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Abstract: In this article, we study the growth properties of solutions of homogeneous linear differ-

ential-difference equations in the whole complex plane ∑ Aj(z)n
j=0 f (j)(z + cj) = 0, n ∈ ℕ+,   where 

𝑐𝑗 , 𝑗 = 0, . . . , 𝑛 are complex numbers, and 𝐴𝑗(𝑧), 𝑗 = 0, … , 𝑛 are entire functions of the same order. 
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1. Introduction 

Throughout this paper, we use the standard notations of the value distribution theory 

of meromorphic functions founded by Nevanlinna, see ([4,6,8]). We denote respectively 

by 𝜌(𝑓) and 𝜆(𝑓) the order of growth and the exponent of convergence of the zeros of a 

meromorphic function 𝑓.  

In [7], Lan and Chen have studied the growth and oscillation of meromorphic solu-

tions of homogeneous complex linear difference equation 

where 𝑛 ∈ ℕ+ , Aj(z) (j = 1, . . . , n)   are entire functions and 𝑐𝑗 , 𝑗 = 1, . . . , 𝑛  are distinct 

complex numbers. Under some conditions on the coefficients, they obtained estimation of 

the order of growth of meromorphic solutions and studied the relationship between the 

exponent of convergence of zeros and the order of growth of the entire solutions of the 

above linear difference equation. 

2. Main Results 

In this paper, we improve and extend the main results of Lan and Chen. Especially, 

we study the growth of meromorphic solutions of equation  

 The key result here is the difference analogue of the lemma on the logarithmic deriv-

ative obtained independently by Hulburd-Korhonen [5] and Chiang-Feng [2]. In fact, we 

prove the following two results. 
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∑ Aj(z)

n

j=1

𝑓(z + cj) = 0, n ∈ ℕ+,  

∑ Aj(z)

n

j=0

f (j)(z + cj) = 0, n ∈ ℕ+. (1) 
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Theorem 1. Let 𝑐𝑗 , 𝑗 = 0, … , 𝑛 be complex constants and let 

𝐴𝑗(𝑧) = 𝑃𝑗(𝑧)𝑒ℎ𝑗(𝑧) + 𝑄𝑗(𝑧), (2) 

where ℎ𝑗(𝑧) = 𝑎𝑗𝑘𝑧𝑘 + 𝑎𝑗𝑘−1𝑧𝑘−1 + ⋯ + 𝑎𝑗0  are polynomials of degree 𝑘 ≥ 1  and 𝑃𝑗(𝑧)(≢ 0) 

and 𝑄𝑗(𝑧) are entire functions whose order is lower than 𝑘. Suppose that |𝑎0𝑘| > 𝑚𝑎𝑥
1≤𝑗≤𝑛

{|𝑎𝑗𝑘|}. If 

𝑓(𝑧)(≢ 0) is a meromorphic solution of equation (1), then 𝑓(𝑧) ≥ 𝑘 + 1. 

Example 1. The function 𝑓(𝑧) = 𝑒𝑧2
 is a solution of equation 

           𝐴2(𝑧)𝑓′′(𝑧 + 𝑖) + 𝐴1(𝑧)𝑓′(𝑧 + 𝑖)+𝐴0(𝑧)𝑓(𝑧 − 4𝑖) = 0,  

where 

𝐴0(𝑧) = −(4𝑖𝑧3 − 4𝑖𝜋𝑧2 + 2𝑧(4𝜋 + 𝑖) + 2𝑖𝜋)𝑒8𝑖𝑧+16,  

𝐴1(𝑧) = −[(2𝑧3 − 𝑧)𝑒−2𝑖𝑧+1 − (2𝑧2 + 4𝑖𝑧 − 1)],  

𝐴2(𝑧) = (𝑧2 − 𝑖𝜋)𝑒−2𝑖𝑧+1 − (𝑧 + 𝑖),  

𝑃0(𝑧) = −(4𝑖𝑧3 − 4𝑖𝜋𝑧2 + 2𝑧(4𝜋 + 𝑖) + 2𝑖𝜋), ℎ0(𝑧) = 8𝑖𝑧 + 16, 𝑄0(𝑧) ≡ 0,    

𝑃1(𝑧) = −(2𝑧3 − 𝑧), ℎ1(𝑧) =  −2𝑖𝑧 + 1, 𝑄1(𝑧) = −(2𝑧2 + 4𝑖𝑧 − 1),  

𝑃2(𝑧) = 𝑧2 − 𝑖𝜋, ℎ2(𝑧) = −2𝑖𝑧 + 1, 𝑄2(𝑧) =  −(𝑧 + 𝑖).  

