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Mirica’s Dynamic programming formulation 

The Brachistochrone problem, initially proposed by John Bernoulli in 1696 as a 
challenge to the mathematical community, holds great significance in the development 
of calculus of variations. John Bernoulli himself solved the problem several months 
later, followed by his brother Jacob Bernoulli, as well as other eminent mathematicians 
like Isaac Newton, Gottfried Leibniz, and Leonhard Euler. This problem addresses 
finding the optimal curve for a frictionless slide of an object under the influence of a 
uniform gravitational force, with the goal of minimizing travel time. St. Mirica provided 
a theoretical  solution to this problem using dynamic programming in [3], without 
explicitly representing the curves. The present work aims to present new comparative 
parametric curves of the Brachistochrone. 

The problem in 1 is a  particular example in the more general class of Lagrange 
autonomous optimal control  problems, defined by the following data: 

Characterization of the Hamiltonian and the set of extremal points:  
The pseudo-Hamiltonian is given in our case by H(x, p, u, v) = ⟨p, v⟩ + 
∥v∥/√(x2+k) . 
Proposition: The Hamilonian and the corresponding marginl multifunction are 
given by the formulas ∀(x, p) ∈ dom(H(., .)) = Z : 

The domain Z is finitely-stratified by the stratifcation SH = {S0, S1} defined by: 

If we denote by: H0(., .) = H(., .)|Z0 and H1(., .) = H(., .)|Z1, then it follows: 
H0(., .) = 0 if (x, p) ∈ S0  and  H1(., .) = 0 if (x, p) ∈ S1. 

Generalized Hamiltonian and characteristic flow:  The Hamiltonian 
oriental field of H0,1(., .) is defined by: 

 
 

 
where T(x,p)S denotes the tangent space to S0,1 at the point (x, p) ∈ S0,1, if S0,1 
⊂ Rn × Rn is an open sub-manifold then the Hamiltonian orientor field 
coincides with the classical Hamiltonian vector filed: 

 
 
 
S0 is open and H(x, p) = 0 ∀(x, p) ∈ S0 from the formula in (8), one obtains: 
 
 
next, the orientor filed on the 3-dimensional manifold S1 has been already 
computed to give: 
 

 
Remark: On the open stratum S0 the corresponding differential system  
(x′, p′) = (0, 0 produce only constant trajectories. 

The Hamiltonian system on the stratum S1: 

The Hamiltonian system on the stratum S1 (for wish ∥p∥ = √ (1x2+k) = N(x2)): 

 

 

 

 

 

keeping only the solutions  (X(., θ), P(., θ)) that satisfy the conditions:  

 

 

The solution of system  in the form of maximal flows is given by the formulas: 

 

 

 

 

 

 

Numerical results : We present several examples to illustrate the efficiency of the dynamic 

model in the representation of trajectories. For the implementation, we use MATLAB R2010a 

executed on a Core i7. 

Example 1 :  

We take the values of t as arithmetic  

sequence, with λ ∈ (0,+∞), also t ∈ (−π, 0): 

 

 

 

 

 

Example 2 :  

We take the values of t as arithmetic sequence, with λ ∈ (0,+∞), also t ∈ (−π, 0): 
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The parametric representation of the Brachistochrone curve demonstrates that the travel 
time, the curve value and the velocity along the trajectory can be computed and 
systematically compared for each curve. Moreover, even a very small variation in the 
parameter t significantly affects the curve value, the traveled distance and the velocity 
profile along the curve. This behavior arises from the fact that curves that do not 
originate from the same height do not yield identical velocities throughout the motion. 
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