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Abstract: This paper represents a three-species food web model based on the connections between
susceptible prey, infected prey, and predator species. It is considered that in the absence of predator
species, prey species grow logistically. Predators consume susceptible and infected prey in the form
of Crowley-Martin and Beddington-DeAngelis functional responses. Also, infected prey consumes
susceptible prey in the form of Holling type II interactions. Here, prey refuge and harvesting in
prey with disease in a prey population are taken into consideration. Positiveness, boundedness, and
positive invariance are examined. All biologically feasible equilibrium points are investigated. The
local stability of positive equilibria and their global stability are analyzed by the suitable Lyapunov
functions. Finally, numerical solutions are analyzed according to our findings.

Keywords: Eco-epidemiological model; Crowley Martin functional response; beddington De-Angelis
form; stability; equilibrium

1. Introduction

In mathematical ecology, at the beginning of twentieth century, many plan were made
to statistically predict the existence and species of evolution. Certainly, the well-known
classical Lotka-Volterra model was the first major effort in this area in 1927.

A certain percentage of prey populations can receive some degree of protection from
nature by using its refuges. By lowering the risk of extinction from predation [1] and
dampening prey predator oscillations[2], such refuges can aid in extending predator-prey
interactions. Studies in the literature reveal that refuges have both stabilizing [3]and
destabilizing effects [4] in the environment. After the fundamental model of Kermack-
McKendric [5] on SIRS systems, which describes the diseases spread through contact.
Mathematical modeling of epidemics has emerged as an important area of study. A
significant amount of study has been conducted in this field.[6],[7],[8].

One of the essential elements of predator-prey population modeling is a "Functional
Response". Most functional responses, such as Holling kinds, are labeled "prey-dependent”
since they are dependent on either the prey or the predator. In Crowley-Martin functional
responses, both the prey and the predator are considered. Prey handling along with prey
hunting are seen as two distinct and independent acts in Beddington-DeAngelis functional
response. In this study, the functional response of Crowley-Martin, Holling type II, and
Beddington-DeAngelis types are taken into account. The analysis of the consequences of
disease on prey refuge, and harvesting in prey in the predator-prey system is the primary
focus of this study. Here, the boundedness and positive invariance of the equilibrium points
of this system, together with their local and global stabilities, have all been investigated.
To the best of our knowledge, no researchers have investigated three-species food web
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Eco-epidemiological model with multi functional response. So,we explore the three species

food web Eco-epidemiological model with hollinj% ;}épe IT functional response(% )
1

Beddington DeAngelis functional response (W) and, Crowley martin functional

response % as well as hopf bifurcation as a result of this fact.

The main purpose is to investigate how disease affects in a predator-prey relationship.
The section 2 deals with the mathematical formulation. Section 3 contains some of the
preliminary findings. Section 4 depicts the boundary equilibrium points and their stability.
Section 5 investigates the local stability of the interior equilibrium point £*(a*,b*,c¢*) and
determines its coexistence state. Section 6 shows the global stability for £*. In addition, in
Section 7, we looked into Hopf-bifurcation based on refuge 1. In Section 8, all significant
conclusions are mathematically validated using MATLAB software. This research’s conclu-
sion and the biological implications of our findings are found in Section 9, which concludes
the work.

2. Mathematical Formulation of the Model
Models are developed for a predator-prey system with prey’s refuge and harvesting.
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by the conditions of non-negative terms A(0) = Ay > 0, B(0) = By > 0and C(0) = Cy > 0.

Table 1. Environmental illustration of the system

Parameters Environmental illustration
A,B,C Susceptible prey, Infected prey, Predator
Z,1, Infection rate, Growth rate of prey,refuge of prey
K,y & Carrying capacity, Predator’s handling time, harvesting ef fort
py and B Half — saturation constant among infected prey and predators
ay,n Rate of predation on susceptible prey,conversion of prey to predators
YU Magnitude of interference among predators by crowley and beddington
fi Capture rate by predator on susceptible prey
dy and dy Death rate of infected prey and predators
Hi, Ho Catchability coef ficient of susceptible and infected prey

To reduce the system(1) parameter’s, it is appropriate to change the variables as
a= %,b = %c = %, and the dimensionless time t = ZKT .
In non-dimensional form,

P _ gy ab(l—y) —
ﬁ - a(l 5)) p P09 O+ )0 M@
. —va .
@ = i 90 eph g b ?
b _ i neac + nfbc
1 (1+na)(1+pc) * (1+pb+c)
where,
r = ZrIKIDC:L}(/P:%rhl:%151/6:%11(1112:]127?(2d:%/éz%.

