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Abstract: The majority of classical methods which analyze the stability of existing cracks are based 
on theorems which calculate the forces in a state of limit equilibrium and do not take into consider-
ation the deformation of the structure and the internal constraints thereof. This is not not entirely 
consistent exactly with what happens in reality. For this purpose, we have proposed this study 
which analyzes the stability of cracks by the stress intensity factor through the calculation of the 
integral J that is used in the calculation of the stress intensity factor. The stress intensity factor is a 
mechanical parameter, its values play a very important role in predicting the cracked state of the 
structure, when it takes a certain value which is equal to the toughness of the material, the crack 
will cause rupture of the structure. There are several methods for calculating the stress intensity 
factor. We have chosen to calculate it using the energy method because the direct calculation of the 
latter poses a problem because of the secularity of the flow around the crack. In this paper we used 
the integral J and the energy release time to calculate the stress intensity factor. We also calculated 
using the laws of country the growth rate and the necessary number of cycles for the propagation 
of a crack. 
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1. Introduction 
All structures contain cracks. These vary depending on the nature of their presence, 

as they may appear as a material or form defect during the construction of the material. 
These cracks are considered to be the main contributor to various failures in structures 
subjected to loads which can be static, cyclic or dynamic. 

Fracture mechanics is an area which is interested in the study and prediction of the 
initiation and propagation of cracks in materials and structures. 

The main dates which mark the development of fracture mechanics are 1920, when 
Griffith [1] showed that the rupture of an elastic-brittle medium can be characterized by 
a global variable, which will later be called the restitution rate of energy and 1957, when, 
from the study of the singularities of the stress field, Irwin introduced the notion of stress 
intensity factor (SIF) [2]. 

The 1960s-1980s were those of the rise and then maturity of fracture mechanics, with 
in particular digital developments and the treatment of non-linear problems. Many works 
were published during this period. 
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In 1968, Rice [3] introduced the notion of integrals whose properties made it possible 
to characterize the toughness of a material when the plasticity is no longer confined to the 
crack tip. 

The brittle fracture mechanics is very widely used by engineers and mechanics be-
cause it uses global energy theorems such as the stress intensity factor (SIF) [4]. 

To value the risk of the structure, it is necessary to access the numerical outputs of 
the simulations. 

The finite element method has made it possible to study fracture mechanics from a 
numerical point of view, thus offering precise and detailed solutions to more complex 
problems [5]. In our study, we will use the COMSOL software to calculate the stress in-
tensity factor (SIF). The numerical calculation is based on the contour integral J. 

The stress and strain field at the crack tip include (1/√r) type singularities [6]. In order 
to capture this singularity, the numerical model must include so-called ‘singular’ ele-
ments.  

2. Materials and Method 
The J-integral (curvilinear integral) is a method of calculating the rate of strain relax-

ation or work energy (energy) per unit area fractured in a material. 
The integral J is calculated by the following relation: 𝐽 = න 𝑊𝑑𝑦 − 𝑇௜ 𝜕𝑢௜𝜕𝑥 

୻ 𝑑𝑠 = න ൬𝑊𝑛௫ − 𝑇௜ 𝜕𝑢௜𝜕𝑥 ൰ 𝑑𝑠 
୻  (1)

where W is the strain energy density: 𝑊 = 12 (𝜎௫. 𝜀௫ + 𝜎௬. 𝜀௬ + 𝜎௫௬. 2. 𝜀௫௬) (2)

And T is the traction vector defined as: 𝑇 = ൤𝜎௫. 𝑛௫ + 𝜎௫௬. 𝑛௬𝜎௫௬. 𝑛௫ + 𝜎௬. 𝑛௬൨ (3)

The J integral has the following relationship with the SIF in mode I: 𝐽 = 𝐾ூ௔ଶ𝐸  (4)

where E is the modulus of elasticity. 

2.1. Energy release rate: 
we can calculate the integral J without using path integration. because there is an 

equality between the value of the integral J and the rate of energy restitution G. it is just 
that in the case of an elastic material. 𝐺௙ = − 1𝑡 ∆𝑃௨∆𝑎  (5)

The potential energy of an elastic body is: 𝑃_𝑢 = 12 න 𝜎: 
ఆ 𝜀. 𝑑𝑉 − න 𝑇. 𝑢 𝑑𝑆 

డఆ  (6)

න 𝜎: 𝜀 𝑑𝑉 = න 𝑇. 𝑢 𝑑𝑆 
பஐ

 
ஐ ׬(7)  𝜎: 𝜀 𝑑𝑉 ஐ  : 1st term strain energy ׬ 𝑇. 𝑢 𝑑𝑆 பஐ   : boundary surface effort tractive 

Therefore, one can use only one term of these two terms to calculate the potential 
energy. 
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𝑈 = − 12 න 𝜎: 𝜀 𝑑𝑉 = − 12 
ఆ න 𝑇. 𝑢 𝑑𝑆 

డఆ  (8)

The total strain energy density is a variable, which facilitates the calculation of the 
rate of energy restitution G.  

2.2. Propagation of a crack: 
When subjected to periodic loading, the rate of crack growth (in meters per load cy-

cle) can be expressed by the Paris law: 𝑑𝑎𝑑𝑁 = 𝜂(∆𝐾ூ)௡ (9)

η and n are material properties and ΔKI is the variation of SIF 

3. RESULTS AND DISCUSSIONS 
3.1. Problem of Cracked square structure problem contains two tensile inclusions: 

The structure is a square plate containing a single horizontal edge crack in the middle 
of the left vertical edge, subjected to a single tensile test shown in (Fig.1) a single horizon-
tal edge crack in the middle of the left vertical edge. The length of the crack varies from a 
= 0.5 m to a = 0.7 m, the plate is subjected to stress loading σ=t as shown in figure 1, and 
the lower horizontal edge in the y direction, with t presents the loading parameter. 