Furthermore, 𝜌(𝑃𝑗(𝑧)) = 0, 𝑗 = 0, 1, 2 and  

|𝑎01| = |8𝑖| = 8 > 𝑚𝑎𝑥{|𝑎11|, |𝑎21|} = 𝑚𝑎𝑥{|−2𝑖|, |−2𝑖|} = 2.  

Hence, the conditions of Theorem 1 are satisfied. We see that for 𝑗 = 0, 1, 2 

𝜌(𝑓) = 2 = 𝜌(𝐴𝑗) + 1 = deg(ℎ𝑗) + 1 = 1 + 1 = 2.  

Corollary 1. Let 𝑘, 𝐴𝑗(𝑧)(≢ 0), 𝑗 = 0, … , 𝑛  satisfy the assumptions of Theorem 1, let 𝐵𝑖(𝑧), 𝑖 =

1, … , 𝑚  be entire functions whose order is lower than 𝑘, and let 𝑐𝑗 , 𝑗 = 0, … , 𝑛 + 𝑚 be complex 

constants. If 𝑓(𝑧)(≢ 0) is a meromorphic solution of equation 

𝐵𝑚(𝑧)𝑓(𝑛+𝑚)(𝑧 + 𝑐𝑛+𝑚) + ⋯ + 𝐵1(𝑧)𝑓(𝑛+1)(𝑧 + 𝑐𝑛+1) + 𝐴𝑛(𝑧)𝑓(𝑛)(𝑧 + 𝑐𝑛) + ⋯ +

 𝐴1(𝑧)𝑓′(𝑧 + 𝑐1) + 𝐴0(𝑧)𝑓(𝑧 + 𝑐0) = 0, 
(3) 

then 𝜌(𝑓) ≥ 𝑘 + 1.  

Example 2. The function 𝑓(𝑧) = 𝑒2𝑧2
 is a solution of equation 

𝐵1(𝑧)𝑓′′(𝑧 + 2) + 𝐴1(𝑧)𝑓′(𝑧 − 1) + 𝐴0(𝑧)𝑓(𝑧 + 2) = 0,  

where 

 𝐵1(𝑧) = 𝑧4 − 𝑖𝜋,   

 𝐴1(𝑧) = −(4𝑧5 + 𝑖𝜋𝑧2)𝑒4𝑧−2,  

𝐴0(𝑧) = 4𝑧2(4𝑧4 − 4𝑧3 + 𝑖𝜋(𝑧 − 1))𝑒−8𝑧−8 − 4[4𝑧6 + 16𝑧5 + 17𝑧4 − 𝑖𝜋(4𝑧2 + 16𝑧 + 17)], 

𝑃0(𝑧) = 4𝑧2(4𝑧4 − 4𝑧3 + 𝑖𝜋(𝑧 − 1)), ℎ0(𝑧) = −8(𝑧 − 1),   

𝑄0(𝑧) = −4[4𝑧6 + 16𝑧5 + 17𝑧4 − 𝑖𝜋(4𝑧2 + 16𝑧 + 17)],  
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𝑃1(𝑧) = −(4𝑧5 + 𝑖𝜋𝑧2), ℎ1(𝑧) = 4𝑧 − 2, 𝑄1(𝑧) ≡ 0.  

Moreover, 𝜌(𝑃0) = 𝜌(𝑃1) = 0 and 

𝜌(𝐵1) = 0 < 𝜌(𝐴1) = 𝜌(𝐴2) = 1,  

|𝑎01| = |−8| = 8 > |𝑎11| = |4| = 4.  

Thus, the conditions of Corollary 1 are satisfied. We see that for 𝑗 = 0, 1 

𝜌(𝑓) = 2 = ρ(Aj) + 1 = deg(hj) + 1 = 2.  

3. Preliminary Lemmas 

For the proof of our results, we need the following lemmas. 

Lemma 1. ([1]) Suppose that 𝒇(𝒛) is a meromorphic function with 𝝆(𝒇) = 𝝆 < +∞. Then, for 

any given 𝜺 > 𝟎 , one can find a set 𝑬 ∈ (𝟏, +∞)  of finite linear measure or finite logarithmic 

measure such that 

|𝒇(𝒛)| ≤ 𝒆𝒓𝝆+𝜺
  

holds for all z satisfying |𝑧| = 𝑟 ∉ [0,1] ∪ 𝐸 𝑎𝑠 𝑟 → +∞. 

