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Preliminaries

Preliminaries

The primal problem is defined as:

P inf ¢'x
s.t. a;a: >b, teT

where ¢ € R", T is a nonempty fixed index set, a : T' — R",
whit a(t) := (a1(t), ..., an(t)) := a; and b: T — R, with
b(t) := by. Furthermore, a and b are bounded.



First and second moment cones

M := cone {a, t € T}, N := cone {(Zt), te T}.
t

Characteristic cone

tcimeone { (%), vem: (%))




The dual problem of P is:

D: sup > A\
teT
s.t. Z )\tat =2cC
teT

reRrD,



The pair of problems

P: inf c'x D: sup > My
, teT
st. ayx >by, teT s.t. > har=-c
teT )
A€ RY

is called primal-dual pair.



The pair of problems

P: inf c'x D: sup > My
, teT
st. ayx >by, teT s.t. > har=-c
teT )
A€ RY

is called primal-dual pair.

This pair is represented by the triplet 7 := (a, b, ¢).



Let m = (a,b, ¢) € II. 7 satisfies the Slater condition if
there exist T € R", such that,

a;i > b for all t € T

| A

Definition
Let m = (a,b, ¢) € II. 7 satisfies the strong Slater
condition if there are € > 0 and T € R", such that,

a;fzbt—i—eforallteT.




The parameters space is:

I := B(T)" x B(T) x R".
equipped with the pseudometrics d :— [0, +00), defined by

Gl

sup

(', 72) = mé 12
(m, ) max{Hc cHteT




F =g}
o I, :={rell|



o Il :={rell| F =0}

o L :={n el | F # @ and vF' (1) > —o0}



o Il :={rell| F =0}
o L :={n el | F # @ and vF' (1) > —o0}

o Il :={r eIl |F+# 2 and v’ (1) = —cc}



o 1P, :={rell | A=g}
o NP :={n eIl | A+# 2 and v” (1) < o0}
B =

o Y, :={r €Il |A # @ and v” (1) = oo}



Primal-dual partition

Primal-dual
partition

UB

Example, IT; := 115 N 117 ;.



Theorem

(i) m € Iy if and only if (0,,1) ¢ ¢l N and

ce M.

(i) w € Iy if and only if (0,,1) ¢ ¢l N and
({e} xR)Nel N = 2.

(i1i) m € I3 if and only if {c} x R C K.

(iv) m € Ty if and only if (0,,1) € cl N and
c¢ M.

(v) w € 5 if and only if ¢ ¢ M, (0,,1)" ¢ cl N
and ({c} xR)Nel N # 2.

(vi) = € g if and only if (0,,1) € ¢l N, ce M
and {c} xR ¢ K.
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Theorem

Let m = (a,b, ¢) a parameter with bounded coefficients. The
following statements are true:

Stabiii of (i) ™ € int 11y if and only if m satisfies the strong
the Slater condition and ¢ € int M ;

primal-dual
partition

(ii) m € int Iy if and only if there exist y € R y
0 > 0 such that,

c/y<0 and a;yzéfor allt € T}
(iii) m € int II3 if and only if (On,1)" € int N;

(iv) int II; = @ for i =4,5,6.
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o I :={r eI | F* # @ and F* is bounded}

T ement
of the
primal-dual
partition



= {r €Il | F* # @ and F* is bounded}

o II§ ;= {r eI} | F* = @ or F* is unbounded}
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= {r €Il | F* # @ and F* is bounded}
o II§ ;= {r eI} | F* = @ or F* is unbounded}

First
refinement
of the

B i o IIZ := {r €I} | A* # @ and A* is bounded}



P .
o Il :
First
refinement
of the
primal-dual D
partition ° HS
D
o Iy

= {renf

= {r eIl

| F* # @ and F* is bounded}

| F* = @ or F* is unbounded}

| A* # @ and A* is bounded}

| A* = @ or A* is unbounded}
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(i) m € T} if and only if ¢ € int M and 7 satisfies
the Slater condition;

(ii) m € 112 if and only if (01") ¢cl K, ceint M

and T not satisfy the Slater condition;
First

refinement

of the

primal-dus] (i4i) © € 113 if and only if c € M \ int M and
e satisfies the Slater condition;

(iv) m € I} if and only if (01") ¢cl K,
c€ M\ int M and 7 not satisfy the Slater
condition.




