficient as a function of the ratio between the energy of the 

incoming wave and the barrier height. Here, a barrier of width � = 1ℓ��   and height �� =

120 ℏ� ���⁄  has been used. It is worth noticing that the transmission coefficient is equal 

to 1 or close to 1 even when � < ��. 

The present analysis, although limited to a one-dimensional case and to a specific 

model, serves to shed some light on the issues concerning with a description of Quantum 

Mechanics with a minimal length. In fact, this is often the playground of phenomenolog-

ical studies in quantum gravity [20–22]. A detailed and careful analysis is therefore nec-

essary in order to potentially compare such features with experimental observations. 

Conflicts of Interest: The author declares no conflict of interest. 

References 

 

1. P. Bosso, “On the quasi-position representation in theories with a minimal length,” arXiv:2005.12258 [gr-qc, physics:hep-th, 

physics:quant-ph], May 2020, Accessed: Jan. 27, 2021. [Online]. Available: http://arxiv.org/abs/2005.12258. 

2. L. J. Garay, “Quantum gravity and minimum length,” International Journal of Modern Physics A, vol. 10, no. 02, pp. 145–165, Mar. 

1994, doi: 10.1142/S0217751X95000085. 

3. G. Amelino-Camelia, “Quantum-Spacetime Phenomenology,” Living Reviews in Relativity, vol. 16, no. 1, p. 5, Dec. 2013, doi: 

10.12942/lrr-2013-5. 

4. D. Amati, M. Ciafaloni, and G. Veneziano, “Can spacetime be probed below the string size?,” Physics Letters B, vol. 216, no. 1–

2, pp. 41–47, Jan. 1989, doi: 10.1016/0370-2693(89)91366-X. 

5. D. J. Gross and P. F. Mende, “String theory beyond the Planck scale,” Nuclear Physics B, vol. 303, no. 3, pp. 407–454, Jul. 1988, 

doi: 10.1016/0550-3213(88)90390-2. 

6. C. Rovelli and L. Smolin, “Discreteness of area and volume in quantum gravity,” Nuclear Physics B, vol. 442, no. 3, pp. 593–619, 

Nov. 1994, doi: 10.1016/0550-3213(95)00150-Q. 

7. C. A. Mead, “Possible Connection Between Gravitation and Fundamental Length,” Phys. Rev., vol. 135, pp. B849–B862, 1964, 

doi: 10.1103/PhysRev.135.B849. 

8. M. Maggiore, “A generalized uncertainty principle in quantum gravity.,” Physics Letters B, vol. 304, no. 1, pp. 65–69, 1993. 

9. F. Scardigli, “Generalized uncertainty principle in quantum gravity from micro-black hole gedanken experiment,” Physics 

Letters B, vol. 452, no. 1–2, pp. 39–44, Apr. 1999, doi: 10.1016/S0370-2693(99)00167-7. 

10. F. Scardigli and R. Casadio, “Gravitational tests of the generalized uncertainty principle,” The European Physical Journal C, vol. 

75, no. 9, p. 425, 2015, doi: 10.1140/epjc/s10052-015-3635-y. 

11. R. Casadio and F. Scardigli, “Generalized Uncertainty Principle, Classical Mechanics, and General Relativity,” Phys. Lett. B, vol. 

807, p. 135558, 2020, doi: 10.1016/j.physletb.2020.135558. 

12. S. Mignemi, “Classical and quantum mechanics of the nonrelativistic Snyder model in curved space,” Classical and Quantum 

Gravity, vol. 29, no. 21, pp. 1–11, 2012, doi: 10.1088/0264-9381/29/21/215019. 

13. S. Pramanik and S. Ghosh, “GUP-based and Snyder Non-Commutative Algebras, Relativistic Particle models and Deformed 

Symmetries: A Unified Approach,” International Journal of Modern Physics A, vol. 28, no. 27, p. 1350131, Jan. 2013, doi: 

10.1142/S0217751X13501315. 



Proceedings 2021, 68, x FOR PEER REVIEW 7 of 7 

 
 

14. S. Pramanik, S. Ghosh, and P. Pal, “Conformal invariance in noncommutative geometry and mutually interacting Snyder 

particles,” Physical Review D, vol. 90, no. 10, p. 105027, Nov. 2014, doi: 10.1103/PhysRevD.90.105027. 

15. O. I. Chashchina, A. Sen, and Z. K. Silagadze, “On deformations of classical mechanics due to Planck-scale physics,” Int. J. Mod. 

Phys. D, vol. 29, no. 10, p. 2050070, 2020, doi: 10.1142/S0218271820500704. 

16. M. Maggiore, “The algebraic structure of the generalized uncertainty principle.,” Physics Letter B, vol. 319, no. September, pp. 

83–86, 1993. 

17. A. Kempf, G. Mangano, and R. B. Mann, “Hilbert space representation of the minimal length uncertainty relation,” Physical 

Review D, vol. 52, no. 2, pp. 1108–1118, Jul. 1995, doi: 10.1103/PhysRevD.52.1108. 

18. A. F. Ali, S. Das, and E. C. Vagenas, “Proposal for testing quantum gravity in the lab,” Physical Review D, vol. 84, no. 4, p. 044013, 

Aug. 2011, doi: 10.1103/PhysRevD.84.044013. 

19. P. Bosso, “Generalized Uncertainty Principle and Quantum Gravity Phenomenology,” PhD Thesis, University of Lethbridge, 

2017. 

20. Y. C. Ong, “Generalized Uncertainty Principle, Black Holes, and White Dwarfs: A Tale of Two Infinities,” JCAP, vol. 09, p. 015, 

2018, doi: 10.1088/1475-7516/2018/09/015. 

21. M. Blasone, G. Lambiase, G. G. Luciano, L. Petruzziello, and F. Scardigli, “Heuristic derivation of Casimir effect in minimal 

length theories,” Int. J. Mod. Phys. D, vol. 29, no. 02, p. 2050011, 2020, doi: 10.1142/S021827182050011X. 

22. P. Jizba, H. Kleinert, and F. Scardigli, “Uncertainty Relation on World Crystal and its Applications to Micro Black Holes,” Phys. 

Rev. D, vol. 81, p. 084030, 2010, doi: 10.1103/PhysRevD.81.084030.  