ZK 7
The system’s initial conditions are a(0) = a9 > 0,b(0) = by > 0 and ¢(0) = ¢y > 0.
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3. Positive Invariance and Boundedness

Let X = (a(t),b(t),c(t))T and S(X) = (S1(X), S2(X), S3(X))T, where

B o ab(1— 1) B wac B
S0 =rl = e = g A
_ (A=tab Bab B
S0 =t T g
naac nbbc

S3(X) = -6 .
3(X) = =t At re) T AT b+ 10
Since, the model (2) can be stated as dX = §(X) where S : C4—R3 with X(0) = XoeR3.

Thus, §;eC®(R) fork =1,2,3. The L1psch1tzian function is S and continuous on Ri The
model (2) contains positive initial conditions. Hence, (2) the region Ri is an invariant.

Theorem 1. All the system’s solutions (2) are bounded in R,

Proof. Let (a(t),b(t),c(t)) are the solutions of the system (2) with non-negative conditions.
Since, % <a(l-—a).

limsup,_,, a(t) < 1. (By the above inequality)

Letp=a+b+c.

dp _ L (1-1v) _ aac(l—n) _ (1—1¢)ab _
ar MO S ) T T e M A g
0bc
— m(l—n) —hzb—(SC,
<ra(l—a)—hia—abr —b(d+ hy) — dc, (sincen < 1)),
< §—Mha—0b(d+ hy) —dc (since Max {ra(1 —a)} = }),
< I —Bp. where, ,8 = min {hy,d + hy,6}.

Thus, we have £ + Bp < 4. By differential inequality theory, we have 0 < p< /S(

exp*ﬁ )+ p(ag, bo, co)exp Bt For f— 00, since 0 < p < 13- So, every solutions of model (2)
are confined to non-negative initial conditions around ).

where, Q= {(a,b,c) € R3 ta+b+c < £ BT €}

Hence, the result. O

4. Boundary Equilibrium Points

o & is the point of trivial Equilibrium. Here, & (0, 0, 0) exists.

e &, diseased prey and no predator Equilibria, & (r_rh1

,0,0) exists for hy <.
p(d+hy)

e & is the equilibria with no predator, & (a, b, 0) where a = A=d—hy)(1=9) and
b= (7(1_”);}’8@%(1_@’1). & exists for p(d +hy) < (1—d —hy)and by < r(1 —a).
e & is the equilibria with no disease, &3 (,0,¢) where a = _ U4 and

na—nd(1+pc)
= (=)= hl)(HW)(H”) . &3 exists for (1 + pc) < nwand hy < r(1—a).
e &*isthe equ111br1a of interior which is positive, by system (2) £* (a*, b*,c*) exists for
0> na, (14 Bb* +9c*) > 0,r(1 —a* —b*) > hy —b*, ap > 0. Where,
x _ (p+(1=9))((d+hp)+(1+Bb* +-c*)+6c*) b* _ (4+B+c*) (0(1+ya*) (I+pc* ) —naa*)
N (=) (1+pb*+c*) o (L+na*) (1+uc*)nd ’
x _ ((Atna) (14p)) (pr(A—y)a™(r(1—a”—b") =) —b* (1=9))
a(p+(1=y)a*) '

a

c
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5. Local stability

The Jacobian matrix for local stability analysis at an arbitrary point (a, b, ¢) is

b(1—1) ac a(l1—1q)

=l =20 ) = e ~ g T T iy g
e xa _ pb(1—1) B xcn
BT A e g T (pra— a2 T T a2+ pe)’
L_a=y) e b(14p)

a—ap+p (T+pb+yc)2 2P (A+Bb+0)2
- fcn(1+ yc) o — 54 aan 6bn(1+ pb)
32 (1+ Bb+ yc)?’ 33 (I+wuc)2(1+na) (14 pb+yc)?

Theorem 2. [n the system (2), we have

1. The equilibria of trivial point £y(0,0,0) is locally stable if r < hy orelse, it is unstable.
V—hl
r

2. The equilibria without infection and predator &

(r=h)(1-y) (r=h)
r<h,—d—h> 5505150 < 1R
3. The equilibria with no predator (a, b, 0) is locally asymptotically stable if Y11 > 0, V12 > 0,

i, bnb(1+Bb
and § > 1’%’& 'Zﬁgljl?z).

