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Define a convex, even, continuous map ¢ : R — [0, +00) :

o) = [ o(5) o (1)
o ® € Ay (global): for r>1,3 a(r)>0:

o(rt) < a(r) ®(t), for t>0. (2)
e Orlicz class Lo(R) : measurable v : Q — R st ®(u) € L1(Q).
e In general, L4(£2) not a vector space. The linear hull

< Lo(2) >= Lo(R2) is the Orlicz space generated by ®.
Complete with the Luxemburg norm,

: |l
= . —_— < .
llull(o) |nf{)\>0 /Qd>< 3 dx <1

It follows that

|ul

L¢(Q):{u:Q—)R:3A>O,/Q¢<7>dx<+oo}. 3)

e The Orlicz class H®(D) : set of (equivalence classes of)
complex-valued functions f analytic on the (positive) unit disk
D = {z: |z| < 1} for which

sup /|Z|=1 o(|f(rz)|)dz < oo. (4)

0<r«1

e Fatou’s lemma = if f € #®(ID) then (4) coincides with
/ d(|f(2)|)dz < 0.
|z|=1

e In general, H®(D) is not a vector space. The Hardy-Orlicz
space H®(D) is the linear hull of the Hardy-Orlicz class (i.e., the
set of analytic functions f such that af € H®(D), for a > 0
which depends in general on f).

Then H®(D) is Banach with respect to the Luxemburg norm

[Fllo = inf {r >0 /|z|:1 <D(%|f(z)|)dz <1},

cf. [Theorem 1.3.2, Le$niewicz 1971].
Hypothesis

There exist pe, gp > 0 such that

t (t)
< /—=< .
> < (0 <qep <00, for t#0 (5)
Consequences:

1) ® € A, globally [Adams & Fournier 2003|.
2) Quick integration:

min{vP®, v9®} &(t) < d(vt) < max{vPe, vI®} ®(t) (6)
for all nonnegative real numbers v and t.

Fix n € N and define (real) families
{Ae:tel,n+1]},{R:: t €[1,n+1]} ¢ H®(D), depending
continuously on t.

Let a: D — C be a non-constant, one-to-one and real analytic
conformal transformation on the (open) unit disk, with
continuous extension to the boundary. We will assume that this
map sends the unit circle into itself = a(cl(D)) = cl(D).

Partition of [-1,1] = h U--- U I,, with [; = [xj_1, x;),
1<i<n-1and I = [Xp—1,x» = 1].

Partition cl(D) into real-symmetric vertical strips
Xi ={z € cl(D) : re(z) € I;}. Then « induces real analytic
bijections «; : X; — cl(D) sending /; C X; into [—1,1].

= {@;(X;) : 1 < i < n} is partition of the closed unit disk and

n
ai(Xi))Nap(Xy) =0 fori# i, and cl(D) = U ai(Xi). (7)

i=1
(Quasi-integral) Read-Bajraktarevié¢ operator T : H®(D) — CP

Tf(z) =

nooitl
Z/ (reoa;)(2) +(Reoa; ) (2) (Foa ) (2)) Loy (2)at
i=1""

(compare with [Jahn M., Massopust P., An integral RB
operator, J. Fixed Point Theory Appl., 26-37 (2024).]

Definition

Local fractal function of the Hardy-Orlicz class H® (D) is any fixed
point f* € H®(DD) of the RBF.

Define constants

A= max Mz M = max |d’(z L= max R.(z
tE[l,n+1],Z€Sl| t( )|, zegll ( )|’ tE[l,n+1],z€Sl| t( )|’

where S! is positive. Let N = max{LP®, L9},

Theorem (Arriagada 2025)

The Read-Bajraktarevi¢ functional is well defined on H®(D) and
sends this space into itself. If n% MN < 1, then the operator is a
contraction and its unique real fixed point is the limit of the
iterates f, = Tf_1, k € N, where fy € H‘b(]D)) is arbitrary.

For 1 <i < nand u € cl(D) define v;, : cl(D) - C

i+1
viu(z) = / ' (At(2) + Re(2) u)dt. (8)

(MVT 1965: Uniformly Lipschitz continuous: for z;, z, € cl(D),
|ve,u(22) — veu(z1)| < M|zz — z1].) For 1 < i < n define

w; : Xj X cl(D) — cl(D) x cl(D)
(z,u) = (ai(2), viu(2)).
Set the metric dp : (cl(D) x cl(D)) x (cl(D) x cl(D)) - R
do((22, w2), (21, 1)) = |22 — z1| + O|u2 — 11,

where 6 = (1 — M)/2M.

Theorem (Arriagada 2025)

Let f* be a fixed point of the RB functional. If M < 1, and

AN+L< % then FC. = {(Xi x cl(D),w;) : 1< i<n}isa

contractive local real CIFS for some metric, and G(f*) is a
real-symmetric attractor of FL..
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Figure: Taken from P. Bouboulis, L. Dalla, Fractal Interpolation
Surfaces derived from Fractal Interpolation Functions, J. Math. Anal.
Appl. 336 (2007) 919-936
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