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Abstract: The strong approximation of a function is a useful tool to analyze the convergence of its
Fourier series. It is based on the summability techniques. However, unlike matrix summability
methods, it uses non-linear methods to derive an auxiliary sequence using approximation errors
generated by the series under analysis. In this paper, we give some direct results on the strong means
of Fourier series of functions in generalized Holder and Zygmund spaces. To elaborate its use, we
deduce some corollaries and a discussion follows the results.
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1. Introduction

The strong approximation rather providing approximations is a tool of analysis. It
is based on the summability techniques. However, unlike matrix summability methods,
it uses non-linear methods to derive an auxiliary sequence using approximation errors
generated by the series under analysis. This auxiliary sequence is further used to analyze
the convergence properties of the series. To know more about the development of strong
approximation methods, one can see the articles by Hyslop [1], and Mittal and Kumar [2].
They give simple settings of strong approximation along with some comparison results.

2. Preliminaries

The classical L? [0, 27| spaces define the foundations of Fourier analysis. An L?[0,271],
1 < p < oo, space contains 27t-periodic, Lebesgue integrable functions, which have finite
norm denoted by || - || ;, and defined by

(o [Tiscora)”
— X X , 1<p<oo
Iflly =14 \27Jo

ess sup|f(x)|, p = oo.

0<x<2m

To measure the smoothness of the functions, we use moduli of smoothness. For f €
LP[0,27], the r'h-order modulus of smoothness w; (f; t), is defined by

w(fit)p = sup [[ALFC)lp
0<h<t

where A} f(x) = i _o(=D (1) f(x + (r — k)h) denotes ' order forward difference of f at
x with step-size . The most basic spaces, which encode the smoothness properties of the

Comput. Sci. Math. Forum 2023, 1, 0. https://doi.org/10.3390/0 https:/ /www.mdpi.com/journal /csmf


https://www.mdpi.com/article/10.3390/0?type=check_update&version=1
https://doi.org/10.3390/0
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/csmf
https://www.mdpi.com
https://orcid.org/0000-0002-2250-3202
https://iocma2023.sciforum.net/
https://doi.org/10.3390/0
https://www.mdpi.com/journal/csmf

Comput. Sci. Math. Forum 2023,1, 0

20of 6

functions, are the Holder spaces. For the periodic functions, they were first introduced for
the space of 27r-periodic continuous functions [3] (p. 51). Later, Das et al. [4] extended
them to LF[0, 27t]-spaces. They defined the Holder spaces Hy(L?), 0 < a < 1, to contain
functions f € LP[0, 27 such that wy (f;t), = O(t*). The norm for f € H,(L?) is given by
I f e ry = Wfllp + | flE, (r), Where

st
|f|HA(LP) = sup 7601(1{; )p-
t>0

As a further generalization, Das et al. [5] generalized Holder spaces, Hy(L?) to Hy,(LF)-
spaces where w : [0,00) — [0, 00) is a non-decreasing function with lim;_,o+ w(t) = 0. The
H, (LP)-spaces contain f € LP[0,27] such that wy(f;t), = O(w(t)). For f € H, (L"), the

norm is defined by || f| 1, sy == [l fllp + | fl1, (1), where
_ wl(f?t)p
flian =50 =i

The Zygmund spaces are defined using second order modulus of smoothness. The Zyg-
mund spaces Z, (L), 0 < a < 2, are defined to contain the functions f € LF[0, 27| such
that wy(f;t)p = O(t*). Thenorm for f € Zy(LF) is defined by || ||z, ry) = IIfllp + |fl 2, (1r),
where

wa(f;t)p

Flzar) = sup 252,
t>0

The Zygmund spaces Z, (L") can be generalized in the same way as Holder spaces H, (L”).
Let w : [0,00) — [0, ) be a non-decreasing function with lim;_,y+ w(t) = 0. Then Z,, (L")
generalizes Z,(L")-spaces by the requirement w(f;t), = O(w(t)) for f € LP[0,27]. The
norm for f € Z,(LF) is defined by | f[/z, r) = I fllp + ||z, (1r), where

wz(f;t)p
=sup ———.
‘f|2w<l}’) t>§ (U(t)

