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Abstract: In this work, we study the Cauchy problem of the 3d-Anisotropic Boussinesq system with
Horizontal dissipation and stratification effect for axisymmetric data. This system couples the Navier-
stokes equation with a non-homogenous transport-diffusion equation. More precisely, we prove that
this kind of system admits a unique global solution belongs to the Anisotropic Sobolev spaces.
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1. Introduction

The 3d-Boussinesq system with horizental dissipation and stratification effects de-
scribes the convective motion of a viscous or inviscid fluid, which reads as follows:

0w +v-Vo—u,(920+0%0) +Vp=0é if (t,x) eRy xR,
o0 +v-Vo—1,(0%0+9%,0) = —N?(x3)vs if (t,x) € Ry xR,
divo =0,

(v, 0)1=0 = (00, 0)-

(BU;,,K;,)

where v = (v1, v, v3) describes the velocity, ¢ is a scalar function represents the density,
p is the pressure and vy, x;, denotes viscosity and thermal diffusivity of the fluid. On the
other hand it deserves to recall that the action of the buoyant forces represented by ges,
where e3 = (0,0,1) induce the motion derived from the gravitational potential energy and
the quantity \/? is a scalar function called the Brunt-Véiséra frequency or the stratification
parameter (see,e.g, [1,2]). One of the interesting situations is to investigate the global
existence of the system (B, x, ) is the case when the velocity is axisymmetric without swirl,
which corresponds to the following case: we say that the velocity v is axisymetric without
swirl if we have:
v(t, x1, %2, x3) £ v (t,7,2)er + vs(L,7,2)€,

with x; = rcosf, xp =rsinfand x3 = z, where r = \/x% + x%, 0 < 0 < 27t. The triplet
(er, €g, z) is the cylindrical basis given by

e = (%,%,0), eg = (—sinb, cos6,0)

and ¢ =(0,0,1).

Lately, there are many papers which study the 3d-axisymmetric Boussinesq system without
swirl for different viscosities, we refer the reader to [3—6], see also [7-10] for the axisymetric
Euler equation. In 2012, Miao and Zheng investigated the system (B, «,) with axisymetric
data but without stratification effect i.e. (A" = 0), where they have proved the existence and
uniqueness of solutions. In this paper we aim to extend the result of [5] to the Boussinesq
system with stratification effect, more precisely, the main result of this paper is stated
as follows:
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2. Main Result

Theorem 1. Let vy € H' be an axisymmetric divergence free vector field without swirl such that
% e [2,0,wy € L? and let gy € HO' an axisymmetric function. Then the system (B, ., ) admits
a unique global solution such that

(v,0) € (C(Ry; HY N L2 (Ry; HY? N H>Y) N LL . (Ry; Lip)) x C(Ry; HO' n HY).

loc loc

Moreover, we have

loc loc

% € L2 (Ry; LA N2 (Ry; HW), 0.0 € C(Ry;L2) NI (Ry; HY).

Remark 1. Without loss of generality, we assume that N?(x3) = v, = xj, = 1.

In the spirit of [4,5], by using the hide structure between the velocity equation and
the density equation in the system (B,, x,), we can introduce a new quantity which will
be called by the coupled function of the system (B,, , ), this quantity solves the following

equation

~ ~ ~ 2~ 1
ol +v-VI — AT + ;arr = —Evz,

with A, £ 092 +0% andT £ - §.

From this observation we start by controlling the L?-norm of T, hence we bound the
following quantity || “2||;2, then we get the global H!-estimate of the velocity, by combining
these results, we obtain the Lipschitz norm of the velocity, which leads us to the global
existence os solutions.

