IOCMA

10-12 June 2026 | Online

The 2nd International Online Conference
on Mathematics and Applications

On the (p, g)-compactness of Banach-valued Bloch mappings

David Ruiz-Casternado,
University of Almeria (drc446@ual.es)

INTRODUCTION & AIM RESULTS

For each p € (1, ), the p-convex hull of a sequence (x;,) € £,(X) is defined by

p-conv(x,) = {Zn=1 anXp: (an) € pr*}'

Moreover, for the cases p = 1 and p = «, the 1-convex hull of a sequence (x,) € ¢;(X) and
the co-convex hull of a sequence (x,,) € c,(X) are given by

1-conv(xy,) = {Xnz1 anxy: (an) € B},

00-CONV(xy,) = {Xn=1 AnXn: (ay) € By, }.

According to [1], given p € [1,0] and q € [1,p"], a subset K < X is said to be relatively (p, q)-
compact if there is a sequence (x,) € £,(X) (or ¢y(X) for p = o) such that K < g*-conv(x,,).

Thus, a bounded linear operator T € L(X,Y) is called (p, q)-compact if it maps the closed unit
ball of X, denoted By, into a relatively (p, q)-compact subset of Y. Analogously, the measure of
the size of (p, q)-compactness of K is given as

inf{”(xn)”p: (xn) € fp(X)»K C q*-conv(x,)} p € [1,),

M) ) =11 o) o Cen) € o (0, K € s0-comv(xm)}  p = 1.

Hence, K is relatively (p,q)-compact if and only if mg, ,(K) < oo. It is important to note that

(o0, 1)-compactness agrees with the usual compactness and (p,p*)-compactness coincides
with the notion of p-compactness introduced by Sinha and Karn.

Our aim in this work is to adress the notion of (p, q)-compact linear operator to the nonlinear
Bloch setting making a complete study. Let us recall that a holomorphic map f: D — X is said
to be Bloch if pg(f) = sup,ep(1 — |2|2)|If'(2)|| < ©. The space of all X-valued Bloch
mappings defined on D and such that £(0) = 0 is denoted as B(D, X), and it is a Banach
space endowed with the Bloch norm p3.

METHOD

Vi.

Our main tool for developing this work will be the following theorem from [3], which
establishes the theory relating to Bloch spaces.
Theorem 1. Letz € D.

A Bloch atom of D is a functional y, € B(D)* given by z +~ f'(z) and such that

vl = 1/(1 = |z]?).

The Bloch-free space over D, denoted G(DD), is defined as the norm-closed linear
hull of the set {y,: z € D}.

The mapping I': D — G(ID) defined as z — y, is holomorphic with T'"(2)(f) = " (2)
forall f € B(D) and z € D.

The space B(D) is isometrically isomorphic to G(D)* via the map A: B(D) —» G(D)*
defined by

MOG) = ) Af'z)  Vf €BDLYY = ) Ay, € lin(T(D)).
k=1 k=1

For every complex Banach space X and every f e B(D,X), there is a unique
operator Sy € L(G(D), X) such that f’ = S; o T'. Furthermore, “Sf” = pp(f). Thus, the
mapping f ~ S is an isometric isomorphism from B(D, X) onto L(G(D), X).

Given f € B(D,X), we define ft:X* - B(D) as x* > x*o f. It is called the Bloch
transpose of f and it is satisfied that f'e £(X*,B(D)) with |[|ft]|=pa(f).
Furthermore, f* = A" o S¢.

On the other hand, the theory of operator ideals is adressed to the Bloch framework through
the following definition.

Definiton 2. Let s € (0,1]. A s-Banach normalized Bloch ideal [77, ]| - || 5] is a subclass 3% of
the collection B endowed with a norm || - IIg@ such that for every complex Banach space X:

The space (73(D, X), || - |I,5) is s-Banach with |f]| 5 = pz(f) for all f € 78(D, X).
For all g € B(D) and x € X, the mapping g - x defined as z - g'(z)x belongs to the
space 72(D, X) with [|g - xI|,5 = ps(g)Ilx]].

The ideal property: for any T € L(X,Y),f € B(D,X)and h:D —» D holomorphic with
h(0) = 0,then T o f o h € 75(D,Y) with ||T o f o hl| 5 < [ITI||If]] 5.