Lemma 2. ([2]) Let 𝜂1,  𝜂2 be two arbitrary complex numbers and let 𝑓(𝑧) be a meromorphic 

function of finite order 𝜌. For any given 𝜀 > 0, there exists a subset 𝐸 ∈ (0, +∞) of finite loga-

rithmic measure such that for all 𝑧 satisfying |𝑧| = 𝑟 ∉ [0, 1] ∪ 𝐸, the following double inequality 

holds 

𝑒−𝑟𝜌−1+𝜀
≤ |

𝑓(𝑧+𝜂1)

𝑓(𝑧+𝜂2)
| ≤ 𝑒𝑟𝜌−1+𝜀

.   

Lemma 3. ([3]) Let 𝑓(𝑧) be a transcendaental meromorphic function of finite order 𝜌, and let 

𝜀 > 0 be a given constant. Then, there exists a subset 𝐸 ∈ (1, +∞) that has finite logarithmic 

measure, such that for all 𝑧 satisfying |𝑧| = 𝑟 ∉ [0, 1] ∪ 𝐸, and for all 𝑘, 𝑗, 0 ≤ 𝑗 < 𝑘, we have  

|
𝑓(𝑘)(𝑧)

𝑓(𝑗)(𝑧)
| ≤ 𝑟(𝑘−𝑗)(𝜌−1+𝜀).  

4. Proofs 

Proof of Theorem 1. Contrary to our assertion, we assume that 𝜌 = 𝜌(𝑓) < 𝑘 + 1. Let  

ℎ𝑗(𝑧) = 𝑎𝑗𝑘𝑧𝑘 + ℎ𝑗
∗(𝑧), (4) 

where 𝑎𝑗𝑘 ≠ 0  are complex constants and ℎ𝑗
∗(𝑧)  are polynomials with deg ℎ𝑗

∗ ≤ 𝑘 −

1, 𝑗 = 0, … , 𝑛. We set 

|𝑎0𝑘| >  |𝑎𝑗𝑘|, 𝜃0 ≠ 𝜃𝑗 ,        𝜃𝑗 = arg(𝑎𝑗𝑘) ∈ [0, 2𝜋), 1 ≤ 𝑗 ≤ 𝑛.  

We now choose 𝜃 such that  

cos(𝑘𝜃 + 𝜃0) = 1. (5) 

Thus, by 𝜃𝑗 ≠ 𝜃0, 1 ≤ 𝑗 ≤ 𝑛, we find 

cos(𝑘𝜃 + 𝜃𝑗  ) < 1,   1 ≤ 𝑗 ≤ 𝑛. (6) 

Denote 

𝑎 = |𝑎0𝑘|, 𝑏 = max
1≤𝑗≤𝑛

{|𝑎𝑗𝑘|} , 𝑐 = max
1≤j≤n

{𝑏cos(𝑘𝜃 + 𝜃𝑗)} < 𝑎 (7) 

and 
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 𝛽 = max
0≤j≤n

{𝜌(𝑃𝑗), 𝜌(𝑄𝑗)} < 𝑘. (8) 

Clearly 

𝜌 (
𝑃𝑗

𝑃0

) ≤ max
1≤j≤n

{ρ(𝑃𝑗), ρ(𝑃0)} ≤ β,     ρ (
𝑄𝑗

𝑃0

) ≤ max
0≤j≤n

{ρ(𝑃0), ρ(𝑄𝑗)} ≤ β.   

By Lemma 1, for any given 𝜀 satisfying 

0 < 2𝜀 < min{1, 𝑘 + 1 − 𝜌, 𝑘 − 𝛽, 𝑎 − 𝑐},  

there is a set 𝐸1 ⊂ (1, +∞)  with finite logarithmic measure such that for all 𝑧 satisfying 
|𝑧| = 𝑟 ∉ [0, 1] ∪ 𝐸1, we have 

|
𝑃𝑗(𝑧)

𝑃0(𝑧)
| ≤ 𝑒𝑟𝛽+𝜀

, 1 ≤ 𝑗 ≤ 𝑛, |
𝑄𝑗(𝑧)

𝑃0(𝑧)
| ≤ 𝑒𝑟𝛽+𝜀

, 0 ≤ 𝑗 ≤ 𝑛. (9) 

