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1 Local conformal transformation

Metric tensor
ds2 = gµνdxµdxν , µ, ν = 0, 1, 2, 3
ds2 = Ω2(x)dŝ2

gµν = Ω2(x)ĝµν√
−g = Ω4(x)

√
−ĝ

2 Cosmological principle = homogeneous and isotropic Universe
Robertson-Walker metric

ds2 = dt2 − a2(t)

(
dr 2

1− kr 2
+ r 2(dθ2 + sin2 θdϕ2)

)
(+,−,−,−), k = ±1, c = 1

a(t) — scale factor
t — cosmological time
k = +1 — closed universe
k = −1 — open universe
k = 0 — spatially flat universe



Motivation

Creation of the universe from “nothing”
(quantum tunneling)
A.A. Friedmann (1923)
A.V. Vilenkin (1984)
Ya.B. Zel’dovich
S.W. Hawking

Creation probability

P ∼ e−Stot

Stot — total action integral under the potential barrier

Stot = Sgrav + Smatter

Universe is created being empty → Smatter = 0 ⇒
The smaller Sgrav, the better.
The more symmetry, the smaller Sgrav



Some of differential geometry
Main objects: scalars, vectors, tensors
Metric tensor gµν
Connections Γλµν
Covariant differentiation (Leibniz rule)

∇λlµ = lµ,λ + Γµλσ lσ

∇λlµ = lµ,λ − Γσλµlσ

(“,” = partial derivative)
Curvature tensor Rµ

νλσ

Rµ
νλσ =

∂Γµνσ
∂xλ

−
∂Γµνλ
∂xσ

+ ΓµκλΓκ
νσ − ΓµκσΓκ

νλ

(Rµ
νλσ = −Rµ

νσλ)

Ricci tensor Rµν
Rµν = Rλ

µλν

Curvature scalar
R = Rλ

λ



Some of differential geometry II

The connections Γλµν are completely defined if one knows

the Christoffel symbols Cλ
µν , the torsion tensor Tλ

µν

and the nonmetricity tensor Qλ
µν

Γλµν = Cλ
µν + Kλ

µν + Lλµν

Cλ
µν =

1

2
gλκ(gκµ,ν + gκν,µ − gµκ,ν) ⇒ Cλ

µν = Cλ
νµ

Tλ
µν = (Γλµν − Γλνµ)

Qλµν = ∇λgµν ⇒ Qλµν = Qλνµ

Kλ
µν =

1

2
(Tλ

µν − T λ
µ ν − T λ

ν µ)

Lλµν =
1

2
(Qλ

µν − Q λ
µ ν − Q λ

ν µ)



Quadratic Gravity

We confine ourselves to the case of Quadratic gravity:

1 Most natural in constructing conformal invariant action
integrals in 4-dim

2 appears in the trace anomaly formulas for one-loop quantum
calculations:
A.D. Sakharov’s induced gravity (1966)
L. Parker and S. Fulling
Ya.B. Zel’dovich and A.A. Starobinsky
A.A. Grib, S.G. Mamaev, V.M. Mostepanenko
. . .

S2 =

∫
L2
√
−g d4x

L2 = α1RµνλσRµνλσ + α2RµνRµν + α3R2 + α4R + α5Λ



Riemannian Geometry
Tλ
µν = 0, Qλµν = 0, ⇒ Γλµν = Cλ

µν

Symmetries

Rµνλσ = Rλσµν = −Rνµλσ = −Rµνσλ

Rµνλσ + Rµσνλ + Rµλσν = 0

Rµν = Rνµ
Bianchi identities

Rµ
νλσ;κ + Rµ

νκλ;σ + Rµ
νσκ;λ = 0

(;) = covariant derivative with Cλ
µν

Weyl tensor: completely traceless part of the Riemann
curvature tensor (obeying all the above algebraic symmetries)

