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Diffusion is a fundamental stochastic process used to 

describe transport across diverse systems, from 

epidemiology to particle physics. This study investigates 

the diffusion coefficient D in a time-dependent oval billiard, 

a dynamical system characterized by a mixed phase space 

and the phenomenon of Fermi Acceleration. We aim to 

analyze the transition from unbounded energy growth in 

the conservative case to a stationary state induced by 

dissipation. By deriving analytical expressions for the 

probability distribution function and D, we demonstrate 

that the diffusion coefficient exhibits scaling invariance 

and can be described by a generalized homogeneous 

function. This approach allows us to define scaling laws 

and critical exponents, providing a novel framework for 

understanding the mechanisms underlying phase 

transitions in chaotic billiards.

We studied a time-dependent oval-shaped billiard defined 

by the boundary . 𝑹𝒃 𝜽, 𝒕 = 𝟏 + 𝝐 𝟏 + 𝜼 𝑐𝑜𝑠 𝒕 𝑐𝑜𝑠 𝒑𝜽 . The 

parameter 𝝐 controls the geometry and non-integrability 

(chaos), while 𝜼 dictates the amplitude of the temporal 

perturbation.

The particle's dynamics are described by a four-

dimensional nonlinear mapping 𝑻 𝜽𝒏, 𝜶𝒏, 𝑽𝒏 , 𝒕𝒏 .  To 

suppress the unlimited energy growth (Fermi Acceleration) 

and induce a phase transition, dissipation was introduced 

via a restitution coefficient 𝜸 <  𝟏, which affects the normal 

component of the particle's velocity during collisions. 

Assuming a fully chaotic phase space, the stochastic 

spread of particles was modeled using the diffusion to 

obtain the probability distribution function P(V,n). This 

allowed us to analytically derive the mean squared 

displacement and formulate the diffusion coefficient D(n) 

as a function of the collision number and control 

parameters. 
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1. Dissipation suppresses Fermi acceleration, 

transitioning the system to a stationary state. 

2. The diffusion coefficient  D(n) is constant initially but 

decays after a crossover iteration. Analytical solutions 

for D(n) match the numerical data perfectly. 

3. D(n) exhibits strong scaling invariance concerning the 

system's control parameters.

4. A generalized homogeneous function accurately 

describes this scale-invariant behavior.

5. Analytical critical exponents, including 𝜷 = −𝟏, confirm 

the phase transition mechanics.
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