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ABSTRACT

Classical information geometry provides a
differential-geometric framework for statistical
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1. MOTIVATION

Time-Embedded Information Geometry (TEIG)

Classical Information Geometry

o Statistical model M = {p(x|0)}, 0 € © C R" » Time is embedded into the coordinate system

models using structures such as manifolds and

the Fisher—Rao metric. However, time is
typically treated as an external parameter,
limiting the representation of evolving

* Manifold M with Fisher-Rao metric

* Time ¢ is treated as an external parameter

« Evolving statistical systems are represented
geometrically
* Compatible with Fisher-Rao framework

statistical systems.

In this paper, we propose Time-Embedded
Information Geometry (TEIG), where
temporal evolution is incorporated into the
coordinate structure of statistical manifolds.

The proposed formulation preserves
compatibility with classical Fisher-Rao
geometry while enabling a geometric
representation of time-dependent statistical

ol

Limitation

Advantage
Temporal evolution is not represented i P

statistical
are represented as geometric trajectories.

configurations.

within the geometric structure.

2. PRELIMINARIES 3. TIME-EMBEDDED INFORMATION GEOMETRY (TEIG)

Let {p(z16)} be a regular parametric family with # € © € R We extend the space by embedding time as an additi d |
¢ /FghersRaometric 3.1 Extended Manifold 3.2 Time-Embedded Metric 3.3 Compatibility
9i5(6) = Eq [a—l“"’)’gw} 0""5;;"9)] M = © x R, withcoordinates (6",...,0",t)  We define the metric on M as oge0iand aldsihe ekt
A point (0,t) € M represents the statistical 950,  9u(8, ) reduces to the product manifold
* Levi-Civita connection state at time ¢. 9= ( 9;(0,8)  gu(6,) G = g ® 1, preserving the
(0, !

classical Fisher-Rao geometry

b/ 2 aeJ

= Lom ("?y,g g
a6 on each slice.

[ g:; : Fisher-Rao metric on each time slice
* Geodesic equation t = const.
d*e* _ de' do/
+T 20
ds? Jds ds

12 9ee, 95 : capture temporal variation and coupiing

gec : positive-definiteness ensures a valid

Riemannian metric.
These structures form the basis of classical

"

information geometry.

| 4. GEOMETRIC DYNAMICS 5. EXAMPLE (GAUSSIAN FAMILY) 6. PROPERTIES & BENEFITS

Consider N (11, 0?) with parameters (u, ).

The evolution of a statistical system is represented
by geodesics on M

Compatibility

® Fisher-Rao metric (2D) Includes classical Fisher-Rao geometry

® Geodesic equation on 4 : as a special case.

@ Intrinsic Time Representation

=z dz® da* a0

0] 3 =0, 9= o 2
ds ds ds F Time evolution is represented within

z* = (6,...,6M¢) the manifold.
» Time-embedded metric (example form)
o Interpretation , -——-p Geometric Insight

The trajectory (8(s), t(s)) describes the most 3 0 @ ) Enables analysis of time-dependent
natural evolution of the statistical state under i=| o X statistical systems using differential

geometry.

Applicability
Useful for non-stationary processes,

adaptive systems, and control problems
Insight with uncertainty.
Temporal changes in mean and variance appear
o as geometric curves on M.

| the embedded geometry.

e

> where a, 3,y model time-coupling

o1

7. CONCLUSIONS FUTURE WORK

+ We proposed Time-Embedded Information Geometry (TEIG), a natural extension of the « Characterization of temporal coupling terms (gis, gec)
Fisher—Rao that time into the structure of statistical manifolds.

« TEIG preserves compatibility with classical information geometry while enabling a geometric
representation of time-dependent statistical configurations.

« This framework opens new possibilities for analyzing and controlling evolving statistical systems.

« Relationship with thermodynamic and stochastic geometry
* Applications to control, estimation, and machine learning

« Numerical methods for geodesic computation on M