For w(t) = 1%, 0 < a < 1, the generalized Holder space H,, (L") becomes Holder space
H,(LP). Similarly, for w(t) = t*,0 < a < 2, the generalized Zygmund space Z, (L")
coincides with Zygmund space Z,(L”). Because of the fact that w>(f;t), < 2wy (f;t)p,
the Holder spaces are the subsets of corresponding Zygmund spaces. However, as the
Zygmund norm is not same as Holder norm on Holder spaces, the Zygmund spaces do not
generalize the Holder spaces.
Let f be a 27t-periodic Lebesgue integrable function. Then, the partial sums S, (f; x),n =

0,1,2,... of the trigonometric Fourier series of f can be written as

1 T
Su(f;x) = 5/@ (f(x+t)+ f(x —t))Dy(t)dt, n=0,1,2,...,
where D, (t) denotes the Dirichlet kernel of order 7 given by

2n+1, t=2mmn, m €7,

n . (2n+1)t
Du(t)=1+2) coskt=q 1 >

2

otherwise.
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The properties of the Dirichlet kernels can be found in [6] (p. 235). Ry (f; x), the n" residual
in the approximation of f by partial sums S, (f; x), can be written as following:

Ru(f3%) = Su(fix) — f(x) = %/OHA%f(x— DD (b)dt, = 0,1,2, ...

The summability techniques are an extension of the notion of convergence of a series
in which we try to attach a limit to a non-convergent sequence. The summability methods
may also increase the rate of convergence of an already convergent series. A summability
matrix T = (a,x), n,k =0,1,2,...is called regular summability matrix if it satisfies:

(1) limy 00 Ank = 0,
(11) E]c()o:()|al’l,k‘ S M Z 0/ vn/
(iii) Yheodnk = 1,Vn.
Let T = (a,x),n,k =0,1,2,... be an infinite-dimensional, lower triangular summabil-
ity matrix. Then the sequence

n
Tu(f;x) = Zan,ksk(f;x), n=0,12,...,
k=0

defines the T-means of the trigonometric Fourier series of f. The difference p,(f;x) :=
T, (f;x) — f(x) denotes the n" residual in the approximation of f by T-means of the Fourier
series. If

n
Y ay=1,n=0,12,..., 1)
k=0

then we can write
n 1 7T 5
oulfix) = ¥ aniRilfix) = o [ AR (x =K ()t
k=0 27 Jo

where K, (t) is the kernel generated by T and defined by K, (t) := Y}, Di(t), n =
0,1,2,....1f T = (ayy) is such thata, ; >0, n,k =0,1,2,..., then for A > 0, the T-strong
means of the Fourier series are defined by

; 1/A
Un(f, A, x) = (kg) an,kle(f;x)|A> -

In this paper, we present estimates of Uy (f, A, x) in H,(L?) and Z,, (L") spaces. These
estimates help in gaining insights of the approximation error in Fourier approximation.

3. Results

First, we prove some auxiliary results as lemmas to make the proof of main results
concise.

Lemma 1. Let Dy(t) be the k™ Dirichlet kernel. Then
(i) |Du(t) = O(k+1), t € [0, 7).
() |Dp(B)] = O(1/8), t € (0,7].

The lemma can be proved easily.
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Lemma 2. Let {f,}7 be a sequence of 27-periodic Lebesgue measurable functions. Then, for

anyp>1land 0 <A <p
. 1/A o 1/A
(2 |fk<x>|A> < (ankn;) :
k=0 p k=0

Using generalized Minkowski inequality, the lemma can proved easily.
Now, we present the main results.