Cµνλσ = Rµνλσ +
1

2
(Rµσgνλ − Rµλgνσ − Rνσgµλ

+Rνλgµσ) +
1

6
R(gµλgνσ − gµσgνλ)



Conformal transformation

Cµ
νλσ = Ĉµ

νλσ — invariant

C 2 = RµνλσRµνλσ − 2RµνRµν +
1

3
R2

C 2 = CµνλσCµνλσ = gµµ′g
νν′gλλ

′
gσσ

′
Rµ

νλσRµ′

ν′λ′σ′ ⇒

C 2 = gµµ′g
νν′gλλ

′
gσσ

′
Ĉµ

νλσĈµ′

ν′λ′σ′ =

=
Ω2

Ω2
Ĉ 2 =

1

Ω4
Ĉ 2 ⇒ C 2√−g = Ĉ 2

√
−ĝ

Gauss-Bonnet term

GB = RµνλσRµνλσ − 4RµνRµν + R2

In 4-dim — full derivative ⇒ does not contribute to the field
equations



Quadratic gravity in Riemannian Geometry

Lagrangian L2 rewritten

L2 = α1RµνλσRµνλσ + α2RµνRµν + α3R2 + α4R + α5Λ

= αC 2 + βGB + γR2 + α4R + α5Λ
α = 2α1 + 1

2α2

β = −α1 − 1
2α2

γ = 1
3 (α1 + α2 + 3α3)

⇒ Only the C 2-term is suitable for construction the conformal
invariant gravitational action integral in 4-dim

S2 → α

∫
C 2√−g d4x



Field equations
Bµν = − 1

8α
Tµν

Bµν — Bach tensor

Bµν = Cµσνλ
;λ;σ +

1

2
CµσνλRσλ

Bµν = Bνµ, Bλ
λ = 0, Bµν

;ν = 0

Cosmology = homogeneity and isotropy
For the Robertson-Walker metric with any scale factor a(t) one has

Cµ
νλσ ≡ 0 ⇒ Bµν = 0 ⇒ Tµν = 0

There are no conformal invariant solutions
with matter fields in Riemannian geometry!

Note: if one forgets for a moment about the conformal invariance,
then for the cosmology L2 = γR2 + α4R + α5Λ, i. e.,
the Starobinsky inflationary model.



Hermann Weyl — 1919

Unification of gravitational and electromagnetic forces
Main idea — Maxwell equations are locally conformal invariant →
gravitation should also be conformal invariant.
He incorporated an electromagnetic potential Aµ into geometry by
the relation

∇λgµν = Aλgµν

and demanded the local conformal invariance for the resulting
theory. Under the conformal transformation

gµν = Ω2(x)ĝµν → Aµ = Âµ + 2
Ω,µ

Ω
,

i. e., Aµ is the gauge field mediating the conformal factor
— great discovery!



Criticism by A. Einstein: “second time” problem

Most crucial — dependence of the time on the history.

The theory was abandoned.

We will not identify the 1-form Aµ with the electromagnetic
potential and consider the Weyl geometry as the conformal
invariant gravitational vector-tensor theory.



Weyl geometry

Tα
µν = 0, Qαµν = Aαgµν ⇒ Γλµν = Γλνµ

Γλµν = Cλ
µν + W λ

µν

Cλ
µν =

1

2
gλκ(gκµ,ν + gκν,µ − gµν,κ)

W λ
µν = −1

2
(Aµδ

λ
ν + Aνδ

λ
µ − Aλgµν)

Conformal transformation

gµν = Ω2(x)ĝµν

Aµ = Âµ + 2
Ω,µ

Ω
⇔ Γλµν = Γ̂λµν ⇒

Rµ
νλσ[Γ] = R̂µ

νλσ[Γ̂]

Rµν [Γ] = R̂µν [Γ̂]



Weyl geometry II

Also
RµνλσRµνλσ√−g = R̂µνλσR̂µνλσ

√
−ĝ

RµνRµν√−g = R̂µνR̂µν
√
−ĝ

R2√−g = R̂2
√
−ĝ

and, surely
FµνFµν√−g = F̂µν F̂µν

√
−ĝ

Fµν = ∇µAν −∇νAµ = Aν;µ − Aµ;ν = Aν,µ − Aµ,ν

General Quadratic Gravity in Weyl Geometry

SW =

∫
LW
√
−g d4x

LW = α1RµνλσRµνλσ + α2RµνRµν + α3R2 + α4FµνFµν



Total action integral

Stot = SW + Sm

Important! The action integral for the matter fields, Sm, need not
be conformal invariant, but the variation δSm, does.
By definition

