On the Conformal Invariant Cosmology
Victor Berezin, Vyacheslav Dokuchaev, Yury Eroshenko
and Alexey Smirnov

Institute for Nuclear Research of the Russian Academy of Sciences,
prospekt 60-letiya Oktyabrya 7a, Moscow, 117312 Russia

Be'er Sheva, Israel — Symmetry — 2021



@ Local conformal transformation

Metric tensor
ds? = g dxtdx”, v =0,1,2,3
ds? = Q?(x)ds?
Euv = 92(X)§uu
V=g =(x)V-¢
@ Cosmological principle = homogeneous and isotropic Universe
Robertson-Walker metric

ds? = dt? — (t)(l_k2+r (d6? + sin®dyp ))

(+777777)7 k:i]” C:]-
a(t) — scale factor

t — cosmological time

k = +1 — closed universe

k = —1 — open universe

k=0 — spatially flat universe



Motivation

Creation of the universe from “nothing”
(quantum tunneling)

A.A. Friedmann (1923)

A.V. Vilenkin (1984)

Ya.B. Zel'dovich

S.W. Hawking

Creation probability
P ~ e*Stot
Stot — total action integral under the potential barrier
Stot = Sgrav + Smatter

Universe is created being empty — Spatter =0 =
The smaller S, the better.
The more symmetry, the smaller Sy,



Some of differential geometry
Main objects: scalars, vectors, tensors
Metric tensor g;,,,

Connections I';\w
Covariant differentiation (Leibniz rule)

Vi T
v)\lﬂ T r(/{u o

(", = partial derivative)
"
Curvature tensor R o

ork, ot

H _ (0 R VR o
R vio OxA Ox° + r%)\rVU r%a VA
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(R vio T -k ya’)\)
Ricci tensor R,
—_ pA
R#V - Ru)\u

Curvature scalar
R=R}



Some of differential geometry Il

The connections " are completely defined if one knows

nuv

the Christoffel symbols Cj‘l,, the torsion tensor T;f‘,,

and the nonmetricity tensor Qﬁ\y

A A A A
Caw = Gl + Kl + Ly,

1
C;i\l/ = Eg)\ﬁ(gfw,u + Brvp — g;m,y) = C;\,, = C,f‘u

A
T;u/ = (r;)lu - rl)/\p)
Q)\py = v)\g;u/ = Q)\;LV = Q)\V;L
1
A A
KW:E(TW—TA - T,%)
1

Lﬁy = E(Q/\;u/ - Qu/\u - QVAM)



Quadratic Gravity

We confine ourselves to the case of Quadratic gravity:

© Most natural in constructing conformal invariant action
integrals in 4-dim

@ appears in the trace anomaly formulas for one-loop quantum
calculations:
A.D. Sakharov's induced gravity (1966)
L. Parker and S. Fulling
Ya.B. Zel'dovich and A.A. Starobinsky
A.A. Grib, 5.G. Mamaev, V.M. Mostepanenko

S, = /LQFg d*x

Ly = 1R R*™ + aaRuWR™ + azR?* + auR + as/



Riemannian Geometry
A A A
TN =0, Qu=0 = I,=¢C

nuv
Symmetries
R;w)\a = R)\aul/ = _Rl/p)\a = _R;wa)\
R,ul/)\cr + R,uol/)\ + R,u)\ozz =0
Ru = Ry
Bianchi identities
" " poo
RV)\U;H, + Rl/m/\;a + RVO'H;)\ =0

(;) = covariant derivative with Cj‘l,

Weyl tensor: completely traceless part of the Riemann
curvature tensor (obeying all the above algebraic symmetries)

1
Cuu)\a = Ruvre E(Ruagu)\ - Ru)\glla - Rucrg,u)\

1
+RoAguo) + BR(gu)\gua — 8uo8u))



Conformal transformation

cH Do = C — invariant

1
C? = Runo R — 2R, RM + S R?

2 _ Ao __ Yy >y o
= C;w/\aclw 7 —guu’gyyg gao R ,,)\UR %

1%

Al

C?=g,ugeeg" ), CH
= §C2 §C2 - C?/—g=0C%/-¢
Gauss-Bonnet term
GB = RuyxoR* — 4R, R™ + R?

In 4-dim — full derivative = does not contribute to the field
equations



Quadratic gravity in Riemannian Geometry

Lagrangian Lo rewritten
Lo = Olew,)\JR“V)‘U + OzzR,uVR'uy + 043R2 4+ agR + as/\

= aC?+ BGB 4+ YR? + a4R + as/

a=2a1 + %ag
B=—a1— 30
v = %(041 + as + 3a3)

= Only the C?-term is suitable for construction the conformal
invariant gravitational action integral in 4-dim

S, — afC?/—gd*x



Field equations .

B/“/ - _8704 TNV
B,., — Bach tensor

oV 1 ov
B* = CM ?\)\;U—i_icu )\Ra)\
B =B"", By=0, B", =0

Cosmology = homogeneity and isotropy
For the Robertson-Walker metric with any scale factor a(t) one has

ct,. =0 = B"=0 = TH =0

VAo

There are no conformal invariant solutions
with matter fields in Riemannian geometry!

