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Abstract

Using the differential subordinations theory together with its dual, the differential su-
perodinations theory, designed by Miller and Mocanu, we can reinterpret some inequalities
concering real-valued functions regarding the complex-valued functions. As an overview, the
subordination and superordination properties obtained for various operators, put together,
generate sandwich results, as in this paper, where we define a new operator as the fractional
integral developed by Atangana and Baleanu applied to confluent hypergeometric function
and we describe several subordination results, which by duality give the corresponding su-
perordination results and sandwich-type theorems.
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1 Introduction

The non-singular Mittag-Leffler kernel of the operator-defined Atangana-Baleanu fractional
integral operator makes it of particular significance since it enables the operator to be employed in
numerous applied mathematics fields for the development and investigation of mathematical models
that incorporate it. By introducing the novel fractional derivative and the corresponding fractional
integral with Mittag-Leffler kernel, the limitations of the conventional fractional-order derivatives
including power-law kernel or exponential kernel were successfully eliminated. The power function
or exponential function tend to be less appropriate for representing natural phenomena than the
mittag-Leffler function. It occurs naturally in a number of physical problems as well as in science
and engineering. Therefore, the Atangana-Baleanu fractional derivative and its corresponding
Atangana-Baleanu fractional integral operator find extensive application in various fields, including
probability theory, viscoelasticity, and groundwater fractal flow modeling.
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The significance of the Mittag-Leffler function in fractional calculus is demonstrated in numer-
ous works. In [1], various types of fractional evolution processes are described as being defined by
fractional order equations, the solutions to which are associated with Mittag-Leffler-type functions.
One can read a thorough overview of the Mittag-Leffler function’s history and its applications in
fractional analysis and fractional modeling, along with its generalizations, in [2]. More details about
the Mittag-Leffler function’s relevance within the framework of the Fractional Calculus is provided
in [3], which starts with the analytical characteristics of the classical Mittag-Leffler function and
moves on to the function’s primary applications.

The disadvantage of using the Caputo fractional derivative to define the Caputo fractional
integral operator is that the power kernel causes a singularity to occur at the interval’s end point.
First, a new non-singular fractional derivative with an exponential kernel was presented by Caputo
and Fabrizio [4] in an attempt to solve this issue. By utilizing the generalized Mittag-Leffler
function, Atangana and Baleanu enhanced the Caputo–Fabrizio fractional derivative with non-
singular kernel and established the Atangana-Baleanu fractional derivative with non-local and
non-singular kernel. A generalization of the Caputo-Fabrizio derivative is the Atangana-Baleanu
fractional derivative. An additional development of the Caputo fractional derivative that utilizes
the generalized hypergeometric type function is presented in [5].

The use of hypergeometric functions by L. de Branges in the famous Bieberbach conjecture
proof [6] caused renewed interest in the study of hypergeometric functions in relationship with
the theory of univalent functions. Confluent (Kummer) hypergeometric function has recently
been examined from many angles. Its univalence conditions were outlined in [7], its applications
on specific classes of univalent functions were demonstrated in [8], and an analytical investigation
utilizing the fractional integral operator was carried out on Mittag-Leffler-confluent hypergeometric
functions in [9].

The current research focuses on new uses of the Atangana-Baleanu fractional integral com-
bined with confluent hypergeometric functions. An operator is defined using the Atagana-Baleanu
fractional integral and the investigation using the differential subordination and superordination
theories is the first approach on its applications. As a results of this investigation, sandwich-
type results are stated. Section 2 of the paper presents the fundamental concepts and notations
associated with those ideas, whereas Section 3 contains the original results.

2 Preliminaries

H (∆) denotes the set of analytic functions in ∆ = {ξ ∈ C : |ξ| < 1} the unit disc of C. Two
well known subsets of H (∆) are:

H (a, n) =

{
g ∈ H (∆) : g(ξ) = a+

∞∑
j=n

ajξ
j, ξ ∈ ∆

}
,

where n ∈ N and a ∈ C,
and

An = {g ∈ H(∆) : g(ξ) = ξ +
∞∑

j=n+1

ajξ
j, ξ ∈ ∆},

marked with A for n = 1.
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Atangana and Baleanu ([10]) introduced the left fractional integral with Mittag-Leffler kernel
of order α ∈ [0, 1] by

AB
θ1I

αf (ξ) =
1− α

B(α)
f(ξ) +

α

Γ (α)B(α)

∫ ξ

θ1

f (y) (ξ − y)α−1 dy, (2.1)

and Abdeljawad and Baleanu ([11]) introduced the right fractional integral with Mittag-Leffler
kernel of order α ∈ [0, 1] by