δSm
def
= −1

2

∫
Tµν(δgµν)

√
−g d4x −

∫
Gµ(δAµ)

√
−g d4x

+

∫
∂LW
∂Ψ

(δΨ)
√
−g d4x = 0

Ψ — collective dynamical variable describing the matter fields

δSm

δΨ
= 0 ⇒ δSm

δΩ
= 0



Total action integral II

δgµν =
2

Ω
gµν(δΩ) + Ω2(δĝµν)

δAµ = (δAµ) + 2(δ(log Ω),µ

⇒ −
∫

Tµνgµν(
δΩ

Ω
)
√
−g d4x−2

∫
Gµ(δ(log Ω),µ)

√
−g d4x = 0

⇒ 2Gµ
;µ = TraceTµν

This ensures the conformal invariance of the field equations and is
supplementary.

Let us call it “the selfconsistent condition”.

Gµ =? Gµ def
= −δSm

δAµ

How could it be?



Perfect fluid in Riemannian geometry

Eulerian description J.R. Ray (1972)

Action integral

Sm = −
∫
ε(X , n)

√
−g d4x +

∫
λ0(uµuµ − 1)

√
−g d4x

+

∫
λ1(nuµ);µ

√
−g d4x +

∫
λ2X,µuµ

√
−g d4x

Dynamical variables: n(x) — invariant particle number density,
uµ(x) — four velocity vector, X (x) — auxiliary variable,
ε(X , n) — invariant energy density

Equations of motion:

δn : −∂ε
∂n
− λ1,µuµ = 0

δuµ : 2λ0uµ − nλ1,µ + λ2X,µ = 0

δX : − ∂ε
∂X
− (λ2uµ);µ = 0



Perfect fluid in Riemannian geometry II
+ constraints:

λ0 : uµuµ − 1 = 0

λ1 : (nuµ);µ = 0

λ2 : X,µuµ = 0 — numbering of the trajectories

Energy-momentum tensor T µν:

Tµν = εgµν − 2λ0uµuν + nλ1,σuσgµν

Hydrodynamical pressure p:

p = n
∂ε

∂n
− ε ⇒

(ε+ p)uµ + nλ1,µ − λ2X,µ ⇒ Euler equation

Tµν = (ε+ p)uµuν − pgµν



Single particle in the given gravitational fields
Perfect fluid → dust (p = 0) → single particle
Dynamical variable: xµ(τ) — particle trajectory,
τ — the proper time

Riemannian geometry
The only invariant — the interval, s, along the trajectory ⇒
(everybody knows)

Spart = −m

∫
ds = −m

∫ √
gµν(x)

dxµ

dτ

dxν

dτ
dτ

m — particle mass

δSpart = 0 ⇒ shortest interval = geodesics

d

dτ

(
gµλ(x)

dxµ

dτ

)
− 1

2
gµν,λ

dxµ

dτ

dxν

dτ
= 0

(
dxµ

dτ
= uµ

)

uλ,νuν − 1

2
gµν,λuµuν = 0 ⇒ uλ;νuν = 0 = geodesics



Weyl geometry

Aµ → yet another invariant (!)

B = Aµuµ ⇒

Spart =

∫
f1(B)ds +

∫
f2(B)dτ =

∫
{ f1(B)

√
gµνuµuν+ f2(B)}dτ

Equations of motion

f1uλ;σuσ =
(

(f
′′

1 + f
′′

1 )Aλ − f
′

1 uλ)
)

B,µuµ + (f
′

1 + f
′

2 )Fλµuµ

Fλµ = Aµ,λ − Aλ,µ

uλ;σuλ = 0 ⇒
Either

(f
′′

1 + f
′′

1 )B − f
′

1 = 0

or
B,µuµ = 0



Perfect fluid in Weyl geometry

Before:

Sm = −
∫
ε(X , n)

√
−g d4x +

∫
λ0(uµuµ − 1)

√
−g d4x

+

∫
λ1(nuµ);µ

√
−g d4x +

∫
λ2X,µuµ

√
−g d4x

Recipe:

n → ϕ(B)n ⇒ ε(X , n) → ε(X , ϕ(B)n)