Note: if one forgets for a moment about the conformal invariance,
then for the cosmology L3 = YR? + a4R + asA, i.e.,
the Starobinsky inflationary model.



Hermann Weyl — 1919

Unification of gravitational and electromagnetic forces
Main idea — Maxwell equations are locally conformal invariant —
gravitation should also be conformal invariant.
He incorporated an electromagnetic potential A, into geometry by
the relation

Va&uw = Arguv

and demanded the local conformal invariance for the resulting
theory. Under the conformal transformation

A Q
guw = Q2(x)§,w — A=A +2 §72M’

i.e, A, is the gauge field mediating the conformal factor
— great discovery!



Criticism by A. Einstein: “second time” problem

Most crucial — dependence of the time on the history.
The theory was abandoned.

We will not identify the 1-form A, with the electromagnetic
potential and consider the Weyl geometry as the conformal
invariant gravitational vector-tensor theory.



Weyl geometry
« A A
T, =0, Quuw=Augw = T=17,
A A A
rul/ - C/w + Ww/
1 K
C;l\y = §g>\ (gn,u,u + kv — g,uzz,n)
1
A A A A
Wy, = =5 (Au) + Ay — Ag)
Conformal transformation
uv = 0? (x)8uw
A=A h2 o = =
(A Q puy T pv
R'uy)\a[r] = R)'uyz\a[lﬁ]
Rl = Rl




Weyl geometry |l

Also Ruvo RIA /=g = QWM Redo [
RuwR" /=g = RuR"/~&
R?\/—g = R?>\/—¢&
and, surely

FuuF“V\/Tg = ﬁuuﬁuy\/ _g
Frv = VA, = VyAy = Aviy — Auw = Av — Apw

General Quadratic Gravity in Weyl Geometry
Sw = /Ew\/—g d*x

Lw = 1R e R + a2Ru R™ + agR? + ag Fu F*



Total action integral

Stot = Sw + Sm

Important! The action integral for the matter fields, Sy, need not
be conformal invariant, but the variation S,,, does.
By definition

65mdef—2/T“”((5gm,)\ﬁd4 /G“ (5A,)v/—g d*x

8£w

(W)\/ d*x=0
VW — collective dynamlcal variable describing the matter fields
0Sm 0S5m
om_g o Pm g

v 5Q



Total action integral Il

2 A
08w = ﬁgu,,(éﬂ) + QZ@&W)

6A, = (6A,) +2(0(log ©2) .

Q
= —/T“”glw((sQ)\/ng4x—2/G“(é(logQ),#)Jjgd4x:0
= 2G!, = TraceT""

This ensures the conformal invariance of the field equations and is
supplementary.

Let us call it “the selfconsistent condition”.

0Sm

Gr=r Grid _om
5A,

How could it be?



Perfect fluid in Riemannian geometry

Eulerian description J.R. Ray (1972)
Action integral

Sm=— /E(X, nv—g d*x + /)\O(UNU“ -1)V-¢ d*x
+//\1(”“M);u\/jgd4x+/Azx,uuu\/jgd‘lx

Dynamical variables: n(x) — invariant particle number density,
ut(x) — four velocity vector, X(x) — auxiliary variable,
(X, n) — invariant energy density

Equations of motion:

Oe
. _ - 2 —
on : on )\1,#“ 0
out 2Xu" —nAy, + XX, =0
sx: —% _uur), =0

oX



Perfect fluid in Riemannian geometry II
+ constraints:

Ao : vtu, —1=0
A1 (nu*)., =0
Ao Xput =0 — numbering of the trajectories

u.

Energy-momentum tensor T/7:
TH =egh” =2 ou"u” + nAy u’gh”

Hydrodynamical pressure p:

e o
P = on
(e+p)uy +nAi, — XX, = Euler equation

T = (e + p)utu” — pgh”



Single particle in the given gravitational fields

Perfect fluid — dust (p=0) — single particle
Dynamical variable: x"(7) — particle trajectory,
T — the proper time

Riemannian geometry

The only invariant — the interval, s, along the trajectory =
(everybody knows)

m — particle mass

0Spart = 0 = shortest interval = geodesics
d dx* 1 dx* dx? dxH
A -0 —
dr <g (x) dT) gW/\ dr dr < dr 4 >
14 1 v v .
Uy, u — fg#w\u“u =0 = uy,u”"=0 = geodesics

2



Weyl geometry

A, — yet another invariant (!)

