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For each p ∈ (1,∞), the p-convex hull of a sequence 𝑥𝑛 ∈ ℓ𝑝 𝑋 is defined by

𝑝-conv 𝑥𝑛 = {σn=1
∞ 𝑎𝑛𝑥𝑛: 𝑎𝑛 ∈ 𝐵ℓ𝑝∗}.

Moreover, for the cases p = 1 and p = ∞, the 1-convex hull of a sequence 𝑥𝑛 ∈ ℓ1 𝑋 and

the ∞-convex hull of a sequence 𝑥𝑛 ∈ 𝑐0(X) are given by

1-conv 𝑥𝑛 = {σn=1
∞ 𝑎𝑛𝑥𝑛: 𝑎𝑛 ∈ 𝐵𝑐0} ,

∞-conv 𝑥𝑛 = {σn=1
∞ 𝑎𝑛𝑥𝑛: 𝑎𝑛 ∈ 𝐵ℓ1} .

According to [1], given p ∈ [1,∞] and 𝑞 ∈ 1, 𝑝∗ , a subset K ⊆ X is said to be relatively (p, q)-
compact if there is a sequence 𝑥𝑛 ∈ ℓ𝑝 𝑋 (or 𝑐0(X) for p = ∞) such that 𝐾 ⊆ 𝑞∗-conv 𝑥𝑛 .

Thus, a bounded linear operator T ∈ ℒ(X, Y) is called (p, q)-compact if it maps the closed unit

ball of X, denoted 𝐵𝑋, into a relatively (p, q)-compact subset of Y. Analogously, the measure of

the size of (p, q)-compactness of K is given as

𝑚 𝑝,𝑞 𝐾 = ൝
inf{| 𝑥𝑛 | 𝑝: 𝑥𝑛 ∈ ℓ𝑝 𝑋 ,𝐾 ⊆ 𝑞∗− conv 𝑥𝑛 } 𝑝 ∈ 1,∞ ,

inf{| 𝑥𝑛 | ∞: 𝑥𝑛 ∈ 𝑐0 𝑋 ,𝐾 ⊆ ∞− conv 𝑥𝑛 } 𝑝 = 1.

Hence, K is relatively (p, q)-compact if and only if 𝑚 𝑝,𝑞 𝐾 < ∞. It is important to note that

(∞, 1)-compactness agrees with the usual compactness and 𝑝, 𝑝∗ -compactness coincides

with the notion of p-compactness introduced by Sinha and Karn.

Our aim in this work is to adress the notion of (p, q)-compact linear operator to the nonlinear

Bloch setting making a complete study. Let us recall that a holomorphic map 𝑓: 𝔻 → 𝑋 is said

to be Bloch if 𝜌ℬ 𝑓 = 𝑠𝑢𝑝z ∈𝔻 1 − 𝑧 2 | 𝑓′ 𝑧 | < ∞ . The space of all 𝑋 -valued Bloch

mappings defined on 𝔻 and such that 𝑓 0 = 0 is denoted as ෡ℬ 𝔻, 𝑋 , and it is a Banach

space endowed with the Bloch norm 𝜌ℬ.

Our main tool for developing this work will be the following theorem from [3], which 

establishes the theory relating to Bloch spaces.

Theorem 1. Let z ∈ 𝔻. 

i. A Bloch atom of 𝔻 is a functional 𝛾𝑧 ∈ ෡ℬ 𝔻 ∗ given by 𝑧 ↦ 𝑓′ 𝑧 and such that

𝛾𝑧 = 1/ 1 − 𝑧 2 .

ii. The Bloch-free space over 𝔻, denoted 𝒢(𝔻), is defined as the norm-closed linear

hull of the set {𝛾𝑧: 𝑧 ∈ 𝔻}.
iii. The mapping Γ: 𝔻 → 𝒢(𝔻) defined as 𝑧 ↦ 𝛾𝑧 is holomorphic with Γ′ 𝑧 𝑓 = 𝑓′′ 𝑧

for all 𝑓 ∈ ෡ℬ 𝔻 and z ∈ 𝔻.

iv. The space ෡ℬ 𝔻 is isometrically isomorphic to 𝒢 𝔻 ∗ via the map Λ: ෡ℬ 𝔻 → 𝒢 𝔻 ∗

defined by

Λ 𝑓 𝛾 = ෍

𝑘=1

𝑛

𝜆𝑘𝑓
′ 𝑧𝑘 ∀𝑓 ∈ ෡ℬ 𝔻 , ∀𝛾 = ෍

𝑘=1

𝑛

𝜆𝑘𝛾𝑧𝑘 ∈ 𝑙𝑖𝑛 Γ 𝔻 .

v. For every complex Banach space 𝑋 and every 𝑓 ∈ ෡ℬ(𝔻,𝑋) , there is a unique

operator 𝑆𝑓 ∈ ℒ(𝒢 𝔻 , 𝑋) such that 𝑓′ = 𝑆𝑓 ∘ Γ. Furthermore, 𝑆𝑓 = 𝜌ℬ(𝑓). Thus, the

mapping 𝑓 ↦ 𝑆𝑓 is an isometric isomorphism from ෡ℬ(𝔻,𝑋) onto ℒ(𝒢 𝔻 , 𝑋).

vi. Given 𝑓 ∈ ෡ℬ(𝔻,𝑋), we define 𝑓𝑡: 𝑋∗ → ෡ℬ(𝔻) as 𝑥∗ ↦ 𝑥∗ ∘ 𝑓. It is called the Bloch

transpose of 𝑓 and it is satisfied that 𝑓𝑡 ∈ ℒ(𝑋∗, ෡ℬ(𝔻)) with 𝑓𝑡 = 𝜌ℬ(𝑓) .