Besides,

(nuµ);µ
√
−g = (nuµ

√
−g),µ = 0 ⇒ (n̂ûµ

√
−ĝ),µ = 0

Particles can be just counted! (Physics)

Since n =
n̂

Ω4
, uµ =

ûµ

Ω
,
√
−g = Ω4

√
−ĝ ⇒

(nuµ);µ 6= 0 ⇒
(ϕ1(B)nuµ);µnuµ);µ = Φ(B, n) ⇒



Perfect fluid in Weyl geometry II

Now:

Sm = −
∫
ε(X , ϕ(B)n)

√
−g d4x +

∫
λ0(uµuµ − 1)

√
−g d4x

+

∫
λ1 ((ϕ1(B)nuµ);µ − Φ(B, n))

√
−g d4x+

∫
λ2X,µuµ

√
−g d4x

Equations of motion

−
(

1− B

(
ϕ′

ϕ
− ϕ′1
ϕ1

))
(ε+ p)uµ +

(
ϕ′

ϕ
− ϕ′1
ϕ1

)
(ε+ p)Aµ

+λ1
∂Φ

∂B
(Buµ − Aµ)− λ1

(
1 + B

ϕ′1
ϕ1

)
n
∂Φ

∂n
uµ

+λ1
ϕ′1
ϕ1

n
∂Φ

∂n
Aµ − nϕ′1λ1,µ + λ2X,µ = 0

− ∂ε
∂X
− (λ1uµ);µ = 0

uµuµ = 1, (ϕ1nuµ);µ = Φ(B, n), X,µuµ = 0



Perfect fluid in Weyl geometry III

Gµ =
{(ϕ′

ϕ
− ϕ′1
ϕ1

)
(ε+ p) + λ1

∂Φ

∂B
− λ1n

ϕ′1
ϕ1

∂Φ

∂n

}
uµ

Tµν =
{(

1− B

(
ϕ′

ϕ
− ϕ′1
ϕ1

))
(ε+ p)− λ1B

∂Φ

∂B

+λ1n

(
1 + B

ϕ′1
ϕ1

)
∂Φ

∂n

}
uµuν + (−p + λ1Φ− λ1n

∂Φ

∂n
)gµν



Cosmology

Homogeneity and isotropy ⇒

ds2 = dt2 − a2(t)

(
dr 2

1− kr 2
+ r 2(dθ2 + sin2 θdϕ2)

)
= dt2 − a2(t)γijdx idx j = a2(η)(dη2 − γijdx idx j)

= Ω2(η)â2(η)(dη2 − γijdx idx j)

Tµ
ν = (T 0

0 ,T
1
1 = T 2

2 = T 3
3 )

Special gauge = basic solution

Aµ = 0



Field equations
−6γṘ = G 0 −12γ

{
ȧ
a Ṙ + R

(
R
12 + ȧ2+k

a2

)}
= T 0

0

−4γ
{

R̈ + 2 ȧ
a Ṙ − R

(
R
12 + ȧ2+k

a2

)}
= T 1

1

R = −6

(
ä

a
+

ȧ2 + k

a2

)
2

(G 0a3)̇

a3
= T 0

0 + 3T 1
1 — selfconsistency condition

Ṫ 0
0 + 3

ȧ

a
(T 0

0 − T 1
1 ) = 0 — conservativity

G 0 = −
{(ϕ′

ϕ
− ϕ′1
ϕ1

)
(ε+ p) + λ1

ϕ′1
ϕ1

n
∂Φ

∂n
+ λ1

∂Φ

∂B

}
T 0

0 = ε+ λ1Φ

T 1
1 = −p − λ1n

∂Φ

∂n
+ λ1Φ



Field equations II

Equations of motion:

+(ε+ p) + λ1n
∂Φ

∂n
+ ϕ1nλ̇1 = 0

(ϕ1na3)̇

a3
= Φ

All functions of B becomes now some constraints.
Moreover

Φ = Φ0(n) + BΦ1(n) + . . . ⇒

Φ = Φ0(n),
∂Φ

∂B
= Φ1(n)