ABIαθ2f (ξ) =
1− α

B(α)
f(ξ) +

α

Γ (α)B(α)

∫ θ2

ξ

f (y) (y − ξ)α−1 dy. (2.2)

Kummer’s differential equation

ξf ′′ (ξ) + (b− ξ) f ′ (ξ)− af (ξ) = 0

is satisfies by confluent hypergeometric function ([12, p. 5]), which is analytic in C and is defined
by relation

ϕ (a, b; ξ) = 1 +
a

b

ξ

1!
+

a (a+ 1)

b (b+ 1)

ξ2

2!
+ ..., ξ ∈ ∆, (2.3)

where a, b ∈ C and b ̸= 0,−1,−2, ...
Considering

(x)j =
Γ (x+ j)

Γ (x)
= x (x+ 1) (x+ 2) ... (x+ j − 1) and (x)0 = 1,

then (2.3) can be expressed in the following form

ϕ (a, b; ξ) =
∞∑
j=0

(a)j
(b)j

ξj

j!
=

Γ (b)

Γ (a)

∞∑
j=0

Γ (a+ j)

Γ (b+ j)

ξj

j!
. (2.4)

Next we remind the definitions of differential subordination and superordination. All functions
from this article are supposed to be analytic

Definition 2.1 ([12]) The function h1 is subordinate to the function h2, or h2 is superordinate
to h1, denoted h1 ≺ h2, if there exists a Schwarz function f in U , with f(0) = 0 and |f(ξ)| < 1,
∀ ξ ∈ ∆, such that h1(ξ) = h2(f(ξ)), ∀ ξ ∈ ∆. When h2 is univalent in U , the differential
subordination is equivalent to h1(0) = h2(0) and h1(∆) ⊂ h2(∆).

Definition 2.2 ([12]) For f : C3 ×∆ → C and g a univalent function in ∆, the function u in ∆
which satisfies the differential subordination

f(u(ξ), ξu′(ξ), ξ2u′′(ξ); ξ) ≺ g(ξ), ξ ∈ ∆, (2.5)

represents a solution of the differential subordination. The univalent function w represents a dom-
inant of the solutions of (2.5) if u ≺ w, ∀ u a solution of (2.5). A dominant w̃ with the property
w̃ ≺ w for all dominants w of (2.5) represents the best dominant of (2.5).
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Definition 2.3 ([13]) For f : C3 ×∆ → C and g a function in ∆, the univalent function u such
that f (u (ξ) , ξu′ (ξ) , ξ2u′′ (ξ) ; ξ) is univalent in ∆ and satisfies the differential superordination

g(ξ) ≺ f(u(ξ), ξu′(ξ), ξ2u′′ (ξ) ; ξ), ξ ∈ ∆, (2.6)

represents a solution of the differential superordination. A function w represents a subordinant of
the solutions of (2.6) if w ≺ u, ∀ u a solution of (2.6). A subordinant w̃ with the property w ≺ w̃
for all subordinants w of (2.6) represents the best subordinant of (2.6).

Consider ([12])Q =
{
f ∈ H (∆) : f injective on ∆\E (f) , f ′ (z) ̸= 0, z ∈ ∂∆\E (f)

}
, with E (f) =

{z ∈ ∂∆ : lim
ξ→z

f (ξ) = ∞}.
The results obtained in the paper are based on the following two lemmas.

Lemma 2.1 ([12]) Consider the univalent function w in ∆ and the functions f and g in a domain
D ⊃ w (∆) with g (z) ̸= 0 for z ∈ w (∆). Define the functions F (ξ) = ξw′ (ξ) g (w (ξ)) and
G (ξ) = f (w (ξ)) + F (ξ). In conditions:

1) F is starlike univalent in ∆,

2) Re
(

ξG′(ξ)
F (ξ)

)
> 0 for ξ ∈ ∆,

3) the function u, having the properties u (0) = w (0) and u (∆) ⊆ D, is a solution of the
differential subordination

f (u (ξ)) + ξu′ (ξ) g (u (ξ)) ≺ f (w (ξ)) + ξw′ (ξ) g (w (ξ)) ,

then the differential subordination holds

u (ξ) ≺ w (ξ)

and w is best dominant.