By the definition of the order of entire function, for any given 𝜀 > 0 and all suffi-

ciently large 𝑧, |𝑧| = 𝑟, we get 

|𝑒−ℎ0
∗(𝑧)| ≤ 𝑒𝑟𝑘−1+𝜀

, |𝑒ℎ𝑗
∗(𝑧)| ≤ 𝑒𝑟𝑘−1+𝜀

, 1 ≤ 𝑗 ≤ 𝑛. (10) 

Applying Lemmas 2 and 3 to 𝑓(𝑧), we conclude that there is a set 𝐸2 ⊂ (1, +∞) with 

finite logarithmic measure such that for all 𝑧 satisfying |𝑧| = 𝑟 ∉ [0, 1] ∪ 𝐸2, we have for 
1 ≤ 𝑗 ≤ 𝑛 

|
𝑓(𝑗)(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐0)
| = |

𝑓(𝑗)(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐0)
| ≤ 𝑟𝑗(𝜌−1+𝜀)𝑒𝑟𝜌−1+𝜀

. (11) 

By substituting (2) into Equation (1), we obtain 

|−𝑒𝑎0𝑘𝑧𝑘
| ≤ |∑ 𝑒−ℎ0

∗ (𝑧)
𝑓(𝑗)(𝑧 + 𝑐𝑗)

𝑓(𝑧 + 𝑐0)

𝑛

𝑗=1

(
𝑃𝑗(𝑧)

𝑃0(𝑧)
𝑒𝑎𝑗𝑘𝑧𝑘+ℎ𝑗

∗(𝑧)
+

𝑄𝑗(𝑧)

𝑃0(𝑧)
)| + |𝑒−ℎ0

∗ (𝑧)
𝑄0(𝑧)

𝑃0(𝑧)
|. (12) 

Let 𝑧 = 𝑟𝑒𝑖𝜃 ,  where 𝑟 ∉ [0, 1] ∪ 𝐸1 ∪ 𝐸2.   Substituting (5)–(7) and (9)–(11) into (12), 

we find 

𝑒𝑎𝑟𝑘
≤ ∑ 𝑟𝑗(𝜌−1+𝜀)𝑒𝑟𝑘−1+𝜀+𝑟𝜌−1+𝜀+𝑟𝛽+𝜀

(𝑒𝑏 cos(𝑘𝜃+𝜃𝑗)𝑟𝑘+𝑟𝑘−1+𝜀
+ 1)

𝑛

𝑗=1

 + 𝑒𝑟𝑘−1+𝜀+𝑟𝛽+𝜀
,  

Thus for 0 < 2𝜀 < min{1, 𝑘 + 1 − 𝜌, 𝑘 − 𝛽, 𝑎 − 𝑐},  we obtain 

𝑒𝑎𝑟𝑘
≤ (𝑛 + 1)𝑟𝑛(𝜌−1+𝜀)𝑒(𝑐+𝜀)𝑟𝑘+2𝑟𝑘−1+𝜀+𝑟𝜌−1+𝜀+𝑟𝛽+𝜀

≤ (𝑛 + 1)𝑟𝑛(𝜌−1+𝜀)𝑒(𝑐+2𝜀)𝑟𝑘
. (13) 

Dividing both sides of (13) by (𝑛 + 1)𝑟𝑛(𝜌−1+𝜀)𝑒(𝑐+2𝜀)𝑟𝑘
  and letting 𝑟 → +∞ , since 

0 < 2𝜀 <  𝑎 − 𝑐, we get +∞ ≤ 1. This is a contradiction, hence 𝜌(𝑓) ≥ 𝑘 + 1. □ 

Proof of Corollary 1 

Assume that 𝜌 = 𝜌(𝑓) < 𝑘 + 1. By using the similar steps as in the proof of Theorem 

1, we also obtain (4)–(10). By Lemma 1, there is a set 𝐸3 ⊂ (1, +∞) with finite logarithmic 

measure such that, for any given 𝜀 > 0 and all 𝑧 satisfying |𝑧| = 𝑟 ∉ [0, 1] ∪ 𝐸3, we get 

|𝐵𝑗(𝑧)| ≤ 𝑒𝑟𝛽1+𝜀
, 1 ≤ 𝑗 ≤ 𝑚,  

where  

𝛽1 = max
1≤𝑗≤𝑚

{𝜌(𝐵𝑗)} < 𝑘.  