3. Proof of Theorem 1

Proposition 1. Let (v, ) be a smooth solution of (B, x,). Then we have
2 2 ! 2 2 Cot
[o(6)[|72 + le(®)]I72 +/0 (IIVre(D)I72 + [IVao(T)[I72)dT < Coe™® €]
Proposition 2. Let (w, 0) be a solution for (B, x,) and 0,00, 0zwy € L2. Then

t
10z0(8) [ 2 +/O 1V40:0(1) || 2dT < Coe™P( @Y, e

t
Jo:0(t)ll2+ [ [V10:0(0)] 2t < Coe ), )

Proof. We set 0(t,x) = 9;0(t,x) and by applying 9 to the density equation in (B, )
we find
00 +v-Vo — Ao =0,0,(1 —0(t,x)) — 9,000,

On the other hand from incompresiblity condition, we have 0,v, = —d,v, — 7’7’ Then the
classical L?-estimates gives

1d

2 2 2 Ur 2
EE”U(OHLZ + |V ()2, = _/R3 azvra,gadx+/]R3 070y d:c—k/R3 7’0 dx

+ / 0;v,0dx 4)
JR3
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We start by I, we use the anisotropic inequality [5, Lemma F.3] and Holder inequality,
we obtain

(1) 1920r |12 V0207 || 2]|9rell 2 [[0z0r el 2 |0 2| Vil 2

<
N HazerLZ||Vhazvr||L2||arQ||L2||‘7HL2HVh‘7||%2
Young’s inequality and Biot savart law ensures that
L S (IVidzorllfe + lwlifallorellZallollz. + 5 IIVWH%Z
For I, from the anisotropic inequality [5, Lemma F.3] and Young inequality, we obtain
LS |2 ||L6 o-(= )HLz ol 190112
S =2 ||L2H 17+ 4 HIV40 ®)
Analogously, we find out
3 1 3 1
ES ||3rvr||46IIBZBrUr\IfzIIUIIEzIIVhUHfz
S IViwllilielfz + 5 L1940 ©6)
For the last term I, we use Holder’s and Young’s inequalities to get:

Iy 1020z 2l || 2

<
< Vol + lleli2,
< wl + o2 @)

Then by Integrating (4) with respect to time and using Gronwall’s inequality to obtain the
required result. In order to prove (3), we apply the partial derivative 9, to the vorticity
equation, to obtain

otw+v-Vw — Apw = 9,9-0€9 + %w — 0,0,0,w + c?(% - azvz),
with @ = d,w. We have

XD+ v V@ — MA@ = —0.0

ar(lJ + &7(2% + arvr) .

The classical L2-estimate leads to

1d - - 0,0y
@013+ IVi@Blf: = = [ droeaddr+ [ = ®

24t
_ / 9.0,9, widx + / 2 ¥ dx + / 9,0,ddx
R3 R3 1 R3

5
2
i=1

Combining Cauchy-Schwartz’s inequality with Young’s inequality we obtain

i < [l9z9rell2l|@ll
< Jozdrelf: + @172 < [Vhozelf + @] ©)



Comput. Sci. Math. Forum 2023,1, 0 40f7

To control ], we make use the anisotropic inequality [5, Lemma F.5] to obtain

LS e ||L2Hw”Lﬁle'LszHLszthLz
S |2 IILZIIVWIIHH ||L2||~||Lz+ IIVth
From ([5], Lemma F.2), we find
13 _
oS 2% ”LZHaZ ||£zIIWH£z||VthIL2
< 1% HL2H~HL2+ HWUII%z. (10)
Similarly, we obtain
1o 1 1 11 1
Jo S IIBMHfzIIarWIliz||3zvr|\lelvhazvrllizIIWIIEZIIVWIIZz
= ||Vhw||%2\|w||%2”‘7’|| 2+ [[Vyo: Z’r||L2+ ||Vha~1|\%2
For the last term, we get
3 13 .1
Js S H?)rvr\l46HazarerfzIIwIIfZIIVthfz
S IIVthILzIIwIILz+ IIVh(TJIIiz- (11)

Putting the above inequalities together and using Gronwall’s inequality we get the desired
result. O

Proposition 3. Assume that vy € L? with “* € L2 and gy € L2 .Let be a smooth axisymmetric
solution of (B, x,) without swirl , then we have

w 2
126182+ [ IVa L @lFade < 200l + leolle (120 + Naollz +2) e

Proof. According to (3) the coupled function T £ “;9 — 4 satisfies the following equation

4

2 ~ v
On one hand, from the classical [.2-estimate, we obtain
T 2( 17 2 ot
IE@) 22+ IV3T12,2 < looll 2 + lloolli2)? (IToll 2 +1) e (12)

On the other hand, we have

0 t w? - ~
t)lliz+/0 IVi— @Rt < (TONe + le®l)* (VAT (Oll2 + Vet 212)?

