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A first-order evolution problem with maximal monotone operators
L introduction

In the current work, we aim to study a differential inclusion
governed by time and state dependent maximal monotone
operators with perturbation. We show that this evolution problem
admits bounded variation continuous solution. We provide example
that illustrate the established result. has been considered by many
authors, see eg[Charles Castaing and Saidi., 2021,

D. Azzam-Laouir and Marques, 2019, D. Azzam-Laouir, 2022,
Charles Castaing, 2021]
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A first-order evolution problem with maximal monotone operators

L Notation

Notation

H is real separable Hilbert space;

L%_,(I) is the space of square integrable functions from / to H,
W2(1, H) is the space of absolutely continuous functions from /
to H with derivatives in L%,(/);

CH(I) is the space of continuous maps x from [ to H;

AP(t, x) denotes the element of minimal norm of A(t, x);

D(A)={xe H: Ax # 0},
the resolvent of A define by J{ = (/g + AA) ! and the
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A first-order evolution problem with maximal monotone operators
L Notation

Let A, B be two maximal monotone operators such that
B:D(B) C H= Hand A:D(A) C H=H and we define the
pseudo-distance between A and B by

3 <y1_Y27X2—X1>
dis (A, B :sup{ © (x1,y1) € Gr(A), (x2,y2) € Gr(B
(4,B) L+ Tl + all 020 € 6TA) e 2)(1) (8)
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A first-order evolution problem with maximal monotone operators
L Notation

Recall that,in the sense of convex analysis, the normal cone to the
set C(t,x) at v € H, for all (t,x) € [ x H is the subdifferential of
the indicator function of the set at v that is

Nc(t,x) = 0dc(t,x) ={C € H;{((,z—y) <0Vz e C(t,x)}

which is maximal monotone operator with D (N¢( ) = C(t, x)
Furthermore, we know that for all t,s € [ and x,y € H,

dis (NC(t,x): NC(sy)) = H(C(t,X), C(sv)/))
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A first-order evolution problem with maximal monotone operators

‘—auxiliary result

Lemma

Let B, (n € N), B be maximal monotone operators of H such that
dis(By, B) — 0. Suppose also that x, € D(B,) with x, — x and
Yn € Bp(xn) with y, — y weakly for some x,y € H. Then

x € D(B) and y € B(x).

Lemma

Let B, (n € N), B be maximal monotone operators of H such that
dis(Bn, B) — 0 and ||B(x)|| < c(1 + ||x]||) for some ¢ > 0, all

n € N and x € D(B,). Then for every z € D(B) there exists a
sequence (z,) such that

zn € D(By), z,— z and BY(z,) — B°(z).
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L Main result

Assume that for any (t,y) € I x H, B(t,y) : D(B(t,y)) CH=H
is @ maximal monotone operator satisfying

(H}) There exist a non-negative real constant A < % and a
function r : [0, T] — [0, +o0[ which is continuous on [0, T] and
non-decreasing with r(T) < oo such that

dis(B(t,y), B(s,z)) < r(t)—r(s)+A||ly—=z|, for0<s<t< T, fory,z
(HZ) There exists a non-negative real number c such that
1B°(t, y)zll < c(1+llyll+liz]l) for t €1, y € H, z € D(B(t,y)).

(H3) For any bounded subset F of H, the set D(B(/ x F)) is
relatively ball-compact.
Let f:/ x H— H be a map such that
(H) for any fixed x € H, f(-,x) is measurable on / and for any
fixed t € I, f(t,-) is continuous on H;
(HY) there exists a non-negative real constant L such that
f(t,x) < L(1+ ||x]||) for all (t,x) € I x H. (2)
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LMain result

Main result

Then, for any (ug) € D(B(0, up)) x H, the evolution problem
{ —%(t) € B(t u(e)u(t) + F(t,u(t) dr—ae tel=[0,Thy
u(t) € D(B(t,u(t))), tel

admits a BV continuous solution v: [ — H
Furthermore, u/(t) = %(t) with respect to dr, and

|/ (t)]| < ks dr —ae. t €1,
and

lu(t) — u(s)|| < ks <r(t) . r(s)> for0<s<t<T,

for a real positive constant k3 depending on ¢, T, A, r(T).
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A first-order evolution problem with maximal monotone operators

LMain result

proof

(1) Let us construct the sequences (up) .
For any n > 1, define a partition of / := [0, T] with

O=ti<t{y <<t <th;<--- <ty =T.

