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Scalar Gauss-Bonnet Gravity

Scalar-Gauss-Bonnet Gravity (sGB) is a widely studied and moti-

vated extension of GR, as it arises naturally in the low-energy limit

of string theory. Its action reads:

S =
∫

d4x
√

−g

[
R − 1

2
∇µφ∇µφ − V (φ) + λ2f (φ)GGB

]
, (1)

where R is the Ricci scalar, φ a real scalar field, GGB = R2 −
4RµνRµν + RµναβRµναβ the Gauss–Bonnet invariant, f (φ) the cou-
pling function, λ the Gauss–Bonnet coupling constant, and V (φ) =
1
2m2

φφ2 the massive scalar potential.

The corresponding equations of motion are:

Gµν + Γµν(φ, f (φ), R, . . . ) = T φ
µν(φ, f (φ)) ,

�φ = V ′(φ) − λ2f ′(φ)GGB ,
(2)

where T φ
µν is the total stress–energy tensor, including the scalar

field, while Γµν encodes the additional geometric factors, as well as

contributions induced by the scalar–Gauss–Bonnet coupling f (φ).
The choice of the coupling function f (φ) gives different mecha-
nisms of scalar hair formation:

Shift-symmetric f (φ) ∝ φ, Dilatonic f (φ) ∝ eφ: scalar hair are

dynamically formed during evolution.

Quadratic f (φ) ∝ φ2: possible spontaneous scalarization.

Figure 1 shows different snapshot of a scalarizing BH. The initial

configuration assuming a single, static BH with null scalar field is

evolved in shift-symmetric sGB theory.
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Figure 1. Snapshots at different times of a 2D slice of the scalar field

developing around a static black hole in shift-symmetric sGB theory.

Numerical Setup

The equations of motion (Eq. 2) have to be solved using numer-
ical relativity (NR) techniques.

Standard GR evolutions employ the 3+1 ADM framework
with BSSN or CCZ4 formulations.

In massive sGB, the scalar field requires modified schemes:

1. MGH (Modified Generalized Harmonics) [1, 2],
2. mCCZ4 (modified CCZ4) [3], implemented in

GRFolres [4](built within the GRChombo [5] framework).

Quasinormal-modes in massive sGB

Perturbed black holes exhibit damped oscillations known as

quasinormal modes (QNMs). In massive sGB, late-time scalar

radiation is expected to present long-lived oscillatory tails, with

characteristic period [6]:

T ' 2π

mφ
. (3)

To test this prediction, we evolve a static black hole with a small

Gaussian scalar perturbation, ensuring linear dynamicswhile ex-

citing the QNM spectrum (Fig. 2).

3.4. QUASINORMAL MODES IN ISOLATED PERTURBED BLACK
HOLES

Figure 3.11: Time evolution of the scalar monopole mode �00 extracted at
rext = 100M� for three values of the scalar field mass. Increasing m� leads to
a shorter oscillation period, in agreement with Eq. (3.19).

Finally, in Fig. 3.11, we show three di↵erent simulations, representing the
evolution of the scalar mode triggered by identical data, solely varying the mass
of the scalar field entering the equations of motion. What can be observed is
once again the qualitative behavior described by Eq. 3.19, where the period of
the oscillations clearly decreases when increasing scalar field mass, confirming
once again the theoretical predictions.
Up to this moment the qualitative behavior was discussed, the next step is
now to verify this trend through a more detailed timing analysis.

Fourier analysis of the scalar tail

To make quantitative observations of the late-time behavior of the scalar field,
we perform a Fourier transform of the scalar field monopolar mode.
The simulation produces scalar field values at discrete time steps ti, which we
treat as discrete samples of a continuous function �(t).
When performing a Fast Fourier Transform (FFT), the signal is decomposed
into a sum of harmonic components, in other words, a sum of pure oscillations
of di↵erent frequencies:

�(t) =
X

k

�̃(fk)e
i2⇡fkt, (3.23)

where fk are the discrete frequencies corresponding to the sampled time se-
ries and each coe�cient �̃(fk) represents how strong one specific frequency
mode component. The FFT amplitude thus identifies the principal oscillation
frequency of the scalar field tail. If the scalar field oscillates with one main
characteristic frequency then the FFT spectrum will exhibit one sharp peak
at a frequency fpeak, expressed in units of [1/time].
For an oscillatory signal of the form:

�(t) ⇠ A cos(!t+ �) , (3.24)
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Figure 2. Time evolution of the scalar monopole mode φ00 extracted

at rext = 100 M� for two values of the scalar field mass.

We perform a Fast Fourier Transform (FFT) of the signal and

identify the dominant peak fpeak, with corresponding angular

frequency ωpeak = 2πfpeak, which for this kind of oscillatory sig-

nal yields: ωpeak ≈ mφ.
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the corresponding Fourier spectrum exhibits a sharp maximum at fpeak =
!/(2⇡) with the associated period of oscillation T = 1

fpeak
. Measuring the

dominating frequency fpeak allows us to deduce the angular frequency !peak

and directly compare it to the scalar field mass:

!peak ⇡ m� . (3.25)

Figure 3.12: Normalized FFT spectra (|�̃(f)|/|�̃(fpeak)|) of the scalar monopole
mode �00 for three scalar field masses m� = 0.03, 0.1, 0.5 respectively in the
left, central and right panel. The amplitude axis is displayed in logarithmic
scale to enhance the visibility of dominant frequency components.

We perform a FFT of the signal in Fig. 3.11. The resulting FFT spectra
are shown in Fig. 3.12, where the normalized amplitude |�̃(f)|/|�̃(fpeak)| of the
signal is shown as a function of the frequency f . All three FFT spectra exhibit
a clear dominant peak, which appears shifted accordingly with the choice of
scalar field mass, confirming the theoretical expectation that the characteristic
oscillation frequency is directly related to the scalar field mass.
Quantitatively, the extracted peak frequencies are:

m� = 0.03 ) fpeak = 5.723 ⇥ 10�3 [1/M�] ) !peak = 0.036 [1/M�],

m� = 0.1 ) fpeak = 1.620 ⇥ 10�2 [1/M�] ) !peak = 0.101 [1/M�],

m� = 0.5 ) fpeak = 8.241 ⇥ 10�2 [1/M�] ) !peak = 0.518 [1/M�].
(3.26)

The obtained value of the mass of the scalar field is in excellent agreement with
the values of the scalar field masses set in the simulations m� = 0.03, 0.1, 0.5.
This confirms once more, in a quantitative way, that the period of the oscil-
lations of the late-time tails corresponds to the Compton wavelength of the
scalar field.
It is worth noting that, as the scalar mass is decreased and the period of the
oscillations increases, longer time evolutions are required. This is necessary in
order to capture a su�cient number of oscillation cycles for the Fourier trans-
form to achieve adequate frequency resolution.
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Figure 3. FFT spectra of the signal in Fig. 2 for two values of scalar

field mass.

All spectra exhibit a clear dominant peak that shifts with the

scalar mass, confirming that the oscillation frequency is directly

set bymφ. The extracted values are:

fpeak = 5.723 × 10−3 [1/M�] ⇒ ωpeak = 0.036 [1/M�] (mφ = 0.03),
fpeak = 1.620 × 10−2 [1/M�] ⇒ ωpeak = 0.101 [1/M�] (mφ = 0.1),
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