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Abstract: In this article, we study the growth properties of solutions of homogeneous linear differ-
ential-difference equations in the whole complex plane ¥, A;(z) f O(z + ¢) = 0,n € N¥, where

¢,j =0,...,n are complex numbers, and 4;(z),j = 0,...,n are entire functions of the same order.

Keywords: meromorphic function; differential equation; difference equation; differential-difference
equation

1. Introduction

Throughout this paper, we use the standard notations of the value distribution theory
of meromorphic functions founded by Nevanlinna, see ([4,6,8]). We denote respectively
by p(f) and A(f) the order of growth and the exponent of convergence of the zeros of a
meromorphic function f.

In [7], Lan and Chen have studied the growth and oscillation of meromorphic solu-
tions of homogeneous complex linear difference equation

Ai(z) f(z + cj) =0,n € Nt,
1

n
]=
where n € N*, A; (z) =1, ...,n) are entire functions and ¢,j=1,...,n are distinct
complex numbers. Under some conditions on the coefficients, they obtained estimation of
the order of growth of meromorphic solutions and studied the relationship between the
exponent of convergence of zeros and the order of growth of the entire solutions of the

above linear difference equation.

2. Main Results

In this paper, we improve and extend the main results of Lan and Chen. Especially,
we study the growth of meromorphic solutions of equation

Aj@)fP(z+¢) =0,n€eN*. (1)

0

n
]:

The key result here is the difference analogue of the lemma on the logarithmic deriv-
ative obtained independently by Hulburd-Korhonen [5] and Chiang-Feng [2]. In fact, we

prove the following two results.
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Theorem 1. Let ¢j,j = 0, ...,n be complex constants and let
4i(2) = Pi(2)e"? + Q;(2), )
where hj(z) = ajkzk + ajk_lz"‘1 + -+ ajo are polynomials of degree k =1 and P;(z)(% 0)
and Q;(z) are entire functions whose order is lower than k. Suppose that |agx| > Inqx{|ajk|}. If
<jsn

f(2) (& 0) is a meromorphic solution of equation (1), then f(z) = k + 1.

Example 1. The function f(z) = e is a solution of equation

A, f"(z+ D)+ A(D)f (z+ D+Ag(2)f (z — 4i) = 0,
where

Ao(2) = —(4iz® — 4inz? + 2z(4m + i) + 2im)eB#+16,
A (2) = —[(22° — 2)e 7271 — (222 + 4iz — 1)),
Ay(2) = (2% — im)e 2%t — (z 4+ 1),
Py(z) = —(4iz® — 4inz? + 2z(4mw + i) + 2im), hy(z) = 8iz + 16,Q,(z) = 0,
P(z) = —2z3 —2),h(z) = —2iz+1,0,(z) = —(2z% + 4iz — 1),

Py(2) = z%2 —im hy(2) = —2iz+1,0,(2) = —(z +i).
Furthermore, p(Pj(Z)) =0,j=0,1,2 and
lag:| = [8i] = 8 > max{|a,4|, |ay |} = max{|-2i|,|-2i[} = 2.
Hence, the conditions of Theorem 1 are satisfied. We see that for j = 0,1,2
p(f)=2=p(4)+1=deg(h)+1=1+1=2.

Corollary 1. Let k,Aj(z)(# 0),j = 0, ...,n satisfy the assumptions of Theorem 1, let B;(z), i =
1,...,m be entire functions whose order is lower than k, and let ¢, j=0,..,n+m be complex
constants. If f(z)(Z 0) is a meromorphic solution of equation

Bm(z)f(n+M)(Z + Cn+m) +et Bl(Z)f(n+1)(Z + Cn+1) + An(z)f(n)(z + Cn) +et

A @f @+ )+ Ap@Df (2 + o) =0, ®)

then p(f) = k+ 1.