Foranyn>1and i=0,1,--- ,n—1, set

r,'zi_l = r(tﬂi_l) — r(t,n), r < r+1 < kn = (4)
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L Main result

fix any n > 1. Put uf = up € D(B(0, up)). For i € {0,---,n—1}
choose and set

tf
LmH::Jﬂl(uf—Q/”fu,wvmwﬂ), (5)
g

one writes

1 n n tln+ d n n
n@mm+/’f@wwm068uﬂ,aﬁyw>
t

Fit1 a
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L Main result

Now by the fact that (ef)% < e+ if for positive real constants
e, f, yields then by assumption before one gets

3c 3c
iy = ufll <% (L4 = + 2)(0 4 [[o?ll + [luq ) + S lluf = uiy |-

then Remember that A < % then setting p = % and
n=(L+ 3 +2), by iteration

i
Nufyy = uf | < foam Y W@+ 1+ luf ). (@)
j=0
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L Main result

Thus, forany nand i =0,--- ,n—1

lfyall < Nugll+ > llufyy — ufl (8)
j=0
r(T) 3nr(T)
< — =k 9
(bl + 012 Y e ) a0
This,along with(7) yields

n n T](1+2M1) n n

lufy — ufl] < T1o4 riy1 = kariiy. (10)
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L Main result

For any n > 1, define the following sequences u, for all
te[tin /+l[’€{0 /nil}by

=uf M uf T s,u’(s))dr(s) | — t s,ul)dr(s

un(®) = g o (s ﬂ,,(nd(? %;ﬂ,,w(»
11

and Put for any n > 1

5a(t) = tfif t €]l ¢ ] for some i€ {0,1,---,n—1},
=90 ift=o,

a(t) = 0 it t =0,
Yty if el ] forsome i€ {0,1,---,n—1}.

by derivation one gets for all t €]t ¢/ [

dup, 1 n n th n
)= (upa—up+ [ s, up)ar(s) ) — (s, uf), (12)
i+1 £
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L Main result

Hence, by (6)for each n € N*, there is a null Lebesgue measure set
K, C I such that

— ) € B0,(8),un(a(£)))n(60(8)) + F(£,07) dr — e e € 1
(13)
un(0n(t)) € D(B(0n(t), un(dn(t)))), t € 1. (14)

In view of (4), (10) and (12) one has for all t € [t/ t]

| 2
dr

Put f(t) = (¢, un(9a(t)))

(t)|] < 2ko +2L(1 + k1) = ks

15/26
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L Main result

Thanks to (14) and , one gets for all t € /
(un(8(t))) € D(B(I x kyBy)) N k1 By. (15)

These inclusions along with (H3) entail that the set
{un(05(t)) : n € N*} is relatively compact in H.
the absolute continuity of u, for any n, one has

[un(0n(t)) — un(t)ll =

Hence, the set {u,(t) : n € N*} is relatively compact in H.
foranys,tel, t<s

° du
Jonts) - ente)] = | [ SFar
that is, {un(-) : n € N*} is equicontinuous. By Ascoli’'s theorem,
(un(+))n is relatively compact in Cy(/). then
llun(dn(t)) — u(t)|| — 0,as n — oo. (17)
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L Main result

Now we have that u, continue and converge to u(t) then

lim (e, un(t) — un(s)) = lim <e.//t dinvgry  (18)

n—o00 n— o0 dr

(e, u(t) — u(s)) = <e,/:z(7)d7>.

Hence, given any s, t € [0, T] with s < t, we get
[ z(7)dT = u(t) — u(s), and then u(-) is absolutely continuous
and z(+) coincides almost everywhere in [0, T] with 9(.).
Moreover, it results

du, du

- — = weakly in L2(1, H, dr). (20)
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We show
u(t) € D(B(t,u(t))), tel, (21)

u(0) = up € D(B(0, up)), u(0) = ug € H.