∂Φ

∂n
=
∂Φ0

∂n



Search for a nontrivial solution

Let
G 0 = 0 ⇒ Ṙ = R̈ = 0 ⇒ R = R0

Then

R0 = −6
(
ä
a + ȧ2+k

a2

)
T 0

0 + 3T 1
1 = 0 ⇒ ε− 3p − 3λ1n ∂Φ0

∂n + 4λ1Φ0 = 0

T 0
0 = C

a4 , C = const

−12γR0

(
R0
12 + ȧ2+k

a2

)
= T 0

0 = ε+ λ1Φ0(
ϕ′

ϕ −
ϕ′

1
ϕ1

)
(ε+ p) + λ1

ϕ′
1
ϕ1

n ∂Φ0
∂n + λ1Φ1(n) = 0

ε+ p + λ1n ∂Φ0
∂n + ϕ1nλ̇1 = 0

ϕ1
(na3 )̇
a3 = Φ0



Search for a nontrivial solution II

R0 = −6

(
ä

a
+

ȧ2 + k

a2

)
⇒

a2 + k = −R0

12
a2 +

Q0

a2
⇒

C = −12γR0Q0

Trivial — C = 0 → Weyl vacuum (Tµ
ν = 0)

1 Q0 = 0 ⇒
de Sitter (R0 < 0)
AdS (R0 > 0)
Minkowski (R0 = 0) = Milne Universe

2 Q0 6= 0 ⇒ R0 = 0

a2 + k = Q0
a2 ⇒

±(t − t0) =
1

2

∫
da2√

Q0 − ka2



Search for a nontrivial solution III

k = 0 ⇒ ± (t − t0) = a2

2
√
Q0

(Q0 > 0)

k = +1 ⇒ ∓ (t − t0) =
√

Q0 − a2 (Q0 > 0)

a2 + (t0 − t)2 = Q0

k = −1 ⇒ ± (t − t0) =
√

Q0 + a2

(t − t0)2 − a2 = Q0

Non-trivial — C 6= 0

a2 + k = −R0

12
a2 +

Q0

a2

±(t − t0) =
1

2

∫
da2√

−R0
12 a4 − ka2 + Q0



Non-trivial — C 6= 0

a2 = −6
k

R0
+

√
−12

Q0

R0
− 36

k2

R2
0

sinh

[√
−R0

3
(t − t0)

]
if R0 < 0, Q0 > −3k2/R0

a2 = −6
k

R0
+

√
12

Q0

R0
+ 36

k2

R2
0

cosh

[√
−R0

3
(t − t0)

]
if R0 < 0, Q0 < −3k2/R0

a2 = −6
k

R0
exp

[
±
√
−R0

3
(t − t0)

]
if R0 < 0, Q0 = −3k2/R0

a2 = −6
k

R0
+

√
−12

Q0

R0
+ 36

k2

R2
0

sin

[√
R0

3
(t − t0)

]
if R0 > 0, Q0 < 3k2/R0



Interpretation

Friedmann equations{
3 ȧ2+k

a2 = 8πGT 0
0 (eff )

2 ä
a + ȧ2+k

a2 = 8πGT 1
1 (eff )

⇓{
8πGT 0

0 (eff ) = 3Q0
a4 − R0

4

8πGT 1
1 (eff ) = −Q0

a4 − R0
4

The above makes sence only if some non-trivial
solution exists



The existence



a2 + k = −R0
12 a2 + Q0

a2 , C = −12γR0Q0

ε− 3p + λ1(4Φ0 − 3n ∂Φ0
∂n ) = 0

ε+ λ1Φ0 = C
a4

ε+ p + λ1n ∂Φ0
∂n + ϕ1nλ̇1 = 0 ⇒ 4C

a4 + 3ϕ1nλ̇1

ϕ1
(na3 )̇
a3 = Φ0, ε+ p = n ∂ε∂n

ε(n), n(t), Φ0(n), λ1(t)

Let {
ε = 3p ⇒ ε = ε0n4/3, (λ1 6= 0) ⇒
Φ0 = ϕ0n4/3

λ̇1 = −4
3

C
ϕ1

1
a4

(
(na3)−1/3

)̇
= −1

3
ϕ0
ϕ1

1
a



Dark matter?

Dark energy?

The End

Thanks to Everybody