Example 2. The function f(z) = e is a solution of equation
Bi()f"(z+2) + Ai(2)f'(z = 1) + Ap(2)f (2 +2) = O,
where

B,(2) = z* —im,
A (2) = —(42° + inz?)e** 72,
Ay(2) = 4z%(4z* — 423 + in(z — 1))e 8278 — 4[42°% + 162° + 17z* — in (422 + 16z + 17)],
Py(2) = 4z%(4z* — 423 + in(z — 1)), hy(2) = —8(z — 1),

Qo(z) = —4[4z° + 162° + 17z* — in(4z% + 16z + 17)],
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P, (z) = —(4z° + inz?),h,(2) = 4z — 2,Q,(2) = 0.
Moreover, p(Py) = p(P,) =0 and
p(By) =0<p(4) =p(42) =1,

lao1| = 1-8] =8> |as1| = |4] = 4.
Thus, the conditions of Corollary 1 are satisfied. We see that for j = 0,1
p(f) =2 =p(A;) +1=deg(h) +1=2.

3. Preliminary Lemmas

For the proof of our results, we need the following lemmas.

Lemma 1. ([1]) Suppose that f(z) is a meromorphic function with p(f) = p < +oo. Then, for
any given € > 0, one can find a set E € (1,+00) of finite linear measure or finite logarithmic
measure such that

f@)] <e”™
holds for all z satisfying |z| =r € [0,1] UE asr — +oo.

Lemma 2. ([2]) Let 14, 1, be two arbitrary complex numbers and let f(z) be a meromorphic
function of finite order p. For any given & > 0, there exists a subset E € (0,+0) of finite loga-
rithmic measure such that for all z satisfying |z| = r & [0,1] U E, the following double inequality
holds

porPIre  [ftm)| _

Fp-lte
fz+n2)l — )

Lemma 3. ([3]) Let f(z) be a transcendaental meromorphic function of finite order p, and let
€ > 0 be a given constant. Then, there exists a subset E € (1,+o0) that has finite logarithmic
measure, such that for all z satisfying |z| = r & [0,1] U E, and for all k,j,0 < j < k, we have

fP@)

< rk=Dp-1+8)

4. Proofs

Proof of Theorem 1. Contrary to our assertion, we assume that p = p(f) < k + 1. Let
hi(2) = ajz* + hj(2), 4)
where aj # 0 are complex constants and h;(z) are polynomials with degh; <k —
1,j=0,..,n. We set
lagr| > |a]~k|, 0o #06;, 0;= arg(ajk) € [0, 2m), 1<j<n

We now choose 6 such that

cos(kf + 6,) = 1. (5)
Thus, by 6; # 6,, 1 <j <n, we find
cos(k9+9j)<1, 1<j<n (6)
Denote
a = |agl, b= f?%)fq{lajkl}' c= {Qj;?é{bcos(ke + Hj)} <a (7)

and
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B = grsljzg{p(f’j)’l?((?j)} <k ®)
Clearly
P ]
o (P_;) < {Tsljég{P(Pj)vp(PO)} <B, p(i—é) < (r)rsljég{P(Po);p(Qj)} <B.

By Lemma 1, for any given ¢ satisfying
0<2¢e<min{lL,k+1—p,k—pB,a—c},
there is a set E; € (1,+00) with finite logarithmic measure such that for all z satisfying
|z| = r ¢ [0,1] U E;, we have
Py(2) Py(2)
By the definition of the order of entire function, for any given & > 0 and all suffi-
ciently large z,|z| = r, we get

<e™, 1< <™ o0<j<n ©)

= ) = =1t

rk-1+e
)

<e

le™m @] < e, |eh;(z) I<jsn (10)

Applying Lemmas 2 and 3 to f(z), we conclude that thereis aset E, c (1, +o) with
finite logarithmic measure such that for all z satisfying |z| = r & [0, 1] U E,, we have for
1<j<n
f(j)(z+cj)

f(z+co)

f(j)(z+cj) f(z+cj)
f(z+cj) f(z+co)

