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Abstract: We study the spontaneous emission (SPEM) of a quantum emitter (QE) near a topological
insulator Bi2Te3 spherical nanoparticle (SNP). We use the electromagnetic Green’s tensor method
for calculating the Purcell factor for the QE near the SNP using parameters from experiment for
describing the topological insulator optical properties. We find exceptional Purcell factors of the
QE up to 1010 at distances between the QE and the SNP as large as half its radius in the terahertz
regime. We study the dynamics of the SPEM of a QE with transition frequency in the terahertz and
vacuum decay rates, which affects inversely proportional the interaction strength between the QE
and the SNP, in the ns to µs range. For short vacuum decay times, we observe non-Markovian SPEM
dynamics, which corresponds perfectly to values of standard measures of non-Markovianity and
indicates possibly considerable dynamical quantum speedup. The dynamics turns progressively
Markovian as the vacuum decay time increases, while then the non-Markovianity measures are
nullified and the quantum speedup vanishes.

Keywords: spontaneous emission; topological insulator; Bi2Te3; two-level quantum system; purcell
effect; strong coupling; non-markovianity measure; quantum speed limit

1. Introduction

In the last decade, the strong coupling of quantum emitters (QEs) with photonic
microstructures and nanostructures pushes the boundaries of cavity quantum electrody-
namics in new regimes and may lead to numerous important phenomena in nanophotonics
and applications in quantum technologies [1]. A basic phenomenon under strong coupling
of a QE with its nanophotonic surroundings is the exchange of energy between the QE and
the photonic nanostructure in a coherent manner, leading to non-Markovian and reversible
spontaneous emission (SPEM) dynamics of a QE. This phenomenon has been predicted
when a QE is coupled to various nanophotonic platforms, including plasmonic nanos-
tructures [2], epsilon-and-mu-near-zero media [3], two-dimensional semiconductors [4],
graphene nanostructures [5], and ferromagnetic or ferrimagnetic nanoparticles [6]. Another
class of photonic structures that induce strong light-matter interaction with QEs emerges
through the merger of quantum optics with topological photonics [7], and is realized
by coupling QEs with topological photonic structures, like topological one-dimensional
waveguides [8], three-dimensional photonic Weyl environments [9], topological photonic
crystals [10], and a plasmonic nanoantenna, for on-resonance operation, embedded in a
topological photonic structure designed for this purpose [11].

Here, we explore nanophotonics on a Be2Te3 platform, in order to obtain strong
coupling between light and matter, resulting into non-Markovian SPEM between a QE and
a spherical nanoparticle (SNP) made of a topological insulator [12]. Recently, the interaction
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of light with topological insulator nanoparticles (TINPs) has shown interesting optical
properties [13–16].

2. Theory

In this work we investigate the non-Markovian dynamics of an one-photon SPEM of
a QE next to a Bi2Te3 TINP of radius R. A SNP-centered coordinate system is in use, as
shown in the left panel of Figure 1, where a QE placed at r̃QE = (0, 0, R + D) is shown.
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Figure 1. (color online) Left: Schematic depiction of a topological insulator nanoparticle (TINP), a
Bi2Te3 sphere of radius R, in proximity to a two-level quantum emitter (QE), as in this work. Right:
Purcell enhancement factor of a QE with a transition dipole moment along the z direction close to a
Bi2Te3 SNP of R = 40 nm for several D.

The system-state reads (in this work we use h̄ = 1)

|Ψ(t)〉 = c1(t)e−iω0t|1; 0ω〉+
∫

d~r
∫

dω c(~r, ω, t)e−iωt|0; 1~r,ω〉 . (1)

In Equation (1), |n; a〉 = |n〉 ⊗ |a〉, stands for the states of the two-level quantum system,
where |n〉 (n = 0, 1), and |a〉 stands for the states of the modified modes of the electromag-
netic continuum due to the proximity to the TINP, with the vacuum given by |0ω〉 and the
one-photon state by |1~r,ω〉. The equation for c1(t) reads [2]

ċ1(t) = i
∫ t

0
K(t− t′)c1(t′)dt′, K(t− t′) = ieiω0(t−t′)

∫ ∞

0
J(ω)e−iω(t−t′)dω , (2)

with J(ω) = Γ0(ω0)λ
z(ω, D)/2π, and Γ0(ω0) being the vacuum decay width of a QE

with resonance frequency ω0 in free-space; also, λz(ω, D) denotes the Purcell factor of the
QE with a z-oriented (radial) transition dipole moment located at distance D from the
TINP surface. The probability amplitude dynamics is computed using the effective mode
differential equation (EMDE) methodology [2].

