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A module M is said to crumble (or be a crumbling module) if socles split in every factor
module; that is, Soc(M/N) is a direct summand of M/N for every submodule N < M. It follows
from [8, Corollary 2] that a module M crumbles if and only if it is a locally Noetherian V-
module.

In [1], the sum of all crumbling submodules of a module (M) is denoted by C(M). By [1,
Propositions 3.1 and 3.4], C(M) is the largest crumbling submodule of M, and Soc(M)<C(M).
The authors of [1] also studied modules whose factor modules possess nonzero crumbling
submodules. A module M is called weakly semiartinian if C(M/N)# O for every proper
submodule N of M. The sum of all weakly semiartinian submodules of M is the largest weakly
semiartinian submodule of M, denoted by wsa(M). Clearly, every semiartinian module and
every crumbling module is weakly semiartinian. Further properties and characterizations of
weakly semiartinian modules can be found in the same work.

Let T, denote the class of all weakly semiartinian modules, and let F, denote the class of all
modules M satisfying C(M)=0. By [1, Proposition 2 and Theorem 6], the pair (T,, F,) forms a
hereditary torsion theory. We refer to this torsion theory as the Ada torsion theory.

The notion of D-closed submodules was introduced in [2]. A submodule N of a module M is
said to be D-closed in M if Soc(M/N) = 0. Motivated by the Ada torsion theory, we introduce the
concept of weakly D-closed submodules as a natural generalization of D-closed submodules.
A submodule N of a module M is called weakly D-closed in M if M/N belongs to the torsion-free
class [F,; equivalently, if C(M/N) = 0. Since Soc(X) < C(X) for every module X, every weakly D-
closed submodule is necessarily D-closed.

We denote by WD-Closed the class of all short exact sequences

0—-A L B—-C—0
for which Im(f) is a weakly D-closed submodule of B. The following example shows that, in
general, the class WD-Closed does not necessarily form a proper class.

Example. Let N be a module with C(N) #0. Consider the short exact sequence

0—0—N->N-=0,
where the map i:N—N is the identity homomorphism. This sequence is split exact. However,
it does not belong to the class weakly D-Closed, since the image of the zero map is 0 and
N/O= N, while C(N)# 0. Hence 0O is not a weakly D-closed submodule of N. Therefore, the
class WD-Closed does not contain all split short exact sequences. Consequently, WD-
Closed is not a proper class.

In order to obtain a proper class containing WD-Closed, we introduce the notion of extended
weakly D-closed submodules (see 6). A submodule N of a module M is called extended
weakly D-closed in M if there exists a submodule K# M such that KN N=0) and
C(M/(Ké@N))=0. By taking K=0, it is immediate that every weakly D-closed submodule is
extended weakly D-closed. However, the converse does not hold in general, as shown in the
above Example.

We denote by EWD-Closed the class of all short exact sequences
0O-A—-B—->C-—=0
such that the image of the monomorphism Im(f) is an extended weakly D-closed submodule
of B. By [6, Theorem 2.1], EWD-Closed is the smallest proper class generated by the class
WD-Closed of short exact sequences.
Proposition. The proper class generated by WD-Closed is precisely EWD-Closed. In other
words, EWD-Closed'is the smallest proper class containing WD-Closed.

Let X be a class of modules. The collection of all short exact sequences [E for which every
module in X is projective relative to E forms a proper class, called the proper class
projectively generated by X. We denote by WS the proper class projectively generated by the
class of all weakly semiartinian modules.

Theorem. The proper class generated by WD-Closed coincides with both EWD-Closed and
WS. In particular, the smallest proper class containing WD-Closed is precisely the proper
class projectively generated by the class of all weakly semiartinian modules.
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Proposition. Every module with zero crumbling submodule is projective if and only if
Split=WS. Equivalently, every extended weakly D-closed short exact sequence splits.

Since every simple module is weakly semiartinian, we deduce that WD-Closed € WS < Neat.
Moreover, Closed € Neat by [5, Proposition 5]. The converse inclusion holds if and only if R
is a right C-ring by [4, Theorem 5]. Therefore, for every right C-ring, we obtain WD-Closed <
Closed.

Proposition. Neat coincides with WS if and only if every weakly semiartinian module K can
be written as K = S@P, where S is semisimple and P is projective.

Definition. Let M be a module. We say that M is WS-flat if every short exact sequence with
ending M belongs to the proper class WS. That is, whenever

O-A-B—->-M->0
is a short exact sequence, it belongs to WS.

Example. Every crumbling-free module is WS-flat.

Proposition. The following statements are equivalent for a ring R.
1.R is crumbling-free.

2.Every projective left R-module is crumbling-free.

3.Every WS-flat left R-module is crumbling-free.

Proposition. The class of WS-flat modules is closed under direct summands, extensions,
and finite direct sums.

Theorem The following statements are equivalent for a ring R.
1.R is semisimple.

2.Every left R-module is WS-flat.

3.Every weakly semiartinian left R-module is WS-flat.

CONCLUSION

In this study, we introduced the proper class WS generated by weakly semiartinian
modules and studied its connections with weakly D-closed and neat exact sequences.
Furthermore, we introduced the notion of WS-flat modules and established their basic
properties, characterizations, and closure conditions. Several module-theoretic and ring-
theoretic characterizations related to weakly semiartinian modules and WS-flatness were
also obtained.
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