Goberna M.A. and Todorov M.I.
7 € I1L if and only if (01") ¢ cl K and ¢ € int M.

First
refinement

of the m e Hg if and only if ¢ € M and 7 satisfies the Slater

primal-dual

partition Condition.




c € M and 7 satisfies the Slater condition, but 7 ¢ IIZ.

Example 1.
P inf %fl)l —+ T2
T2 Z 1
sit.  txy+ax2>0, te(0,1),
T+ > —1
(3, 1) € int My C M, and 7' satisfies the Slater condition
((0,2) is a Slater point). Furthermore, vP(r!) = % and

= {(_17 1)}



The dual problem

D : Sup Ag — A1
1
st 2o()+ X M)+ = (1)
te(0,1)
f(‘?i?fcmcnt )\ 6 RS_T)

of the
primal-dual

partition iS nOt SO].Vab].e.

n! satisfies the strong Slater condition, in fact, for e = %, a
strong Slater point is (g)



Conjecture

c € M and T satisfies the strong Slater condition, then A* is
bounded.

Lema
First If Y Ma: = ¢, with Ay > 0 for all ¢ € T', then there exist

refinement

of the teT .
primal-dual Yi Z 0, 1= 17 N 1 + 1, Such that,

partition

n+1 n+1

Z%ati = ¢ and Z)\t = Z%.
i=1 i=1

teT




Let m = (a, b, ¢) a parameter with |[T'| > n+2. If ¢ € M and
First 7 satisfies the strong Slater condition, then A* is bounded

refinement with the norm | - ||;.
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Corollary
Let m = (a,b, ¢) a parameter with |T'| > n + 2. The
following statements are true:

(i) If ¢ € int M where ¢ = 0,, and 7 satisfies the
strong Slater condition, then A* = {\ = 0}.

(ii) If ¢ € M where ¢ # 0, and 7 satisfies the
strong Slater condition, then

ff {[J\llL : AeA*}> 0.




Let m = (a,b, ¢) a parameter with |T| >n+2. If ¢ € int M
where ¢ = 0, and 7 satisfies the strong Slater condition,
then 7 € I13.
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Let m = (a,b, ¢) a parameter with |T| >n+2. If ¢ € int M

where ¢ = 0, and 7 satisfies the strong Slater condition,
then 7 € I13.

The feasible set of the system {a,xz > b, t € T'}, (with
|T'| > n+ 2) is nonempty and bounded, if

0,, € int cone {a¢, t € T} and there are ¢ > 0 and T € R"
such that, a;x > b; + eforallt € T'.



Let m = (a,b, ¢) a parameter with |T| >n+2. If ¢ € int M
where ¢ = 0, and 7 satisfies the strong Slater condition,
then 7 € I13.

The feasible set of the system {a,xz > b, t € T'}, (with
P |T| > n + 2) is nonempty and bounded, if
NS 0, € int cone {a;, t € T'} and there are ¢ > 0 and T € R"

partition such that, a;® > b; +eforallt € T.

In fact, if the conditions are true and we consider the
parameter 7 = (a,b, 0,,), then 7 € II}. In particular, F* is
bounded and nonempty. As F' = F* the result is immediate.



Let m = (a,b, ¢) a parameter with |T'| >n+2.If c € M
e where b = 0 and 7 satisfies the strong Slater condition, then
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Example 2. Consider in R? the problem:
Py inf 0

st. twy +trg > 1, t e (0,1].

First
refinement
of the
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partition O t
( 0 )zclcone{( t ),tE(O,l]}.
1 1

The problem is inconsistent, because,



The dual problem is:

We have

Z Mt = 0.

5 5
primal-dual tE 0 1]

partition
g A= 0.

te(0,1]

as t € (0,1], then

Therefore
vP(7?) =0y Ay = {\ =0},



Conclusion

We conclude mentioning that we have obtained a sufficient
condition for the boundedness of the optimal set of the dual
problem, which might however be empty. Conditions that
guarantee the solvability of the dual problem turns out to be
complicated task even in the continuous case. This could be
a challenge problem for a future work.

Conclusion



The characterization of the solvable dual problems
with bounded optimal set
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