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Abstract: The recent Planck Legacy 2018 release verified the presence of an enhanced lensing am-
plitude in the power spectra of the cosmic microwave background with a confidence level of over
99%, which implies that the early Universe had a positive curvature. In this study, the curvature
of the early Universe is regarded as the curvature of 4D conformal bulk while celestial objects that
induce a localized curvature in the bulk are considered as 4D relativistic cloud-worlds. Likewise,
quantum fields are considered as 4D relativistic quantum clouds that are affected by the curvature of
the bulk as a manifestation of gravity. This approach could eliminate the singularities and satisfy the
conditions of a conformal invariance theory.
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1. Introduction

The Planck Legacy 2018 release preferred the presence of a primordial background
curvature [1], which poses a challenge when trying to reconcile it with spatial flatness
using baryon acoustic oscillation data, due to a 2.5 to 3σ tension in the curvature parameter
between the two sets of data [2]. The feasible evolution of the primordial background
curvature over the conformal time into the present Universe spatial flatness highlights the
insufficiency of background-independent theories, which do not account for the evolution
in background curvature and treat celestial objects in the early Universe similarly to those
in the present Universe. This shortcoming can be the reason for the dark matter problem.

This study aims to obtain interaction field equations that consider the background
curvature and its impact on both celestial and quantum objects/fields.

2. Interaction Field Equations

To consider the bulk’s curvature, a modulus indicating its resistance or field strength
Fλρ using the Lagrangian formalism of the bulk’s vacuum energy density is defined as

ED =
Tµν − Tgµν/2

Rµν/R =
−FλρFλρ

4µ0
(1)

By incorporating the bulk influence, the Einstein–Hilbert action is extended to

S = ED

∫
C

[
R
R +

L
L

]√
−g d4

ρ (2)

where R is the induced curvature by a celestial object (cloud-word) andR is the curvature
of the background (bulk) while L and L are their Lagrangian densities respectively.
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Because of the bulk’s constant modulus [3] and by considering its expansion, a dual
action concerning energy conservation on global and local scales can be presented as

S =
∫

B

−Fλρ
∼
g

λγ
Fγα

∼
g

ρα

4µ0

√−∼g∫
C

[
Rµνgµν

Rµν
∼
g

µν +
Lµνgµν

Lµν
∼
g

µν

]√
−g d4ρ d4σ (3)

where gµν is the metric of the 4D relativistic cloud-word while
∼
gµν is the metric of the 4D

conformal bulk. The dual action should hold for any variation, which yields

δS =
∫

B


−FλρF

ρ
γδ
∼
g

λγ
− ∼g

λγ
δFλρF

ρ
γ

2µ0

+Fλρ
∼
g

λγ
Fγα

∼
g

ρα
∼
gµνδ

∼
g

µν

8µ0


√
−∼g

∫
C


Rµνδgµν + gµνδRµν

R − Rµνδ
∼
g

µν
+
∼
g

µν
δRµν

R2 R− gµνRδgµν

2R

+
Lµνδgµν + gµνδLµν

L − Lµνδ
∼
g

µν
+
∼
g

µν
δLµν

L2 L− gµν Lδgµν

2L

√−g d4ρ d4σ (4)

where δ
√−g = −√−g gµνδgµν/2 [4]. By transforming the boundary terms [3], a boundary

action, Sboundary, is obtained as follows

Sboundary =
∫

∂B

[
fλ

2µ0

]√∣∣∣∼p∣∣∣∫
∂C

ε

([
K
R +

l
L

]√
|q| −

[
RK
R2 +

L`
L2

]√
|p|
)

d3$ d3ς (5)

where K and K are the traces of extrinsic curvatures of the cloud-world and bulk; l and `
are the extrinsic traces of the Lagrangian densities on their boundaries, respectively, and fλ

is the Lorentz force density. The derivation of the whole action in Ref. [3] gives

Rµν

R − 1
2

R
R gµν −

RRµν

R2 +
R
(
Kµν − 1

2K p̂µν

)
−R

(
Kµν − 1

2 Kq̂µν

)
R2 =

T̂µν

Tµν
(6)

As visualized in the next Section, these interaction field equations can be interpreted
as expressing the interaction and flow of a cloud-world through the bulk. The equations
reveal that the cloud-world’s induced curvature over the bulk’s conformal curvature is
equal to the ratio of the cloud-world’s energy density and flux to the bulk’s vacuum energy
density and flux through the expanding/contracting Universe. By transforming the bulk’s
curvature terms [3], the interaction field equations reduce to