A s-Banach normalized Bloch ideal [7@, |l - |l,3] is said to be:

(R) Regular if given f € B(D, X), then f € Jg(lD),X) if and only if ky o f € Jﬁ(D,X**) with
||f||g@ = ||ry o f||7@, where ky is the canonical isometric linear embedding from X to X**.

For a holomorphic mapping f: D - X, we define rangs(f) = {(1 — |z|*)f'(z):z € D} € X.
Thus, we can extend the (p, q)-compactness to the Bloch setting as follows.

Definition 3. Let p € [1,] and q € [1,p"]. A holomorphic mapping f:D — X is said to be
(p, q)-compact Bloch if rangg(f) is a relatively (p, q)-compact subset of X. The set of all
zero-preserving (p, q)-compact Bloch mappings from D into X is denoted by @x(p'q) (D, X). In

addition, we endow it with the following norm:

k?p.q)(f ) =Mpg) (rangz(f))

As a first result, we are able to show that this definition is the correct in the following sense.

Vf € By, (D X).

Theorem 4. Let p € [1,), let g € [1,p*) and consider s = %. Then [By,, . k(pg)l is @
surjective s-Banach normalized Bloch ideal, and it becomes regular for the collection of all
reflexive complex Banach spaces.

Next, we characterize (p,q)-compact Bloch mappings through the property of (p,q)-
compactness of its associated bounded linear operator Sy € L(G(ID), X).

Theorem 5. Let p € [1,0), let g € [1,p*) and let f € B(D, X). The following statements are
equivalent:
i. Themapf € @;K(p’q) (D, X).

ii. Its linearization S¢ € K, 4y(G(ID), X).
In such a case, the correspondence f +~ S is an isometric isomorphism between the spaces

(Bucey oy 0,5, KE, ) AN (K () (G(D), %), k).

The previous result allows us to state the following factorization theorem of (p, g)-compact
Bloch mappings.

Corollary 6. Let p € [1,0), let g € [1,p*) and let f € B(D, X). The following statements are
equivalent:
i. Themap f € ﬁx(pq)(D;X)-

ii. Thereexistg € B(D,Y)andS € K, q(Y,X)suchthat f =Seg.

In this case, k¢, ,(f) = inflkg, q)(T)pg(g)}, with the infimum being taken over all such

factorizations of f as above.

Defintion 7. Let t,u,v € [1,0] with 1 +%2i+$. A holomorphic map f:D — X is called

(t,u,v)-nuclear Bloch if it can be written as f=SoM,og, where T € L(¥,,X), M, €
L(£,+,%,) is a diagonal operator and g € B(D,£,+). The space of all (t,u, v)-nuclear Bloch

maps from D into X such that f(0) = 0 is denoted by ]\/“(fu,v)(]])),X). We endow it with the

norm v& ,, (f) = inf{|IT]|[|Ms]|p5(g)} for all f € ME,,,(D,X), where the infimum is taken
over all such factorizations of f.

The preceding class of Bloch mappings has been deeply studied in [2], and we show in the
next result that it is closely related to the ideal of (p, g)-compact Bloch maps.

Corollary 8. Let p€[1,0) and let g € [1,p*). Then J\f(ﬁ,l,q*)(ﬂM) c @x(pq)(]])),x) and
kO, oy () S V(104 forall f € N, 1 (D, X).

Finally, we can characterize (p, g)-compact Bloch mappings in terms of their transposes.
Theorem 9. Let p€[1,) and let g € [1,p*). Then f e@x(pq)(u)),)() if and only if fte

J\f(;’,‘é*'l)(g(]]))),X). In such a case, k{, ,,(f) = |FE1 ims

(r.q*1)

CONCLUSION

We are in a position to conclude that (p, g)-compact Bloch mappings extend to the nonlinear
framework the classical notion of (p, g)-compact linear operator introduced by Ain, Lillemets
and Oja in [1]. Thanks to this new notion, we have been able to develop a satisfactory theory
on Banach normalized Bloch ideals, establishing linearization and factorization theorems,
and relating this subclass with other well-known Banach normalized Bloch ideals.
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