Furthermore, 𝑓𝑡 = Λ−1 ∘ 𝑆𝑓
∗.

On the other hand, the theory of operator ideals is adressed to the Bloch framework through

the following definition.

Definiton 2. Let 𝑠 ∈ (0,1]. A 𝑠-Banach normalized Bloch ideal [ℐ
෡ℬ , || ⋅ ||

ℐ
෡ℬ] is a subclass ℐ

෡ℬ of

the collection ෡ℬ endowed with a norm || ⋅ ||
ℐ
෡ℬ such that for every complex Banach space 𝑋:

i. The space (ℐ
෡ℬ 𝔻,𝑋 , || ⋅ ||

ℐ
෡ℬ) is 𝑠-Banach with 𝑓

ℐ
෡ℬ ≥ 𝜌ℬ(𝑓) for all 𝑓 ∈ ℐ

෡ℬ(𝔻, 𝑋).

ii. For all 𝑔 ∈ ෡ℬ(𝔻) and 𝑥 ∈ 𝑋, the mapping 𝑔 ⋅ 𝑥 defined as 𝑧 ↦ 𝑔′ 𝑧 𝑥 belongs to the

space ℐ
෡ℬ(𝔻, 𝑋) with 𝑔 ⋅ 𝑥

ℐ
෡ℬ = 𝜌ℬ 𝑔 | 𝑥 |.

iii. The ideal property: for any 𝑇 ∈ ℒ 𝑋, 𝑌 , 𝑓 ∈ ෡ℬ 𝔻,𝑋 and ℎ:𝔻 → 𝔻 holomorphic with

ℎ 0 = 0, then 𝑇 ∘ 𝑓 ∘ ℎ ∈ ℐ
෡ℬ(𝔻, 𝑌) with 𝑇 ∘ 𝑓 ∘ ℎ

ℐ
෡ℬ ≤ 𝑇 𝑓

ℐ
෡ℬ .

A 𝑠-Banach normalized Bloch ideal [ℐ
෡ℬ , || ⋅ ||

ℐ
෡ℬ] is said to be:

(R) Regular if given 𝑓 ∈ ෡ℬ(𝔻, 𝑋), then 𝑓 ∈ ℐ
෡ℬ(𝔻, 𝑋) if and only if 𝜅𝑋 ∘ 𝑓 ∈ ℐ

෡ℬ(𝔻, 𝑋∗∗) with

𝑓
ℐ
෡ℬ = 𝜅𝑋 ∘ 𝑓 ℐ

෡ℬ , where 𝜅𝑋 is the canonical isometric linear embedding from 𝑋 to 𝑋∗∗.

For a holomorphic mapping 𝑓:𝔻 → 𝑋, we define 𝑟𝑎𝑛𝑔ℬ 𝑓 = 1 − 𝑧 2 𝑓′ 𝑧 : 𝑧 ∈ 𝔻 ⊆ 𝑋. 

Thus, we can extend the (p, q)-compactness to the Bloch setting as follows.

Definition 3. Let 𝑝 ∈ [1,∞] and 𝑞 ∈ [1, 𝑝∗]. A holomorphic mapping 𝑓:𝔻 → 𝑋 is said to be

(p, q)-compact Bloch if 𝑟𝑎𝑛𝑔ℬ 𝑓 is a relatively (p, q)-compact subset of 𝑋. The set of all

zero-preserving (p, q)-compact Bloch mappings from 𝔻 into 𝑋 is denoted by ෡ℬ𝒦 𝑝,𝑞
(𝔻,𝑋). In

addition, we endow it with the following norm:

𝑘 𝑝,𝑞
ℬ 𝑓 = 𝑚 𝑝,𝑞 𝑟𝑎𝑛𝑔ℬ 𝑓 ∀𝑓 ∈ ෡ℬ𝒦 𝑝,𝑞

(𝔻, 𝑋).

As a first result, we are able to show that this definition is the correct in the following sense.

Theorem 4. Let 𝑝 ∈ [1,∞), let 𝑞 ∈ 1, 𝑝∗ and consider 𝑠 =
𝑝𝑞

𝑝+𝑞
. Then [෡ℬ𝒦 𝑝,𝑞

, 𝑘 𝑝,𝑞
ℬ ] is a

surjective 𝑠-Banach normalized Bloch ideal, and it becomes regular for the collection of all

reflexive complex Banach spaces.

Next, we characterize (𝑝, 𝑞) -compact Bloch mappings through the property of (𝑝, 𝑞) -

compactness of its associated bounded linear operator 𝑆𝑓 ∈ ℒ 𝒢 𝔻 , 𝑋 .

