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INTRODUCTION & AIM RESULTS & DISCUSSION

Time-fractional diffusion equations admit a probabilistic representation through a diffusion process time-changed by the Theorem 1. Let f have bounded derivatives up to the fourth order. Then (u can be found explicitly)
inverse of a stable subordinator. This makes continuous-time random walks (CTRWs) a natural probabilistic numerical
method. |Ey f(X,) — Ex f(Y)] ¢
Existing weak convergence rate results for CTRW approximations are well understood in bounded-coefficient settings. We SUPg<s<tSUPx < Cetth || f | | 4 -

extend this theory to unbounded but linearly growing coefficients, a class that already includes geometric Brownian 1+ |x|*
motion and fractional Black—Scholes models. Theorem 2. Let f have bounded derivatives up to the fourth order. Then

Main difficulty: Linearly growing coefficients break the natural framework tailored to the bounded coefficients [1] and force

control of derivatives. lup (¢, x) — u(t,x)| _
Supy T+ 1 < Clog(1/h), pn<c<uy,
Aim. Prove explicit uniform weak convergence rates for CTRW approximations of time-fractional diffusions with linear- lup (8, %) — u(t,x)|
growth coefficients: Supy < ChXx(® 4 ch/+B), C=\,

1+ |x|*
1 sup lun(t,x) — u(t,x)|
0P u(t,x) = —— Lu(t,x) — cu(t,x), u(0,x) = f(x), R

(- 15 ) where p and f can be found explicitly and x(B) is taken from [1].

< Ch®, ¢>y,

1
_ / - I
L f (X) = b (.X')f (X) T 2 O'(.'X,')f (X) ) These results can be applied to compute convergence rates of numerical approximations to the fractional Black-Scholes
equation. In this context, the change of time plays a role of the internal clock of the market. In practice, the probabilistic
methods are used to approximate the paths as well, not only the solution to the Cauchy problem.

Diffusion And CTRW Comparison

Top row: spatial approximation. Bottom row: fractional time change and its CTRW approximation.
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]
Our approximation combines a spatial Markov chain scheme for the diffusion with a heavy-tailed random walk @ _FI—L-'-LI_‘_,—I_LI_.—LM—
approximation of the fractional clock.
Spatial model T —
d X, = bX.)dt + o(X,)dW,, Xy = x. Time-changed diffusion CTRW approximation

The coefficients of this SDE are of linear growth with bounded derivatives up to the 4% order.

! | J“JIL_P,_J'\
We approximate the spatial model by a discrete Markov process

physical time t physical time t

h _ yh h h\+/ h _
Yn+1 —_— Yn + b Yn h + o Yn h 6, YO — X, Same Brownian realization across exact/discrete panels; same inverse-clock realization across the bottom row.

u=0.08,c=0.25, =07, h=0.05.

state

where & is a random variable with a symmetric distribution, E¢? = 1 and E é* < o0, and h is a step of the grid.

Fractional GBM / Black-Scholes Example

Temporal model
The time-change is given by an inverse -stable subordinator 6;. The subordinator is approximated by a random walk with \
positive increments and heavy tails .
: :
7] L
4
oF = p1/8 E Tk N = sup{s € R,: ®" < ¢}, © 1073
k=1 =
=
with the density p,(y) ~ x~17\Pe% for large x. It is well-known that S
s = .
Ee™¢%t f(th) = u(t, x), n fractional weak error
and, as such, we are motivated to consider an approximation E el ¢ f (YE") that we denote as uy, (t, x). We establish uniform x in
t
convergence rates.
| I
We need to control not only the processes, but their derivatives as well. To this end, we apply the Kunita stochastic flow theory 10! 102
and consider the derivatives of X; with respect to the initial data DX, (x). These derivatives satisfy the SDE precision 1/h
Smooth payoff f(x) = V1 + x?; exact inverse-clock law for Xs and CTRW approximation Y,(',n,h.
d DX, = b’(Xt) DXtdt + O'I(Xt) DXtth; DX, = 1. Xo=1.0, u=0.08, 0=0.25, =0.7, T=1.0, Nc = 100000 !

By the Faa di Bruno formula, the SDE for the higher order derivatives are written as well.

To obtain the convergence rates, we apply the semigroup theory. We employ the fact that the first differences of both CO N C LU S I O N
continuous semigroup and its discretization approximate the generator. In particular, we obtain estimates for the derivatives,
d4

— Ef(X,()

=< Ce"{ct} ||f]lx

We extend CTRW weak convergence theory from bounded-coefficient models to diffusions with linearly growing coefficients.

The key technical tool is a high-order stochastic-flow sensitivity framework, which yields:
where ||f||, is the norm in the space CX(R), and, as such, establish that the corresponding semigroup preserves smoothness with * uniform spatial control of flow derivatives,

quantitative estimates. * weak one-step expansions strong enough for fractional CTRW approximation.
This gives a clean probabilistic route to time-fractional diffusion numerics in models beyond the bounded setting, including
fractional Black—Scholes.

lllustrative Time-Change Geometry Illustrative CTRW Geometry

GBM in operational time, inverse clock in physical time, and the fused subordinated process. Markov chain in operational time, discrete inverse clock in physical time, and the fused CTRW path.

GBM path X; subordinated path X, Markov chain Y CTRW path Yﬂpm
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Read physical time on the clock,
convert it to operational time,
then evaluate the path there.
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