The influence of the altered continuum of electromagnetic modes due to the proxiity
to the TINP to the QE, located at distance D from the surface of the SNP of radius R is
quantified by calculating the radial Purcell factor, λz(ω, D) = Γz(ω)

Γ0(ω)
, using a numerical

electromagnetic Green’s tensor method [2,17]. The absorption cross-section σabs(ω) given
by [13]

σabs(ω) = 4πR
ω

c
Im
[ ε(ω) + δR − 1

ε(ω) + δR + 2

]
(3)

is determined by the electric field boundary conditions, with ε(ω) being the dielectric
function of Bi2Te3. In Equation (3), δR denotes the term related to light-induced transitions
between the delocalized topologically protected states. Here we consider δR = 0; then
Equation (3) describes practically the case of a dielectric sphere in an uniform field.
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In Equations (3), the dielectric function ε(ω) is given by [13] ε(ω) = ∑i=a,β, f
ω2

pi

ω2
0i−ω2−iγiω

including a and β transverse phonon contributions [18]; it also includes contributions
from free charge carriers (with index f ) due to defects in the bulk, while the parameters
are obtained from fitting to bulk experimental data [14]: ωpa = 21 THz, ωpβ = 4 THz,
ωp f = 11 THz, ω0a = 1.56 THz, ω0β = 2.85 THz, ω0 f = 0 THz, γa = 0.18 THz, γβ = 0.2 THz,
and γ f = 0.24 THz. Note that in this work, since we operate in the QE near field regime,
the distance, D, is much smaller than the wavelength of the QE SPEM photon, λ; therefore,
the use of the electrostatic approximation is justified.

3. Results and Discussion

We investigate the SPEM dynamics of a QE with a z-oriented transition dipole moment
in proximity to a Bi2Te3 SNP with R = 40 nm, when δR = 0. In the right panel of Figure 1
we show the Purcell enhancement factor of such a QE for several D.

We focus on the dynamics of the SPEM in case of a QE with ω0 = 0.070457 eV =
17.036 THz and transition dipole moment along the z-axis, when the QE is located at
D = 20 nm from the surface of a R = 40 nm Bi2Te3 SNP. We find, that the decay of the
QE population occurs in an oscillatory way, with decreasing frequency of oscillation, as
the vacuum decay time becomes longer; this fact is clearly indicating the transition from
non-Markovian to Markovian dynamics.
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Figure 2. (color online) SPEM dynamics for a QE with ω0 = 0.070457 eV = 17.03643 THz and
transition dipole moment along the z-axis located at D = 20 nm from a Bi2Te3 SNP with radius
R = 40 nm and the QSL of the corresponding dynamics (inset).

In the inset of Figure 2 we further show the quantum speed limit (QSL) τQSL for the
SPEM dynamics. The minimal evolution of an open quantum system [21] is bounded by
the QSL, and it is related to the non-Markovianity of the dynamics by [22]

τQSL =
t

2 Ñ(t)
1−|c1(t)|2

+ 1
, Ñ(t) = 0.5

∫ t

0
|∂t′ [c1(t′)c∗1(t

′)]|dt′ + [c1(t′)c∗1(t
′)]− 1 , (4)

with t denoting the actual driving time of the open system. Thus, when Ñ = 0, Equation (4)
implies that the QSL is equal to t; otherwise, QSL always has a smaller value that t.
Therefore, one concludes that by exploitation of the open system non-Markovianity, its
actual dynamics can be accelerated with respect to the corresponding Markovian dynamics.

The above observations regarding the SPEM dynamics, which is shown in the main
panel of Figure 2, can be also drawn through the QSL of the corresponding dynamics,
shown in the inset of Figure 2. We observe that the QSL curves tend to align with the
(conceivable) graph diagonal as the vacuum decay width decreases; the QSL curve, for the
smallest vacuum decay width, actually fully overlaps with the diagonal, as expected from
the corresponding Markovian population dynamics.
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We also study the non-Markovian features of the SPEM dynamics by applying three
measures of non-Makovianity in order to characterize the coupling between the QE and the
continuum of electromagnetic modes as affected by the TINP: The Breuer, Laine, Pillo (BLP)
measure, N , defined in Ref. [23], based on the quantum system - environment information
flow, which quantifies the non-Markovianity of the process by using the two-state trace
distance, and the two Rivas, Huelga, Plenio (RHP) measures, IE and I , defined in Ref. [24],
that quantify the non-Markovian features of the dynamics of entanglement by applying
local completely positive maps that preserve the trace. Note, when applied to a two-state
QE interacting to photonic environments with couplings that depend on frequency, the N ,
IE and I measures are equivalent [25].