Rµν −
1
2

Rĝµν −
(

Kµν −
1
2

Kq̂µν

)
=

8πGR
c4 T̂µν (7)

where ĝµν = gµν + 2Rµν/R − 2
=
gµν, or can be expressed as ĝµν = gµν + 2

∼
gµν − 2

=
gµν

because Rµν/R = Rµν/Rµν
∼
g

µν
=
∼
gµν, is the conformally transformed metric, which

includes contributions from the cloud-world and bulk metrics. Kµν belongs to the boundary
term and GR is an effective Newtonian gravitational parameter that relies on the curvature
of the background while T̂µν is an extended conformal stress-energy tensor which also
includes the electromagnetic energy flux from the boundary over the conformal time.

Regarding the wave-particle duality and analogous to the constant bulk modulus, the
bulk curvature can be considered constant concerning quantum fields. Accordingly, the
action can be further extended to include quantum fields as follows

S =
∫

B

−Fλρ
∼
g

λγ
Fγα

∼
g

ρα

4µ0

√−∼g∫
C

[
Rµνgµν

Rµν
∼
g

µν

]√
−g
∫

Q

[
pµ pvqµν

πµπvgµν +
LαβqαλLλγqβγ

2χ0Lµνgµν

]√
−q ϑ2 d

12
σ (8)

where pµ pv are the four-momentum of two entangled quantum fields, LαβLαβ/2χ0 are
their Lagrangian densities and ϑ2 is a dimension-hierarchy factor while πµπv are the
four-momentum of vacuum energy density. The derivation in Ref. [3] yields
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pµ − 1
2 pν
(

qµν + 2
∼
qµν

)
−
(

Jµ Aµ − 1
2 Jµ Aνζµν

)
+ pν

πν

(
J µAµ − 1

2J µAνςµν

)
= }GR

2c2gR
Tµ (9)

where gR is the gravitational field strength exerted by the parent cloud-world.
In addition, the field equations in terms of operators with implicit bulk boundary term

are

p̂µ −
1
2

p̂νξµν −
(

Jµ Aµ −
1
2

Jµ Aνζµν

)
=

}GR
2c2gR

T̂µ (10)

where ξµν and ζµν are the conformally transformed metric of the quantum cloud and
the induced metric on its boundary respectively, Jµ Aµ is the boundary interaction of the
quantum cloud with the electromagnetic field and Tµ is the energy density and flux of the
quantum cloud of a deformed configuration shown in Figure 1.
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Figure 1. The deformed configuration of the quantum field of metric qµν along its travel and spin

according to its wavefunction ψ throughout the curved background of metric
∼
qµν. Si is the inner

surface of the quantum cloud that separates its continuum into two portions and encloses an arbitrary
inner volume while So is the outer surface of the quantum cloud’s boundary.

Applying the momentum p̂µ and stress-energy (gravitational) T̂µ operators gives

i}γµ∂µψ− 1
2

i}γµ∂νξµνψ−
(

Jµ Aµ −
1
2

Jµ Aνζµν

)
ψ =

1
2
}
xµ R∂Rψ (11)

where γµ are the Dirac matrices. On the other hand, by using the explicit boundary term of
the bulk in Equation (9), the quantized interaction field equations are

i}γµ∂µψ− 1
2

i}γµ∂ν
(

qµν +
∼
qµν

)
ψ−

(
Jµ Aµ −

1
2

Jµ Aνζµν

)
ψ +

(
J µAµ −

1
2
J µAνςµν

)
i}γµ∂νψ

πν
=

1
2
}
xµ R∂Rψ (12)

where J µAµ denotes the bulk boundary term that looks to resemble the Higgs mechanism
while the spin-spin correlation γµ∂νψ/πν of the conventional and vacuum energy fields
seems to control the mechanism depending on the spin of the fields. These quantized
field equations reduce to quantum electrodynamics for undeformed configuration of the
quantum field in a flat spacetime background [3].