Theorem 1. Let T = (a, ) be a summability matrix such that a,, >0, n,k =0,1,2,.... Then,
for f € Hy(LP)and 0 < A < p

A 1/A
U,(f,A,x n =0 ; anr| w T " w(t)dt> ,
U A ) 0 (kgo ,k< ()~ 2

provided f satisfies the following conditions:
(i) AU (f, A, x) = O(Un(ALf, A, X))
i) |88 ()llp = O(wr (£ ALF(x)lp)-

Proof. By the definition of || - ||, (1), we have

”Un(fr)‘/x)”Hw(LP) = [[Un(f, A, x)[lp + |Un(f/)‘rx)|Hw(LP)'

We first estimate || U, (f, A, x)||p. Using Lemma 2,

1/
(Zank|kax)| ) <
p

Using the generalized Minkowski inequality, Lemma 1 and definition of R (f, x), we have

[Un(f, A, x ||p =

" /A
(kzan,kmk(f,x)n;) G
=0

1
27T

IR 01, = | 83— 0Dl

p

B O(/oﬂ“’Z(f; t)P|Dk(t)|dt>
[t o)

=o</flw< DpDkldt+ [ wr(fit), |Dk<>|dt>

k+1

w<i1> n /i “’E”dt). 3)

k+1

From (2) and (3), we have

A\ /A
[Un(f, A, %), =0 (Z%k( <k+1>+/n w}@dt) ) . )

k+1
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Now, we estimate |U,(f, A, x) ‘Hw( 17)- Using condition (i), we have

1AL (£, )1 = O (U (AL £, A, )1l )

; 1/A
<Z an,k|Rk(All1f/x)|A>
k=0

P
Using Lemma 2, definition of R (f, x) and condition (ii), we have

1/A

AR (f, A x) |y = (Z”nk ‘Rk Bifix H )

(mhf ||p<2ank(/ wr(£iDIDilt >|dt)A>W).

Following calculation in (3), we have

A\ /A
83 (A ) = O | ks ||p(>:ank< (k+1)+/n“’§”df))

k+1

Taking supremum for 0 < k < u on both sides

wi(Un(f, A, x);u) = O wi(f (Z”’”‘< ( Zl)

Therefore,

0\
T w(t
+/ntdt>)

k+1

w1 (Un(f, A, x);u)
U,(f, A, x)|go = su 4
| (f )|H (Lp) u>r0) CL)(U)

n 7 A
:o(k;]ank< <k+1>+/k+”1fdt> ) . (5)

Combining (4) and (5), we have

W\ 1/4
U (f, A 5) |y (Lr) = (Z ﬂnk< <k+1> +/L wi”dt) ) ,

k+1

which completes the proof of the theorem. [

Depending on the value of A, condition (i) in Theorem 1 can be relaxed. More precisely,
the following holds.
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Corollary 1. Let T = (ay, ) be a summability matrix such that a,, >0, n,k =0,1,2,.... Then,
for f € Hy(LP)and1 <A <p

1/

A
n T T w(t)
[Un(f, A )|y (r) = O k;)””f" <w<k+1> +/n t dt)

=51
provided f satisfies ||A}lA%f(x)Hp = O(wl (f;t)||A}l (x)||p).

Proof. In the light of the Minkowski inequality for sequence spaces, the condition (i) in
Theorem 1 holds for A > 1. Then, the corollary follows from Theorem 1. [

Since, for w(t) = t*,0 < a < 1, H,,(L?)-space reduces to H,(L")-space, we have the
following corollary for f € H,(LP).

Corollary 2. Let T = (a, ) be a summability matrix such that a,, > 0, n,k =0,1,2,... and
satisfies (1). Then, for f € Hy(LP) and 0 < A < p

[Un(f, A x) |5, (ry = O(1),
provided f satisfies the following conditions:

(i) AU, (f, A, x) = O(Un(ALf, A, X)).
@) 8582 (0)llp = O (fOI8Lf ()lp)-
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