Lemma 2.2 ([14]) Consider the convex univalent function w in ∆ and the functions f and g in
a domain D ⊃ w (∆). In conditions:

1) F (ξ) = ξw′ (ξ) g (w (ξ)) is starlike univalent in ∆,

2) Re
(

f ′(w(ξ))
g(w(ξ))

)
> 0 for ξ ∈ ∆,

3) the function f (u (ξ)) + ξu′ (ξ) g (u (ξ)) is univalent in ∆,
4) the function u (ξ) ∈ H [w (0) , 1] ∩ Q, with u (∆) ⊆ D which satisfies the differential super-

ordination
f (w (ξ)) + ξw′ (ξ) g (w (ξ)) ≺ f (u (ξ)) + ξu′ (ξ) g (u (ξ)) ,

then the differential superordination holds

w (ξ) ≺ u (ξ)

and w is best subordinant.
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3 Main Results

Applying the left fractional integral defined by Atangana and Baleanu for θ1 = 0 to hypergeo-
metric function, we obtain a new operator studied in this paper.

Definition 3.1 The left fractional integral defined by Atangana and Baleanu applied to confluent
hypergeometric function ϕ (a, b; ξ) is defined by

AB
0I

α (ϕ (a, b; ξ)) =
1− α

B(α)
ϕ (a, b; ξ) +

α

Γ (α)B(α)

∫ ξ

0

ϕ (a, b; y) (ξ − y)α−1 dy, (3.1)

where α ∈ [0, 1], a, b ∈ C, b ̸= 0,−1,−2, ... and ξ ∈ D\{0}.

Making several calculations, the left fractional integral defined by Atagana and Baleanu applied
to confluent hypergeometric function can be written as

AB
0I

α (ϕ (a, b; ξ)) =
1− α

B (α)

Γ (b)

Γ (a)

∞∑
j=0

Γ (a+ j)

Γ (b+ j) Γ (j + 1)
ξj+

α

B (α)

Γ (b)

Γ (a)

∞∑
j=0

Γ (a+ j)

Γ (b+ j) Γ (α+ j + 1)
ξj+α,

or

AB
0I

α (ϕ (a, b; ξ)) =
Γ (b)

Γ (a)B (α)

∞∑
j=0

Γ (a+ j)

Γ (b+ j)

(
1− α

Γ (j + 1)
+

αξα

Γ (α+ j + 1)

)
ξj. (3.2)

We remark that AB
0I

α (ϕ (a, b; ξ)) ∈ H
[

1−α
B(α)

, α
]
.

The first subordination result obtained using the operator given by (3.1) is the next theorem:

Theorem 3.1 Consider
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ∈ H (∆) and the univalent function w in ∆ with
the property w (ξ) ̸= 0, ∀ ξ ∈ ∆, where a, b ∈ C, b ̸= 0,−1,−2, ... and α ∈ [0, 1] , λ > 0. Assuming

that the function ξw′(ξ)
w(ξ)

is starlike univalent in ∆ and

Re

(
1 +

n

q
w (ξ) +

2p

q
(w (ξ))2 − ξw′ (ξ)

w (ξ)
+

ξw′′ (ξ)

w′ (ξ)

)
> 0, (3.3)

for m,n, p, q ∈ C, q ̸= 0, ξ ∈ ∆ and

Ha,b
α (λ,m, n, p, q; ξ) := m+ λq + n

(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ
+ (3.4)

p
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)2λ
+ λq

ξ
(
AB

0I
α (ϕ (a, b; ξ))

)′
AB

0Iα (ϕ (a, b; ξ))
.

If w is a solution of the differential subordination

Ha,b
α (λ,m, n, p, q; ξ) ≺ m+ nw (ξ) + p (w (ξ))2 + q

ξw′ (ξ)

w (ξ)
, (3.5)

then w is best dominant for the differential subordination(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ≺ w (ξ) , ξ ∈ ∆. (3.6)
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Corollary 3.2 Assuming that relation (3.3) takes place for a, b ∈ C, b ̸= 0,−1,−2, ... and α ∈
[0, 1] , λ > 0, if the differential subordination

Ha,b
α (λ,m, n, p, q; ξ) ≺ m+ n

Mξ + 1

Nξ + 1
+ p

(
Mξ + 1

Nξ + 1

)2

+ q
(M −N) ξ

(Mξ + 1) (Nξ + 1)

is fulfilled for m,n, p, q ∈ C, q ̸= 0, ξ ∈ ∆, −1 ≤ N < M ≤ 1, and the function Ha,b
α is defined by

relation (3.4), then Mξ+1
Nξ+1

is best dominant for the differential subordination(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ≺ Mξ + 1

Nξ + 1
, ξ ∈ ∆.

