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Introduction

B Numerous works are devoted to the study of two-layer and multilayer heat
conduction (diffusion) problems, where initial conditions are defined for each
ayer [1-3]. However, in many practical application, the system is subjected to
veriodic internal forcing or periodically varying environmental conditions [4].

In most cases, the classical initial conditions lose their physical meaning, since
the system evolves toward a steady time-periodic regime that is independent
of the initial state. Typically, the study of such problems is restricted to single-
frequency harmonic perturbations or their finite superpositions.

Statement problem & Aim

B Let Q = R/27Z. The periodic Sobolev space H, Hq(Q) of order

g € R consists of all trigonometric series o(t) = > Ore, @ € C, such
kEL

> (1 + [k])29|Dk|* < o0
keZ

B The space C™([a, b]; H;), where m € Z. and [a, b] C R, is defined as
the set of all series of the form u(x,t) = Y ii(x)e, where &, € C™([a, b]),

kEL
4
and, for any fixed point x € [a, b|, functions J g(x?t) _ kg:
cZ

to the space H,_;/» for £ =0,1,..., m, respectively, and, as the elements of
this space, are continuous in X on la, b]. The norm in C™(][a, b]; H,) is defined
Z max_||2 (g )| .
= xe[a ) Il 0% H, ¢/

B To formulate a problem, we partition the interval D = (xp, x») into two
subintervals Dy = (xg, x1) and D, = (x1, x2). We then consider the following
two-layer problem for a pair of functions u = (uy, u):

that [¢l[n, =

i) (x)e belong

as follows: ||ul|cm(fa.b:H,)

ou; 0°u _
8tj ozja—xzj = fi(x,t), (x,t)eD; xQ, j=12, (1)
“1‘x=x0 = U, L12|X:X2 =0, tel} (2)
h1U1|X:X1_ — hQUQ‘X:XH, l{1U1|X:X1_ — IQQU2|X = L & Q, (3)

where o, hj, kj € Ry, ay # ap, uj = uj(x, t), fi € C(Dj; H, 1), /=12

B This work is devoted to the analysis of the well-posedness of the problem
in Sobolev spaces of time-periodic functions.

B The investigate of the problem is based on the method of separation of
variables, the definition and construction of Green's functions, and estimates
of the determinants related to the problem.

B For j = 1,2, the Fourier series expansion in temporal harmonics

> Gy k(x)e™,

ke,

S fi(x)e*, x € D;,
keZ

Uj(X, t) — )fl'-(x7 t) —

(4)

reduces the problem to a countable family of the two-layer problems for ODEs
with characteristic determinant A(k), parameterized by an integer k,
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Alk) = . k=0,
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A(k) — hleﬁl,kxl h]_e_ﬁl’kxl _h2€ﬁ2’kxl —hze_ﬁlkxl ] k # O,
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Is nonzero for all k.

where 3 x = (1 + sgn(k
M It is proved that A(k

B For each integer k, the corresponding Green's function Gi(x, &) is con-
structed, which allows one to obtain an exact solution

ui(x, t) = Z (/ Gi(x, f)Fk(f)df) e, xeD; (5)
keZ X0
where F; is a function on D such that Fk|5_ — 6;(
Gi(x. €)|5j _ (sz—l,kX 4 sz,k) | H((X1—€)Sgn(xo1g—><)) mi”{Xaﬁ}’ k=0,
1 X — 07X X1—C)SgN X1 —X e U =
Gk(X7 €)|5j ~ (BQf—lakeﬁbk + Bzfake i ) | i) gZ(Oqﬁj,k)) : , k#0,

Jj =1,2. At the points x = xp, x = x; and x = x, the function Gi(x, &) is defined
in the sense of right- and left-hand limits. Here, the coefficients B,y = B, «(£)
are determined using formulas

By k(§) = — a0 (H(Xl_i)lusk(g) ’ H(g_xi)zugk(g)>’ 9=Loh
ey = {200t AdThiminiia €} 0
q i e kot YA 4 ALy ekl k24 0,
Ua(€) = 2"’5 Ay Ohy min{xi, €} — Ay“ks, =0,
ak zﬁzk e~ Prul—¢] _ (Aﬁy’f - A p) e bt e,
where A, is the algebraic (s, g)-cofactor of A(k).

Main results

Theorem 1. If f; € C(Dj;H,_12), j = 1,2, then problem (1)—(3) has a
unique solution u = (uy, up) € C*(Dy; H,) x C*(Dy; H,). The components
uy and uy are represented by the series (5) ana’ depend continuously on the

<CZHch

positive constant independent of k Jj=1, 2.

functions f; and b, I.e.,

) where C; is a
—1/2

B Let u; y denote the truncation at level N of the Fourier series uj in (4).

Theorem 2. Letf; € C(ﬁj; Hq_1/2+9), where j = 1,2, g€ R, 0 >0, and
let u = (uy, up) be the solution of the problem (1)—3). Then the function
ui and its approximation u; y satisfy the following approximation estimate:

HUJ o uj,NHC2(5j;Hq) < CJQ(]' + N)_Hv ./ — 1727

2

where p = 21 HﬁSHC(ﬁ;Hq_l/M) and C; is a constant defined in Theorem 1.
S—=

Conclusion

B Thus, a solution to the original problem has been constructed in the form
of Fourier series, and conditions for the existence and uniqueness of the solution
in Sobolev spaces have been established. The obtained results can used for

construction the approximate solutions to the considered problem.
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