The load varies from 0 to 20 MPa, we take ΔKI equal to the calculated KI. Note that 
the value of the coefficient A depends on the unit of the stress intensity factor in a rather 
complex way because of the power m, which in general is non-integer. 

There are three ways to calculate the J-integral: 
1. A circle around the tip of the crack with a radius corresponding to half the length of 

the crack. 
2. A circle around the tip of the crack with a radius equal to 0.7 times the length of the 

crack. 
3. The outer limits, excluding the surface of the crack. 

The mesh is made up of triangular elements, the maximum element size he=0.01. 
The analytical solution for the stress intensity factor is: 𝐾ூ௔ = 𝜎√𝜋. 𝑎. 𝑓 ቀ௔௪ቁ  (10)

f is a correction factor. 

𝒇 ቀ𝒂𝒘ቁ = ට𝟐𝒘𝝅𝒂 𝒕𝒂𝒏 𝝅𝒂𝟐𝒘 (𝟎. 𝟕𝟓𝟐 + 𝟐. 𝟎𝟐 𝒂𝒘 + 𝟎. 𝟑𝟕(𝟏 − 𝒔𝒊𝒏 𝝅𝒂𝟐𝒘)𝟑)𝒄𝒐𝒔 𝝅𝒂𝟐𝒘  (11)

The expression in equation (11) assumes that the plate is long, so the height is signif-
icantly greater than the width. The stress field in Fig.2 indicates that this assumption is 
satisfied. 
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(a) (b) 

Figure 1. cracked square plate with two inclusions. 

Two simulations are made for this problem, for each simulation, the mechanical 
properties of the inclusion structure have different properties. 

Simulation (a): The mechanical properties of the structure are the Young's modulus 
E= 69e9Pa, the Poisson's ratio 𝜈 = 0.33, the density ρ=2730 Kg/m^3 with a loading 𝑡 between 
0 and 20 MPa.             

Material properties of inclusions are Young's modulus E= 2.06e11 Pa, Poisson's ratio 𝜈 = 0.3, density ρ=7850 Kg/m^3 
Simulation (b): The material properties of the structure are the Young's modulus E= 

2.06e11 Pa, the Poisson's ratio 𝜈 = 0.3, the density ρ=7850 Kg/m^3 with a loading 𝑡 between 
0 and 20 MPa. 

The mechanical properties of the inclusions are the Young's modulus E= 69e9Pa, the 
Poisson's ratio 𝜈 = 0.33, the density ρ=2730 Kg/m^3  
The results obtained in Figure 2 show the deformation of each structure and the von Mises 
stress concentrations. 

  
(a) (b) 

Figure 2. Von Mises stresses. 

we notice in figure 2 a distribution of stresses in the two structures (a) and (b), This 
distribution starts from the places where the loading is applied and gradually propagates 
throughout the structure. 

for figure 2.a, the structure is made of aluminum and the inclusions are made of steel. 
We notice that the stresses are distributed throughout the structure except the inclusions 
which remain healthy. This is due to their greater rigidity than the structure, because we 
notice a concentration of stress around the inclusions without entering inside, which ex-
plains the deformation of the structure and the inclusions remaining healthy. 

for figure 2.b, we have the opposite: the structure is made of steel and the inclusions 
are made of aluminum. We note the distribution of stresses throughout the structure, in-
cluding the inclusions in which the concentration of stresses was greater than that of the 
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structure, which explains why they were subjected to greater deformation than the struc-
ture. 

in both structures there is a singularity of stress at the front of the crack which ex-
plains why the crack propagates 

  
(a) (b) 

Figure 3. Energy release rates and J-integral as a function of crack length. 

Figure 3 shows the calculation of the SIF for the three lines, tabulated in the Cracks 
(solids) evaluation group, show excellent agreement with the reference value. The largest 
deviation for any of the crack lengths and integration paths investigated is less than 0.3%.  

(a) (b) 

Figure 4. Crack growth rate as a function of crack length. 

From figure 4 we can study the crack propagation speed from the curve shown in 
Figures 4a and 4b which represents the rate of energy restitution as a function of the length 
of the crack, we note that the length of the crack and shows from 0.5 to 0.7 which explains 
that the crack is propagating. 

we also note that the rate of energy restitution in curve 4a less than that in curve 4b 
which explains that the speed of propagation of the crack in structure 1a is greater than in 
structure 1b 

4. Conclusion  
In this work, a numerical implementation was made to calculate the mode I stress 

intensity factor using the J-integral method for two-dimensional structures. 
First, we presented a theoretical aspect on the main physical quantities and parame-

ters used in this study, the FIC and the J integral. the numerical implementation of the 
latter fact using the finite element method (FEM), Several numerical problems have dealt 
with this method. 

We concluded that in both modes the profile of the energy restitution rates is not 
constant in the width of the specimen. 

Moreover, we showed that the method of the integral J is a rather good approxima-
tion of the results provided by the method finite elements by comparing by the other nu-
merical method (strain energy, loads energies). Also, that the analytical solution. 

The strong point of this method is that they take into account the asymmetry of the 
specimen and the multi-material aspect, 
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Finally, it is interesting to note that the shape of the curve (energy release time G as 
a function of the crack length a) will not have a parabolic shape (as in figure. 4) because 
the force at rupture varies according to a. 
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