,0,0) is locally asymptotically stable if

Proof. 1. The eigen values of & (0,0,0) are r — hy, —d — hy, -0. Hence, it is locally asymp-

totically stable when r < I if not, it is unstable.

2. The eigen values of 51(7711,0,0) are hy —r, % —d—hy, 6+ M%
(r—h)(-y) 5 o (r—h)na
—h)(1=¢)+p’ T (r—hy)”

Hence, it is locally asymptotically stable if » < hy, —d — hp > G
If not, it is unstable.
3. The Jacobian matrix is

R S L el N _ A0 —y) ___oa
nyy =r(1—2a—0b) (p+7— i) hi, nip = —ar ﬁ+ﬁl[1+p)’ LR g

__pb(1-9y) _ -y, __bea+py) g
"= e "2 T it p d—hy, ny = (ﬁl_7+1)2'n31_0'n32_0’

anw bnb(1+ Bb)

Therefore, the characteristic form of J(&,) is (133 — A)(A? + Y11A + Vio) = 0. Where
Y11 = —(n11 + nyxp) and YVip = nyinyy — nipnyi. Hence, the one of the eigenvalue of the
above characteristic equation is n33, which is negative, and the other two eigenvalues are
also must be negative. Hence, &; is locally asymptotically stable if ;7 > 0, Vi, > 0 and

ana_ bnb(15pb)
0> thya T o - U

Theorem 3. The equilibria with no infection (a,0,¢) is locally asymptotically stable if Y11 > 0,
Vio > 0and —(d + ﬁ&% +hp) > % . (This proof is similar to Theorem 2.(3) )

Theorem 4. The point of equilibria £* is locally asymptotically stable if Y1 > 0, Y3 > 0, and
ViVo— V3> 0.
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Proof. The Jacobian form of system (2) at £*(a*, b*, c*) Where,

- pb*(1—¢) ac

g11 =1( a ) (p+a*—ypa*)2 (14 na*)2(1 + pc*) !

g A=) wa* _ -y
§u2=—ar—— —a*lp+p)'gl3 = (1+yc*)2(1+,7g*)2’g21 -~ (p+a* —par)?’

- ac*n _ M —d— c’0(1 + 7c) -
931 _(1 +’7a*)2(1 _,_#C*)/gzz T a*lp+}7 (1 +‘Bb* +')’C*)2 2,

_ B9+ pD) _ fctn(l+ )
823 = (1 n ,Bb* i ’)’C*)Z,g:%z o (1 —I—ﬁb* +7C*)2,

aa*n 0b*n(1 + Bb*

83 =—0+ e

(T+pe*)? (M4 na*) - (14 pb* +yct)>
The equation for the cubic characteristic of J(£*) is
A3+ A2+ DA+ V3 = 0. @)

Vi=—(811+82+83), Vo= —(812821 + 13831 + 823832 — $11822 — 811833 — §22833),
V3 = — (811822833 + 812823831 + 813821832 — §13831822 — 812821833 — §11823832)- If V1 > 0,
V3 > 0,and V1 V> — V3 > 0. Negative real parts are the root of characteristic equation iff
V1, V3, and V1 Vo — V3 > 0. By, Routh-Hurwitz £ is locally asymptotically stable. [

6. Global Stability

Theorem 5. If £* is globally asymptotically stable in H = {(a,b,c) : a > a*,b > b*and
c>c*or a<a*,b<brand c <c*}

Proof. A Lyapunov function is in the form of

Li(a,b,c) = Ly(a—a* — a*ln%) +(b-b"— b*lnbﬁ*) + L3(c—c" — c*lnci*),
where £, L3 are positive constant.

Differentiating £; with respect to t along with the solution of (2),
dﬁ % _ %
= ()4 L+ L5

’ 1-y)b ac ‘ *
= . b) = iy~ g~ mla - a)

—p)a fc * naa nob *
+ Lalyratge — 4~ wipprag — (b = 07) + La[=6 + e vl (€~ €
Therefore,

L= —(@—a")lr(@a+b) — (@ + ") + (1= ) (o5 — 7y

+e(rmaame — areame)] — L2 =) - ) (Grapa ~ pra—pe)

a(a—a*)+cp*(a—a*) )

a+(1+i3b+'yc) - l+ﬁhc*+'yc*] — L3(c—c")n|( (T+#a)(A+pc) A+na*) (1+puc*)
1+ Bb+yc) (1+pb*+7yc*)

We see that dd%, the region is negtive:
H={(a,b,c):a>a*b>b*"andc > c*)ora < a*,b < b*and c < ¢*} and as a result, L is
a Lyapunov function for all solutions in H. [

7. Hopf-bifurcation Analysis

Theorem 6. Hopf-bifurcation occuring in the model (2) suppose that the bifurcation parameter
exceeds a substantial value. The occurrence of the following Hopf-bifurcation criteria, i = ¢*

L H")Z(Y") - T (") =0,
2. ﬁ (Re(p(¥)))|p=y+ # 0, where p is the zero of the characteristic equation, which equates to
the equilibrium point’s positive value.