Recall that u,(6,(t)) € D(B(6n(t), un(dn(t)))) for all t € I (see
(14)). Combining (H3), (4), (4) yields

(
(

dis(B(0(t), un(dn(£))), B(t, u(t))) — Oas n — co.  (22)

Remark that in view of (H3), (17),

(Wi) = (B°(6n(t), un(0n(t)))un(0a(t))) is bounded. Then, we may
extract from (w,) a subsequence that weakly converges to w € H.
Since the sequence (uy(dn(t))) converges to u(t) in H applying
Lemma 1, one concludes that u(t) € D(B(t, u(t))), t € I.
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A first-order evolution problem with maximal monotone operators
L Main result

now let proof

du

= E(t) € B(t,u(t))u(t) + f(t,u(t)) dr—ae. tel, (23)

it suffices to show that

<%(t)+f(t, u(t)), u(t)—z) < (B(t, u(t))z, z—u(t)) dr—ae. tel,

we know that (4 + f,(-)) weakly converges to 9(-) + f(-, u(-)) in
L2(I, H,dr). Then, there exists a sequence ({;) such that for each
JeN (e co{% + fi(t), k > j} and (;) strongly converges to
%(-) +f(:) in L2(/, H,dr). In other words, there exists a subset K
of | with null-Lebesgue measure and a subsequence (jj,) of N such
that for all t € 1\ K, (¢;,(t)) converges to 9(t) + f(s, u(t)).
Hence, for t € I\ K

du _duyg .
o O+ (6 () € N cof (6 + a(t), k> o},
peEN
imply that for t € I \ K and any w € H

dup

(E(6) + £(0) w) < limsup(B2(2) + (e),w). (20
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apply Lemma 2 to B(6,(t), un(dn(t))) and B(t, u(t)) to ensure the
existence of a sequence (z,) such that z, € D(B(da(t), un(0n(t))))

zp — z and BY(6,(t), un(6,(t)))za — BO(t, u(t))z. (25)

For n > 1, let I\ K, denote the set on which (13) holds. Since
B(t, y) is monotone for any (t,y) € | x H, one obtains for

tel \ Kn
<Cillj’n (t)Jan(t)a Un((sn(t))*zn> < <BO(6n(t)a Un(6ﬂ(t)))zﬂ> Zﬂiun(én(t)»‘
(26)

20/26
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then
( ijur"(t) +yn(t), u(t) — 2) < (B%(8n(t), un(8n(t)))2ns 20 — un(n(t)))
+<k1 + L(1+ k1)> <||un(5n(t)) —u(t)|| + |lzn — Z>.
which give

lim sup<cgjrn(t) + f(1), u(t) — 2) < (BO(t,x(t))z, z — u(t)).

n—o0

The inclusion
— —(t) € B(t,u(t))u(t) + f(s,u(t)) dr—ae. tel, (27)

therefore holds true.
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Let C:/ x H= H be a set-valued mapping satisfying:

(H;) For each t € I, C(t,y) is a non-empty closed convex subset
of H.

(H5) There exist a non-negative real constant A < 3, and a
function r : [0, T[— [0, co[ which is continue on [0, T[ and
non-decreasing with r(T) < oo and r(0) = 0 such that

|d(x, C(t,u))—d(x, C(s,v))| < |r(t)—r(s)|+A||lv—u|| Vt,s € |, Vx,v,u
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here H stands for the Hausdorff distance between closed subsets of
H
Let C:/ x H = H be a set-valued mapping satisfying:
(H7), (H5) Let f : I x H— H be a map such that (H), (H{) then
for any ug € C(0, ug) the problem
du

—E(t) € Nee,ueyu(t) + f(t,u(t)) drae. tel,
u(t) € C(t,x(t)), tel
u(0) = up € C(0,x0), x(0) = xp € H;

has an bounded variation continuous solution u: [ — H.
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Thanks for your attention
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