Theorem 5. Let 𝑝 ∈ [1,∞), let 𝑞 ∈ 1, 𝑝∗ and let 𝑓 ∈ ෡ℬ(𝔻,𝑋). The following statements are

equivalent:

i. The map 𝑓 ∈ ෡ℬ𝒦 𝑝,𝑞
(𝔻, 𝑋).

ii. Its linearization 𝑆𝑓 ∈ 𝒦(𝑝,𝑞) 𝒢 𝔻 ,𝑋 .

In such a case, the correspondence 𝑓 ↦ 𝑆𝑓 is an isometric isomorphism between the spaces

(෡ℬ𝒦 𝑝,𝑞
(𝔻, 𝑋), 𝑘 𝑝,𝑞

ℬ ) and (𝒦 𝑝,𝑞 𝒢 𝔻 , 𝑋 , 𝑘 𝑝,𝑞 ).

The previous result allows us to state the following factorization theorem of (𝑝, 𝑞)-compact

Bloch mappings.

Corollary 6. Let 𝑝 ∈ [1,∞), let 𝑞 ∈ 1, 𝑝∗ and let 𝑓 ∈ ෡ℬ(𝔻,𝑋). The following statements are

equivalent:

i. The map 𝑓 ∈ ෡ℬ𝒦 𝑝,𝑞
(𝔻, 𝑋).

ii. There exist 𝑔 ∈ ෡ℬ(𝔻, 𝑌) and 𝑆 ∈ 𝒦 𝑝,𝑞 (𝑌, 𝑋) such that 𝑓 = 𝑆 ∘ 𝑔.

In this case, 𝑘 𝑝,𝑞
ℬ 𝑓 = inf 𝑘 𝑝,𝑞 𝑇 𝜌ℬ 𝑔 , with the infimum being taken over all such

factorizations of 𝑓 as above.

Defintion 7. Let 𝑡, 𝑢, 𝑣 ∈ [1,∞] with 1 +
1

𝑡
≥

1

𝑢
+

1

𝑣
. A holomorphic map 𝑓:𝔻 → 𝑋 is called

(𝑡, 𝑢, 𝑣) -nuclear Bloch if it can be written as 𝑓 = 𝑆 ∘ 𝑀𝜆 ∘ 𝑔 , where 𝑇 ∈ ℒ(ℓ𝑢, 𝑋) , 𝑀𝜆 ∈
ℒ(ℓ𝑣∗ , ℓ𝑢) is a diagonal operator and 𝑔 ∈ ෡ℬ(𝔻, ℓ𝑣∗). The space of all (𝑡, 𝑢, 𝑣)-nuclear Bloch

maps from 𝔻 into 𝑋 such that 𝑓 0 = 0 is denoted by 𝒩 𝑡,𝑢,𝑣
෡ℬ 𝔻,𝑋 . We endow it with the

norm 𝜈 𝑡,𝑢,𝑣
ℬ 𝑓 = inf 𝑇 𝑀𝜆 𝜌ℬ 𝑔 for all 𝑓 ∈ 𝒩 𝑡,𝑢,𝑣

෡ℬ 𝔻,𝑋 , where the infimum is taken

over all such factorizations of 𝑓.

The preceding class of Bloch mappings has been deeply studied in [2], and we show in the

next result that it is closely related to the ideal of (𝑝, 𝑞)-compact Bloch maps.

Corollary 8. Let 𝑝 ∈ 1,∞ and let 𝑞 ∈ 1, 𝑝∗ . Then 𝒩𝑝,1,𝑞∗
෡ℬ 𝔻,𝑋 ⊆ ෡ℬ𝒦 𝑝,𝑞

𝔻,𝑋 and

𝑘 𝑝,𝑞
ℬ 𝑓 ≤ 𝜈 𝑝,1,𝑞∗

ℬ 𝑓 for all 𝑓 ∈ 𝒩𝑝,1,𝑞∗
෡ℬ 𝔻,𝑋 .

Finally, we can characterize (𝑝, 𝑞)-compact Bloch mappings in terms of their transposes.

Theorem 9. Let 𝑝 ∈ 1,∞ and let 𝑞 ∈ 1, 𝑝∗ . Then 𝑓 ∈ ෡ℬ𝒦 𝑝,𝑞
𝔻,𝑋 if and only if 𝑓𝑡 ∈

𝒩𝑝,𝑞∗,1
𝑖𝑛𝑗

(𝒢 𝔻 , 𝑋). In such a case, 𝑘 𝑝,𝑞
ℬ 𝑓 = 𝑓𝑡

𝒩
𝑝,𝑞∗,1

𝑖𝑛𝑗 .

We are in a position to conclude that (𝑝, 𝑞)-compact Bloch mappings extend to the nonlinear

framework the classical notion of (𝑝, 𝑞)-compact linear operator introduced by Ain, Lillemets

and Oja in [1]. Thanks to this new notion, we have been able to develop a satisfactory theory 

on Banach normalized Bloch ideals, establishing linearization and factorization theorems, 

and relating this subclass with other well-known Banach normalized Bloch ideals.
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