Proof. For ¢ = ¢*, let the characteristic equation (3) implies that (o?(¢*) +Z(¥*))(o(¢*) +
H(p*)) = 0. (i.e) £i/Z(Pp*) and —H(yp*) are the roots of the equation (7). To establish
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the Hopf-bifurcation exists at the point , we must fulfill the transversality requirement.
P* = 1. %(Re(p(q))))wzw* # 0. For all ¢, the general roots of the form py,5 () = r(¢) £
is(¢), and p3(¢) = —H(¢). Now, we check the condition %(Re(pj(ip)))wzq,* #0,j =
1,2.Let, p1()=r(y) +is(p) in (7), we get 11() + i72(p) = 0, where, 11() = r*(¢) +
() H(y) = 3r()s*(p) = > (PIH(Y) + r(@)Z(Y) + HW)Z(Y), 12() = 3r2(p)s(y) +
2r()s(P)H (W) = ° () +s(P)Z(y).

In order to complete the equation (7), we must have 1(¢) = 0 and 72(¢) = 0, then
differentiating 71 and 7y, with respect to . We have

M= Ti)r () — Ta(g)s () + Ta(g) =0, )

W= To(p)r () + Ti()s' (9) + Ta(y) = 0, 5)

(W) +T () +T (p)r(y),

oy T)TY) + () Ta(y)
ry)= T2+ T29) ©

Substituting r() = 0and s(¢) = /Z () atp = l,b on 7'1(1,0) T( ), T3(¥) and 71(1,0)
So, Ti(y*) = —2Z(y"), Ta(¢") =2VI(Y)H(Y"), Ta(y") = —Z(¥")H (¢*) + T (),
Ta(¥*) = VZ(¥*)T (¢7)

) — @O T ()
Ty = 229+ HE)) @

T (") — (H(Y)T (") + () H ¢) #0,

(i-€) 5 (Re(pj () lp=y = (¥*) #0. j=1,2, and p3(y*) = ~H(y~) #0.

Thus, the condition J (¢*) — (H(¢*)Z (v*) + Z(p*)H (¢*)) # 0, the transversality crite-
ria are confirmed, and the system (2) experiences Hopf-bifurcation at ¢ = ¢p*. O

8. Numerical simulation

In this section, a few simulations on the system (2) that are performed to support the
theoretical conclusions.The refuge 1 is used as a control parameters. For the fixed parameter,
MATLAB and MATHEMATICA software tools are used to carry out the simulation. Here,
r=01,d=01,0=02,0=023u=0.151% = 0.14,« = 0.4, ¢ = variable. For Bifurication
of refuge ¢, if i = 0.2, the model (2) of positive equilibria is asymptotically stable £*(0.52754,
0.0916718, 0.204662) and the other parameter values are the identical. As a result of
increasing the bifurcation parameter value, ¢ = 0.5, the model(2) lost its stability, resulting
it is asymptotically unstable at £%(0.53814, 0.0917798, 0.320138). Then, the model(2) passes
the transversality conditions for (Re(o(¢)))|p=y+ = 0.002105 # 0. The graph depicts the
system’s (2) behavioral alterations at refuge, = 0.5.
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Figure 1. Dynamical changes of model(2) at refuge ¢ = 0.5

9. Conclusion and discussions

We explored an eco-epidemiological model involving refuge of prey and harvesting in
prey with illness in the prey population, in which the predator predates both the sick and
susceptible prey. The results of the boundedness and positivity indicate that the constructed
system (2) is well behaved biologically. The intrinsic growth rate of the susceptible prey is
smaller than the harvesting rate of the susceptible prey, the population will go extinct. The
system’s local stability at each biologically feasible equilibrium point and the equilibria for
interior (2) has been established.The analytic and numerical results for hopf bifurication
are observed above. This study demonstrates complex behavior, such as infectious prey
refuge and prey harvesting, which provide rice to rich dynamics.
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