Corollary 3.3 Assuming that relation (3.3) takes place for a, b ∈ C, b ̸= 0,−1,−2, ... and α ∈
[0, 1] , λ > 0, if the differential subordination

Ha,b
α (λ,m, n, p, q; ξ) ≺ m+ n

(
ξ + 1

1− ξ

)r

+ p

(
ξ + 1

1− ξ

)2r

+ q
2rξ

1− ξ2

is fulfilled for m,n, p, q ∈ C, q ̸= 0, ξ ∈ ∆, 0 < r ≤ 1, and the function Ha,b
α is defined by relation

(3.4), then
(

ξ+1
1−ξ

)r

is best dominant for the differential subordination

(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ≺
(
ξ + 1

1− ξ

)r

, ξ ∈ ∆.

Theorem 3.4 Consider the univalent function w in ∆ with the property w (ξ) ̸= 0, ∀ ξ ∈ ∆.

Assuming the function ξw′(ξ)
w(ξ)

is starlike univalent in ∆ and

Re

(
2p

q
(w (ξ))2 +

n

q
w (ξ)

)
> 0, for n, p, q ∈ C, q ̸= 0. (3.7)

If
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ∈ H [0, (α+ 1)λ]∩Q, the function Ha,b
α (λ,m, n, p, q; ξ) defined in (3.4)

is univalent in ∆, where a, b ∈ C, b ̸= 0,−1,−2, ..., α ∈ [0, 1] , λ > 0, and the differential
superordination

m+ nw (ξ) + p (w (ξ))2 + q
ξw′ (ξ)

w (ξ)
≺ Ha,b

α (λ,m, n, p, q; ξ) (3.8)

is endowed for m,n, p, q ∈ C, q ̸= 0, then w is best subordinant for the differential superordination

w (ξ) ≺
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ
, ξ ∈ ∆. (3.9)

Corollary 3.5 Assuming that relation (3.7) takes place for a, b ∈ C, b ̸= 0,−1,−2, ..., α ∈ [0, 1] ,

λ > 0 and
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ∈ H [0, (α+ 1)λ] ∩Q, if the differential superordination

m+ n
Mξ + 1

Nξ + 1
+ p

(
Mξ + 1

Nξ + 1

)2

+ q
(M −N) ξ

(Mξ + 1) (Nξ + 1)
≺ Ha,b

α (λ,m, n, p, q; ξ)

is fulfilled for m,n, p, q ∈ C, q ̸= 0, ξ ∈ ∆, −1 ≤ N < M ≤ 1, and the function Ha,b
α is defined by

relation (3.4), then Mξ+1
Nξ+1

is best subordinant for the differential superordination

Mξ + 1

Nξ + 1
≺

(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ
, ξ ∈ ∆.
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Corollary 3.6 Assuming that relation (3.7) takes place for a, b ∈ C, b ̸= 0,−1,−2, ..., α ∈ [0, 1] ,

λ > 0, and
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ∈ H [0, (α+ 1)λ] ∩Q, if the differential superordination

m+ n

(
ξ + 1

1− ξ

)r

+ p

(
ξ + 1

1− ξ

)2r

+ q
2rξ

1− ξ2
≺ Ha,b

α (λ,m, n, p, q; ξ)

is fulfilled for m,n, p, q ∈ C, q ̸= 0, ξ ∈ ∆, 0 < r ≤ 1, and the function Ha,b
α is defined by relation

(3.4), then
(

ξ+1
1−ξ

)r

is best subordinant for the differential superordination(
ξ + 1

1− ξ

)r

≺
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ
, ξ ∈ ∆.

Looking at Theorem 3.1 and Theorem 3.4 together, they generate a sandwich-type result.

Theorem 3.7 Consider the univalent functions w1 and w2 in ∆ with the properties w1 (ξ) ̸=
0, w2 (ξ) ̸= 0, ∀ ξ ∈ ∆. Assuming the functions

ξw′
1(ξ)

w1(ξ)
and

ξw′
2(ξ)

w2(ξ)
are starlike univalent in

∆ and w1 satisfies relation (3.3) and w2 satisfies relation (3.7). If
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ∈
H [0, (α + 1)λ] ∩ Q, the function Ha,b

α (λ,m, n, p, q; ξ) defined in (3.4) is univalent in ∆, where
a, b ∈ C, b ̸= 0,−1,−2, ..., α ∈ [0, 1] , λ > 0, and the sandwich-type result

m+ nw1 (ξ) + p (w1 (ξ))
2 + q

ξw′
1 (ξ)

w1 (ξ)
≺ Ha,b

α (λ,m, n, p, q; ξ)

≺ m+ nw2 (ξ) + p (w2 (ξ))
2 + q

ξw′
2 (ξ)

w2 (ξ)
(3.10)

is endowed for m,n, p, q ∈ C, q ̸= 0, then w1 and w2 are respectively best subordinant and the best
dominant for the following sandwich-type result

w1 (ξ) ≺
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ≺ w2 (ξ) , ξ ∈ ∆. (3.11)

For w1 (ξ) = M1ξ+1
N1ξ+1

, w2 (ξ) = M2ξ+1
N2ξ+1

, where −1 ≤ N2 < N1 < M1 < M2 ≤ 1, the following
corollary is generated.