IN

2(1F 2 ct
2(fooll2 + leolli2)(ITolli2 +2) e
This gives the frist estimate. For the second one, we have

1d wy
3 ail oI + I Vin (Ol + 1201 = [ | Zawpcodz— [ arowe
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By an integration by parts, we find out

/R3 orowgdx = 27T/ngrdrdz = 2n/garw9rdrdz+2n/gw@drdz
- “o
= /R3 Qangdx+/RSQ p dx.

By combining with Hoélder and Young's inequality, we infer

IN

| [ ovewetx| < le(®)l2(IVwn(®)lz2 + o /r(0)]2)

1
2(|looll 2 + llooll2)%e™ + 5 (I Vnwa (1)1 + lwa /r(£)[72)-

IN

On other hand, we get

IN

Wy
| [ tdx] < ol =P o2

IN

Cl\*llellaJeHLer I\Vhw(all

(€]
5 gellws (D172 + 1Vswo ()72 + 1 =2 (B)172 < (ool 2 + llooll ) 22 HL2||W9||

Integrating the above inequality with respect to time, we get

t w
Ham(f)llinr/O (Ilvhwe(T)II%er HTB(T)H%z)dT S Nwp(0)[|72 + (looll 2 + lloollr2) %

t 4
+ [ 1@ e () o

Since [|lw]| ;2 = [lwell 2 and [[Vyw (1)[I7, = [[Vawell7, + [[52]17,, then

o+ [ IV40(2) Bz < Coe' (13)
O

Proposition 4. Let (v,0) be a smooth solution of (B, ) such that vy € H' be divergence

ree axisymmetric without swirl vector field ,with W € [2,0,w’ € L% and o9 € HO! be an
Y 7 Q
axisymmetric function.Then we have

IVl e < Coet*P(Cot).

Proof. By using the fact divo = 9,v" + %r +9,v* = 0and w? = 9,0" — 9,0%, we obtain

HV’UHL}LOO S ”a"erLlL"" + H HLlLoo + ||a UZHLlLoo
< ||7\|L3Lm + 11350 1y oo + 110207 13 oo + 11807 o
We have:
1 e 121 9 (2 e S Coe).
Also

[[0-0 ||L1L°° N/ Vo, Ur”Lszhazerzsz <tz ||azw||LooL2HVhazw||L1Lz
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For the last quantities, we have

v4 s <
105+ 10 g S Vol 4

Therefore,

<
ol oy S looll gy +loll oy +l0@0l g+ 0@l op+lell

1

1 0,1
157’2 2
Lt BZ,l 2,1 72,1 72,1 t-2,1 t B2,1

S Mool +llollprpns + 0@ ollpiper +llo®oll 57 +llellima
t

2 2
S Mol + lollzpns + 007 pen + IIUIIL%H%,% + el

for the definition of Besov spaces and Anisotropic Besov spaces, we refer the reader to ([5],
Definition.2.2). Hence

lollizren S Nolliziz + 19200202 + 1930l 212 + [ V30:0] 12,2

and
5 7 5 7
HUHL%Hg 7 S ol + Aol + 1Al + 1A, Agoll 2.
< ||U||L§L2 + ||VhUHL}L2 + ||V%U||L§L2 + ||azU||L%L2 + HagvHL%LZ + ||vhazw||L§L2-

For the term ||¢|| L1p11, We have

||Q||L}H1J S ”QHL}LZ + ||azQ||L}L2 + ”thHL}LZ + ||VhazQ||L}L2 < CoeexP(Cot)/
then we get the desired result. [J

4. Conclusions

In this paper, we were able to obtain the global well posedness for the anisotropic
Boussinesq system with horizontal dissipation.
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