< rip=14e) grP T, (11)

By substituting (2) into Equation (1), we obtain

k

|_ea0kz

. (12)

- . f(f)(z +¢)(P(z) | k. .- Q;(2) « . @o(2)
—h}(2) J J ajrz"+h;(z) J —hg(z) X227
< Fz + o) <Po(z)e : +Po(z)) #ler Po(2)

=1
Let z =re'?, where r ¢ [0,1] U E; U E,. Substituting (5)~(7) and (9)—(11) into (12),
we find
n

k T k—1+4&.p—1+&.B+e Nk k=1+€ k—1+&_ .B+e
ear SZTJ(p 1+£)er +r +r (ebcos(k9+9j)r +r +1) el +r

=1
Thus for 0 < 2e <min{l,k +1— p,k — B,a — c}, we obtain
et < (n+ 1)rn(P—1+£)e(C+£)rk+2rk‘1+£+rp_1+£+r5+£ <+ 1)Tn(p—1+s)e(c+2s)rk_ (13)

Dividing both sides of (13) by (n + 1)rnlp-1+e)glerzar ang letting r — +oo0, since
0 <2e< a—c,weget +o0 < 1. This is a contradiction, hence p(f) = k+1. o

Proof of Corollary 1

Assume that p = p(f) < k + 1. By using the similar steps as in the proof of Theorem
1, we also obtain (4)—(10). By Lemma 1, there is a set E; c (1, +00) with finite logarithmic
measure such that, for any given € > 0 and all z satisfying |z| =r € [0,1] U E;, we get

B(2)| <e™™, 1<j<m,
where
B = max {p(B))} < k.
We take

B:
y = 1r§jg§n{p(3j(2),p(Po)} <k p <ng2> < 1rsnjas§n{p(Bj).p(Po)}-
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And by applying Lemmas 2 and 3 to f(z) we conclude that there is a set E, C
(1, +00) with finite logarithmic measure such that, for all z satisfying |z| = r € [0,1]U
E,,wehavefor 1<j<n+m

[Prep| _|fDGHD FEHD] | jp-1+e)gro=se (14)
f(z+co) f(z+cj) f(z+co)| — !
and
B;(z
PJE; <e™, n+1<j<n+m (15)
0z
By substituting (2) into (3), we find
k s f(j)(z+c-) Pi(2) q..zK+n* Qi(2)
—pkZ"| < |y ho(z) 1T\2*CH) (T Lajez+hy(z) 4 ©5Y%)
| e s k=1 Y e (Po(z)e ’ +P0(Z))
_ (16)
| min -y £ (e Bjon(@ et 2@
j=n+l fz+co)  Po(2) Py(2)

Let z =re'®, wherer ¢ [0,1] U E; U E, U E; U E,. Substitutying (5)—(7), (9)-(10), (14)
and (15) into (16) we obtain

n
k FOo_ k—-1+&,.p—1+&, . .B+& Ky k—1+€
eVt < zr](p 1+s)er +r +r (ebcos(k9+61)r +r +1)
=1
m+n
Y. k—1+&, .p—1+€, . V+& k—1+&,..B+e
1+ + + +
+ Z r}(p E)er r r +e” rhre
j=n+1

thus
ark n(p—1+¢) , (c+e)rksark—1+e pp-1te  fte
e <nr e

_ k—1+&, .p—1+€ . y+€ k—-1+&_ ..f+e _ k
+mr(m+n)(p 1+£)er +r +r +e +r < nrn(p 1+£)e(c+2£)r (17)

+mr(m+n)(p_1+8)erk—1+£+rp—1+£+ry+£ + erk—1+£+rﬁ‘+£

Dividing both sides of (17) by e and letting r— +o0, we obtain 1 < 0 since 0 <
2¢e <min{l,k+1—p,k — B,a— c,k —y}. This is a contradiction, then p(f) = k+ 1. o
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