For computing the non-Markovianity measure values, we make use of the following
quantities

γ(t) = −2<
(

ċ1(t)
c1(t)

)
= − 2
|c1(t)|

d
dt
|c1(t)|, and F(t) =

a2e−
3
2 Γ(t) + 1

2 |b|2e−
1
2 Γ(t)√

a2e−Γ(t) + |b|2
, (5)

with Γ(t) =
∫ t

0 dt′γ(t′), a = 〈1|ρ1(0)|1〉 − 〈1|ρ2(0)|1〉 being the population difference, and
b = 〈1|ρ1(0)|0〉 − 〈1|ρ2(0)|0〉 being the coherence difference between the two arbitrary
initial states. Then, the BLP measure [23] reads:

N = −max
a,b

∫
γ(t)<0

γ(t)F(t)dt . (6)

Also, the RHP measures [24] read:

I (E) = −
∫

γ(t)<0
γ(t)e−

1
2 Γ(t)dt, I = −

∫
γ(t)<0

γ(t)dt . (7)

Table 1. Value of Non-Markovianity measures [23,24] for several vacuum decay width in case of a
QE with transition energy ω0 at D = 20 nm from a Bi2Te3 SNP of radius R = 40 nm.

ω0 = 0.070457 eV

Γ0 / neV 8.271 0.827 0.083 0.008

N 13.41 2.91 0.41 0
IE 26.82 5.83 0.82 0
I 312.26 121.20 8.95 0

Lastly, in Table 1 we show the N , IE, and I non-Markovianity measures for various
Γ0 in case of a QE with transition energy ω0 = 0.070457 eV = 17.03643 THz at D = 20 nm
from a R = 40 nm Bi2Te3 SNP. The values decrease as the population dynamics oscillation
frequency decreases, since in all three cases, by definition, only the γ(t) < 0 part of
the dynamics contributes to the measure value. Note, that each measure value is not
normalized; thus, no comparison between the measures is possible.

4. Conclusions

In this work we study the light-matter coupling conditions of a QE near a SNP of
Bi2Te3, a topological insulator material, without inclusion of the topologically protected
delocalized surface states. By using first-principle electromagnetic methods, we compute
the Purcell factor of a QE, with radial transition dipole moment with respect to a R = 40 nm
radius SNP, for various distance values between the QE and the surface of the SNP. We use
experimental parameters for describing the optical properties of the Bi2Te3 material. We
find exceptionally high enhancement factors, up to 1010, while the enhancement factors
remain large, above 105, within the whole frequency range up to 0.14 eV.
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More specifically, we investigate the SPEM dynamics of the QE near a Bi2Te3 SNP for
vacuum decay in the nanoseconds to milliseconds time range. For large vacuum decay
width values, we observe that the dynamics of the SPEM is distinctively non-Markovian.
Moreover, when the QE ω0 is resonant to an isolated polariton of the Bi2Te3 SNP, the
dynamics of the SPEM features population transfer in a complete oscillatory manner (Rabi
oscillations) from the QE into the continuum of electromagnetic modes as altered by the
TINP nanosphere and back. As the vacuum decay width decreases, the dynamics of the
SPEM turn to Markovian, with the population of the QE waning out in the continuum of
electromagnetic modes practically in exponential way.

We also calculate the BLP and RHP non-Markovianity measure values for the cases
studied. The measure values decrease as the underlying dynamics turn to Markovian.
Additionally, the QSL of the dynamics of the SPEM is computed; we find that when the
light-matter interaction is strong, resulting into non-Markovian behavior, the dynamics can
be significantly accelerated.

In conclusion, we have shown that a Bi2Te3 SNP can provide the conditions for
achieving strong light-matter coupling at the nanoscale. Moreover, we have considered QEs
with realistic vacuum decay times for various systems at the nanoscale, thus rendering our
results particularly interesting and promising towards quantum technologies development.
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