3. Evolution of the 4D Relativistic Cloud-Worlds over the 4D Conformal Bulk

A case study is considered to explore how galaxies form and evolve in a curved 4D
conformal bulk. The semiclassical approach to calculating black hole entropy shows that
the boundary term has the whole gravitational contribution. This concept can be used to
arrange the interaction field equations in Equation (6) with multiplying them by the bulk
curvature,R, as follows
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Rµν −
1
2

Rgµν −
R
RRµν =

8πGR
c4 T̂µν −

R
(
Kµν − 1

2K p̂µν

)
−R

(
Kµν − 1

2 Kq̂µν

)
R2 = 0 (13)

where the boundary term could weigh the stress-energy term.
From Equation (13), the field equations yield

Rµν =
1
2

Rgµν +
R
RRµν =

1
2

R
(

gµν + 2
∼
gµν

)
=

1
2

Rgµν

(
1 + 2Ω2

)
= 0. (14)

The derived conformally transformed metric, ĝµν = gµν

(
1 + 2Ω2), in Ref [5] is

ds2 =

(
1− rs

r
−
∼
r p
∼
r

)−c2dt2 + S2

 dr2

1 + rs2

r2 − 2 rs
r

+
r2dθ2 + r2sin2θdφ2

1− rs
r −

∼
r p
∼
r


. (15)

This metric reduces to the Schwarzschild metric in a flat background (
∼
r → ∞

)
, where

∼
r p is the gravitational radius of the early Universe. Figure 2 shows a visualization of the
evolution of this metric in a curved evolving background.

Phys. Sci. Forum 2023, 7, 55 4 of 5 
 

 

From Equation (13), the field equations yield 𝑅ఓఔ = 12 𝑅𝑔ఓఔ + 𝑅ℛ ℛఓఔ = 12 𝑅൫𝑔ఓఔ + 2𝑔෤ఓఔ൯ = 12 𝑅𝑔ఓఔ(1 + 2Ωଶ) = 0. (14)

The derived conformally transformed metric, 𝑔ොఓఔ = 𝑔ఓఔ(1 + 2Ωଶ), in Ref [5] is 

𝑑𝑠ଶ = ൬1 − 𝑟௦ 𝑟 − �̃�௣�̃� ൰ ⎝⎛−𝑐ଶ𝑑𝑡ଶ + 𝑆ଶ ቌ 𝑑𝑟ଶ1 + 𝑟௦ଶ 𝑟ଶ − 2 𝑟௦ 𝑟 + 𝑟ଶ𝑑𝜃ଶ + 𝑟ଶ𝑠𝑖𝑛ଶ𝜃𝑑𝜙ଶ1 − 𝑟௦ 𝑟 − �̃�௣�̃� ቍ⎠⎞. (15)

This metric reduces to the Schwarzschild metric in a flat background (�̃� → ∞), where �̃�௣ is the gravitational radius of the early Universe. Figure 2 shows a visualization of the 
evolution of this metric in a curved evolving background. 

 
Figure 2. The evolution of the 4D relativistic cloud-world as it flows and spins through the curved 
4D conformal bulk. 

  

Figure 2. The evolution of the 4D relativistic cloud-world as it flows and spins through the curved
4D conformal bulk.



Phys. Sci. Forum 2023, 7, 55 5 of 5

4. Conclusions

This study presented interaction field equations in terms of brane-world modified
gravity and the perspective of geometrization of quantum mechanics. Celestial objects
and quantum fields are regarded as 4D relativistic clouds where gravity is expressed as
the curvature of the 4D conformal bulk. The interaction field equations reduce to standard
said theories in a flat background and they could eliminate the singularities and satisfy
a conformal invariance theory. Appendix A includes a further extended action for the
non-abelian group. Future works could include testing the predictions of the interaction
field equations such as that the Newtonian gravitational ‘constant’ is not constant but rather
a parameter that depends on the background curvature where the position of the Moon
could change the background curvature.
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Appendix A

The action in Equation (8) can be expanded to the non-abelian group as

S =
∫

B

−Fλρ
∼
g

λγ
Fγα

∼
g

ρα

4µ0

√−∼g∫
C

[
Rµνgµν

Rµν
∼
g

µν

]√
−g
∫

Q

[
pµ pvqµν

πµπvgµν +
Lσ

αβqαλLσ
λγqβγ

2χ0Lµνgµν

]√
−q d4α d4ρ d4σ (A1)

Analogous to the extending of quantum electrodynamics into chromodynamics, the
quantized field equations in Equation (11) could be generalized to massive quantum fields
as follows

i}γµ∂µψ f − 1
2

i}γµ∂νξµνψ f − (Jµ Aa
µ −

1
2

Jµ Aνaζµν)ψ
f =

1
2
}GR
c2gR

T̂ f
µ ψ f (A2)

where ψ f is the quark field. The boundary term, Jµ Aa
µ, indicates the energy flux from the

boundary, which could represent the Electroweak interactions.
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