Corollary 3.8 Assuming that relations (3.3) and (3.7) take place for a, b ∈ C, b ̸= 0,−1,−2, ...,

α ∈ [0, 1] , λ > 0 and
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ∈ H [0, (α+ 1)λ] ∩Q, if the sandwich-type result

m+ n
M1ξ + 1

N1ξ + 1
+ p

(
M1ξ + 1

N1ξ + 1

)2

+ q
(M1 −N1) ξ

(M1ξ + 1) (N1ξ + 1)
≺ Ha,b

α (λ,m, n, p, q; ξ)

≺ m+ n
M2ξ + 1

N2ξ + 1
+ p

(
M2ξ + 1

N2ξ + 1

)2

+ q
(M2 −N2) ξ

(M2ξ + 1) (N2ξ + 1)

is fulfilled for m,n, p, q ∈ C, q ̸= 0, ξ ∈ ∆, −1 ≤ N2 < N1 < M1 < M2 ≤ 1, and the function
Ha,b

α is defined by relation (3.4), then M1ξ+1
N1ξ+1

and M2ξ+1
N2ξ+1

are respectively best subordinant and best
dominant for the following sandwich-type result

M1ξ + 1

N1ξ + 1
≺

(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ≺ M2ξ + 1

N2ξ + 1
, ξ ∈ ∆.
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For w1 (ξ) =
(

ξ+1
1−ξ

)r1
, w2 (ξ) =

(
ξ+1
1−ξ

)r2
, where 0 < r1 < r2 ≤ 1, the following corollary is

generated.

Corollary 3.9 Assuming that relations (3.3) and (3.7) take place for a, b ∈ C, b ̸= 0,−1,−2, ...,

α ∈ [0, 1] , λ > 0, and
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ∈ H [0, (α+ 1)λ] ∩Q, if the sandwich-type result

m+ n

(
ξ + 1

1− ξ

)r1

+ p

(
ξ + 1

1− ξ

)2r1

+ q
2r1ξ

1− ξ2
≺ Ha,b

α (λ,m, n, p, q; ξ)

≺ m+ n

(
ξ + 1

1− ξ

)r2

+ p

(
ξ + 1

1− ξ

)2r2

+ q
2r2ξ

1− ξ2

is fulfilled for m,n, p, q ∈ C, q ̸= 0, ξ ∈ ∆, 0 < r1 < r2 ≤ 1, and the function Ha,b
α is defined by

relation (3.4), then
(

ξ+1
1−ξ

)r1
and

(
ξ+1
1−ξ

)r2
are respectively best subordinant and best dominant for

the following sandwich-type result(
ξ + 1

1− ξ

)r1

≺
(
ξ ·AB

0I
α (ϕ (a, b; ξ))

)λ ≺
(
ξ + 1

1− ξ

)r2

, ξ ∈ ∆.

4 Conclusion

This investigation considers the confluent hypergeometric function and introduces the Atagana-
Baleanu fractional integral of the confluent hypergeometric function. The results that were ob-
tained by combining fractional integral with specific hypergeometric functions acted as motivation
for this development. By applying it, a new operator is introduced and the theory of differential
subordination is employed in order to derive interesting subordinations and to provide their best
dominants. For some well-known functions that are applied as the best dominants of the subordi-
nations under investigation, some nice corollaries are given. Various differential superordinations
are also established using the operator introduced by employing the Atagana-Baleanu fractional
integral of the confluent hypergeometric function, and their best subordinants are also given. A
sandwich-type result links the subordination and superordination conclusions of Theorems 3.1 and
3.4. For certain functions employed as best dominant and best subordinant in the sandwich-type
result, interesting corollaries follow. The investigation conducted in this paper may encourage the
use of different hypergeometric functions combined with the Atagana-Baleanu fractional integral.
Additionally, conditions for univalence of the operator provided here could be studied given the
best subordinants of the differential subordinations obtained in this study. Additional research
using different approaches may be carried out regarding the operator presented in (3.1).
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