B=Au" =

%m:/M&$+/M8Mriﬁﬂw%@www+&@HW

Equations of motion
Auyeu” = ((fl +f)Ax - ff“A)) Buu + (f + f) Fauu”

Faxu = Aux — Axp

u)\;au’\ =0 =
Either
(f +7)B—f=0
or
B,u" =0



Perfect fluid in Weyl geometry
Before:

Sm=— /5(X, n)y/—gd*x + /)\o(uuu” —1)v/—g d*x

+/A1(nu“);MMjgd4x+/AQX,MU“Jng4X
Recipe:
n — @(B)n = e(X,n) — e(X,9(B)n)
Besides,
(nu")yuv/—g = (nut'/=g) =0 = (A"\/—8)u =0

Particles can be just counted! (Physics)

~ A

L
Since n= %, u“:u67 V-eg=0%/-& =
(nut),, #0 =

(p1(B)nut),unut),, = ®(B,n) =



Perfect fluid in Weyl geometry ||
Now:

Sm=— /a(X,go(B)n)\/% d*x + /)\o(uuu“ —1)y/—gd*x
+ [ (ea(B ey, - o(B.m) V=g dxt [daX,ut g d'x

Equations of motion

(a(Z ) (2o

oo (,01 od
+)\168(Bu“ Au) — M <1+B >n8n

oo

—i—)\l%n—an Ay — noid, + XX, =0
Oe

—87 — ()\]_UM) =0

vtu, =1, (p1nut)., = ®(B,n), X, u" =0



Perfect fluid in Weyl geometry IlI

/ / /
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Cosmology

Homogeneity and isotropy =

dr?
2 2_ .2 20402 | cin2 2
ds® = dt* — a°(t) <1 2 + ro(do° + sin“ 0dy )>

= dt? — a%(t)y;dx dx) = a®(n)(dn? — ~jdx dx))
= Q% ()@ (n)(di” — yjdx’dx’)
Ty = (T07T1 T22:T3?)

Special gauge = basic solution

A, =0



Field equations
—67R = G°

~129{ 2R+ R (& + a+’<)}
—47{R+2R R( Lk

. -2 k
R:—6<a+a s )
a a

G023)
2( 33 ) = Tg+3T11 — selfconsistency condition
a
7"8 + 33(T(§J — Tll) =0 — conservativity

/

o) 0P
Go:_{(w (P1>(s+p)+A LAV SANED Vp-as

Y 1 v1 On
T =e+ Mo

o
Ti=—p-— Ao 4 Mo



Field equations Il

Equations of motion:

o) :
+(e+p)+ )\1’7% +@1nA1 =0
(¢p1na’)
33
All functions of B becomes now some constraints.
Moreover

=¢

¢:¢0(n)+B<D1(n)—|—... =

0P
o= d>0(n), aiB = d>1(n)
0 0dg

an ~ on



Search for a nontrivial solution

Let o

G°=0 = R=R=0 = R=R
Then

.
Ro=—6 (2 + £4%)
T°+3T1:O = &—3p—3\n%0 + 40P =0
T = 34, C = const

—129Ry (J 2LK) = 79 = =+ Mo

82
(% ) (e+p)+ XM @1”8% + A1®1(n) =0
e+p+ )\1n3‘1>0 + cpln)\l =0
o172 = o

a3




Search for a nontrivial solution |l

i &#+k
vee(ie %)

a
R Q
2 _ oo o
a + k = —Ea + ? =
C=-12vRyQo
Trivial — C =0 — Weyl vacuum (T} = 0)
Q@ Q=0 =
de Sitter (Ry < 0)
AdS (Ro > 0)

Minkowski (Rp = 0) = Milne Universe
9 Q() 75 0 = R() =0

32+k:% =



Search for a nontrivial solution IlI

k=0 = j:(t—to):ﬁ%o (Qo > 0)
k=41 = $(t—t0):\/m (Qo >0)

2+ (th—1t)2=Q
k=-1 = £(t—ty) =+vQ+ a2
(t—t)*—a°=Qo

Non-trivial — C # 0

R Q

2 _Ro o Go
a“+ k= 12a +a2
1 da?




Non-trivial — C # 0

k Qo k2 . Ro

2

= 6+ [—1220 36" sinh [/ -2t — ¢
a Ro + \/ Ro 22 sin [ 3 ( 0)

0
if Ro<0, Q> —3k?*/Ro

k Qo k2 Ro

2

= 6 + /122 4+ 36— cosh |/ ——2(t — ¢
2 Ro + Ro + Rg €08 [ 3 ( 0)

if Rp <0, Q < —3/(2/R0

k
a’ = —6?0 exp

+ —%(t - to)]

if Ry <0, Qo=—3k%/Ry

k QO k2 . HO
2
a 6%—1—\/ - 36 gsm [\/ 3(t to)

if Rp >0, Q < 3k2/R0




Interpretation

Friedmann equations

384k = 8 GTY (eff)
28 4 &4k — 8rGT](eff)

Y
{ 8rGTY(eff) =3% — &
8nGTi(eff) = —% - 1o

The above makes sence only if some non-trivial
solution exists



The existence

P+k=-08219 C=-129RQ
e—3p+ /\1(4d>0 — 3n8¢°) =0
e+ APy =

€+P+)\1n%+901n).\1_0 = %—f—?:npln/.\l
oy
901('7;)2%, e+p=nd

e(n), n(t), ®o(n), A(t)

Let
e=3p = e=¢n*3, (M #0) =
®y = pon*/?
c
M=-357



Dark matter?

Dark energy?

The End

Thanks to Everybody