We take 

𝛾 = max
1≤𝑗≤𝑚

{𝜌(𝐵𝑗(𝑧), 𝜌(𝑃0)} < 𝑘,         𝜌 (
𝐵𝑗(𝑧)

𝑃0(𝑧)
) ≤ max

1≤𝑗≤𝑚
{𝜌(𝐵𝑗), 𝜌(𝑃0)}.  
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And by applying Lemmas 2 and 3 to 𝑓(𝑧)  we conclude that there is a set 𝐸4 ⊂

(1, +∞) with finite logarithmic measure such that, for all 𝑧 satisfying |𝑧|  =  𝑟 ∉  [0, 1] ∪

𝐸4, we have for 1 ≤ 𝑗 ≤ 𝑛 + 𝑚  

|
𝑓(𝑗)(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐0)
| = |

𝑓(𝑗)(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐0)
| ≤ 𝑟𝑗(𝜌−1+𝜀)𝑒𝑟𝜌−1+𝜀

, (14) 

and 

|
𝐵𝑗(𝑧)

𝑃0(𝑧)
| ≤ 𝑒𝑟𝛾+𝜀

,        𝑛 + 1 ≤ 𝑗 ≤ 𝑛 + 𝑚. (15) 

By substituting (2) into (3), we find  

|−𝑒𝑎0𝑘𝑧𝑘
| ≤ |∑ 𝑒−ℎ0

∗ (𝑧) 𝑓(𝑗)(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐0)
𝑛
𝑗=1 (

𝑃𝑗(𝑧)

𝑃0(𝑧)
𝑒𝑎𝑗𝑘𝑧𝑘+ℎ𝑗

∗(𝑧)
+

𝑄𝑗(𝑧)

𝑃0(𝑧)
)| +

|∑ 𝑒−ℎ0
∗(𝑧) 𝑓(𝑗)(𝑧+𝑐𝑗)

𝑓(𝑧+𝑐0)
𝑚+𝑛
𝑗=𝑛+1

𝐵𝑗−𝑛(𝑧)

𝑃0(𝑧)
|+|𝑒−ℎ0

∗ (𝑧) 𝑄0(𝑧)

𝑃0(𝑧)
|. 

(16) 

Let 𝑧 = 𝑟𝑒𝑖𝜃 , where 𝑟 ∉ [0, 1] ∪ 𝐸1 ∪ 𝐸2 ∪ 𝐸3 ∪ 𝐸4. Substitutying (5)–(7), (9)–(10), (14) 

and (15) into (16) we obtain  

𝑒𝑎𝑟𝑘
≤ |∑ 𝑟𝑗(𝜌−1+𝜀)𝑒𝑟𝑘−1+𝜀+𝑟𝜌−1+𝜀+𝑟𝛽+𝜀

(𝑒𝑏 cos(𝑘𝜃+𝜃𝑗)𝑟𝑘+𝑟𝑘−1+𝜀
+ 1)

𝑛

𝑗=1

 |

+ ∑ 𝑟𝑗(𝜌−1+𝜀)𝑒𝑟𝑘−1+𝜀+𝑟𝜌−1+𝜀+𝑟𝛾+𝜀

𝑚+𝑛

𝑗=𝑛+1

+ 𝑒𝑟𝑘−1+𝜀+𝑟𝛽+𝜀
,  

 

thus  

𝑒𝑎𝑟𝑘
≤ 𝑛𝑟𝑛(𝜌−1+𝜀)𝑒(𝑐+𝜀)𝑟𝑘+2𝑟𝑘−1+𝜀+𝑟𝜌−1+𝜀+𝑟𝛽+𝜀

 

+𝑚𝑟(𝑚+𝑛)(𝜌−1+𝜀)𝑒𝑟𝑘−1+𝜀+𝑟𝜌−1+𝜀+𝑟𝛾+𝜀
+ 𝑒𝑟𝑘−1+𝜀+𝑟𝛽+𝜀

≤ 𝑛𝑟𝑛(𝜌−1+𝜀)𝑒(𝑐+2𝜀)𝑟𝑘
 

+𝑚𝑟(𝑚+𝑛)(𝜌−1+𝜀)𝑒𝑟𝑘−1+𝜀+𝑟𝜌−1+𝜀+𝑟𝛾+𝜀
+ 𝑒𝑟𝑘−1+𝜀+𝑟𝛽+𝜀

. 

(17) 

Dividing both sides of (17) by 𝑒𝑎𝑟𝑘
 and letting r→ +∞, we obtain 1 ≤ 0 since 0 <

2𝜀 < min{1, 𝑘 + 1 − 𝜌, 𝑘 − 𝛽, 𝑎 − 𝑐, 𝑘 − 𝛾}. This is a contradiction, then 𝜌(𝑓) ≥ 𝑘 + 1. □ 
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