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Introduction
■ Numerous works are devoted to the study of two-layer and multilayer heat

conduction (diffusion) problems, where initial conditions are defined for each
layer [1–3]. However, in many practical application, the system is subjected to
periodic internal forcing or periodically varying environmental conditions [4].
In most cases, the classical initial conditions lose their physical meaning, since
the system evolves toward a steady time-periodic regime that is independent
of the initial state. Typically, the study of such problems is restricted to single-
frequency harmonic perturbations or their finite superpositions.

Statement problem & Aim

■ Let Ω = R/2πZ. The periodic Sobolev space Hq = Hq(Ω) of order
q ∈ R consists of all trigonometric series φ(t) =

∑
k∈Z

φ̂ke
ikt, φ̂k ∈ C, such

that ∥φ∥Hq
=

√∑
k∈Z

(1 + |k|)2q|φ̂k|2 < ∞.

■ The space Cm([a, b];Hq), where m ∈ Z+ and [a, b] ⊂ R, is defined as
the set of all series of the form u(x , t) =

∑
k∈Z

ûk(x)e
ikt, where ûk ∈ Cm([a, b]),

and, for any fixed point x ∈ [a, b], functions ∂ℓu(x ,t)
∂x ℓ

≡
∑
k∈Z

û
(ℓ)
k (x)e ikt belong

to the space Hq−ℓ/2 for ℓ = 0, 1, . . . ,m, respectively, and, as the elements of
this space, are continuous in x on [a, b]. The norm in Cm([a, b];Hq) is defined

as follows: ∥u∥Cm([a,b];Hq) =
m∑
ℓ=0

max
x∈[a,b]

∥∥∥∂ℓu(x ,·)
∂x ℓ

∥∥∥
Hq−ℓ/2

.

■ To formulate a problem, we partition the interval D = (x0, x2) into two
subintervals D1 = (x0, x1) and D2 = (x1, x2). We then consider the following
two-layer problem for a pair of functions u = (u1, u2):

∂uj
∂t

− αj
∂2uj
∂x2

= fj(x , t), (x , t) ∈ Dj × Ω, j = 1, 2, (1)

u1
∣∣
x=x0

= 0, u2
∣∣
x=x2

= 0, t ∈ Ω, (2)

h1u1
∣∣
x=x1−

= h2u2
∣∣
x=x1+

, κ1u1
∣∣
x=x1−

= κ2u2
∣∣
x=x1+

, t ∈ Ω, (3)

where αj, hj, κj ∈ R+, α1 ̸= α2, uj = uj(x , t), fj ∈ C(Dj;Hq−1), j = 1, 2.

■ This work is devoted to the analysis of the well-posedness of the problem
in Sobolev spaces of time-periodic functions.

Method
■ The investigate of the problem is based on the method of separation of

variables, the definition and construction of Green’s functions, and estimates
of the determinants related to the problem.

■ For j = 1, 2, the Fourier series expansion in temporal harmonics

uj(x , t) =
∑
k∈Z

ûj ,k(x)e
ikt, fj(x , t) =

∑
k∈Z

f̂j ,k(x)e
ikt, x ∈ Dj, (4)

reduces the problem to a countable family of the two-layer problems for ODEs
with characteristic determinant ∆(k), parameterized by an integer k ,

∆(k) =


x0 1 0 0

0 0 x2 1

h1x1 h1 −h2x1 −h2
κ1 0 −κ2 0

 , k = 0,

∆(k) =


eβ1,kx0 e−β1,kx0 0 0

0 0 eβ2,kx2 e−β2,kx2

h1e
β1,kx1 h1e

−β1,kx1 −h2e
β2,kx1 −h2e

−β2,kx1

κ1β1,ke
β1,kx1 −κ1β1,ke

−β1,kx1 −κ2β2,ke
β2,kx1 κ2β2,ke

−β2,kx1

 , k ̸= 0,

where βj ,k = (1 + sgn(k)i)
√

|k|
2αj

for k ̸= 0 and j = 1, 2.

■ It is proved that ∆(k) is nonzero for all k .

■ For each integer k , the corresponding Green’s function Gk(x , ξ) is con-
structed, which allows one to obtain an exact solution

uj(x , t) =
∑
k∈Z

(∫ x2

x0

Gk(x , ξ)Fk(ξ)dξ

)
e ikt, x ∈ Dj, (5)

where Fk is a function on D such that Fk
∣∣
Dj

= f̂j ,k,

Gk(x , ξ)
∣∣
Dj

=
(
B2j−1,kx + B2j ,k

)
+ H((x1−ξ)sgn(x1−x)) min{x ,ξ}

αj
, k = 0,

Gk(x , ξ)
∣∣
Dj

=
(
B2j−1,ke

βj ,kx + B2j ,ke
−βj ,kx

)
+ H((x1−ξ)sgn(x1−x)) e−βj ,k |x−ξ|

2αjβj ,k
, k ̸= 0,

j = 1, 2. At the points x = x0, x = x1 and x = x2 the function Gk(x , ξ) is defined
in the sense of right- and left-hand limits. Here, the coefficients Bq,k = Bq,k(ξ)
are determined using formulas

Bq,k(ξ) = − 1
∆(k)

(
H(x1−ξ)U1

qk(ξ)

α1
+

H(ξ−x1)U
2
qk(ξ)

α2

)
, q = 1, . . . , 4,

U1
qk(ξ) =

A1,q
0 x0 + A3,q

0 h1min{x1, ξ}, k = 0,
A1,q
k

2β1,k
e−β1,k|x0−ξ| + 1

2(
A3,q
k h1
β1,k

+ A4,q
k κ1)e

−β1,k|x1−ξ|, k ̸= 0,

U2
qk(ξ) =

A2,q
0 ξ − A3,q

0 h2min{x1, ξ} − A4,q
0 κ2, k = 0,

A2,q
k

2β2,k
e−β2,k|x2−ξ| − 1

2(
A3,q
k h2
β2,k

+ A4,q
k κ2) e

−β2,k|x1−ξ|, k ̸= 0,

where As,q
k is the algebraic (s, q)-cofactor of ∆(k).

Main results

Theorem 1. If fj ∈ C(Dj;Hq−1/2), j = 1, 2, then problem (1)–(3) has a

unique solution u = (u1, u2) ∈ C2(D1;Hq)×C2(D2;Hq). The components
u1 and u2 are represented by the series (5) and depend continuously on the

functions f1 and f2, i.e., ∥uj∥C2(Dj ;Hq)
≤ Cj

2∑
s=1

∥fs∥C(Ds;Hq−1/2)
, where Cj is a

positive constant independent of k, j = 1, 2.

■ Let uj ,N denote the truncation at level N of the Fourier series uj in (4).

Theorem 2. Let fj ∈ C(Dj;Hq−1/2+θ), where j = 1, 2, q ∈ R, θ > 0, and
let u = (u1, u2) be the solution of the problem (1)–(3). Then the function
uj and its approximation uj ,N satisfy the following approximation estimate:

∥uj − uj ,N∥C2(Dj ;Hq)
< Cjϱ (1 + N)−θ, j = 1, 2,

where ϱ =
2∑

s=1
∥fs∥C(Ds;Hq−1/2+θ)

and Cj is a constant defined in Theorem 1.

Conclusion
■ Thus, a solution to the original problem has been constructed in the form

of Fourier series, and conditions for the existence and uniqueness of the solution
in Sobolev spaces have been established. The obtained results can used for
construction the approximate solutions to the considered problem.
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