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Abstract: The paper develops generalizing entropic approaches of irreversible closed cycles. The 

mathematical models of the irreversible engines (basic, with internal regeneration of the heat, 

cogeneration units) and of the refrigeration cycles were applied to four possible operating 

irreversible trigeneration cycles. The models involve the reference entropy, the number of internal 

irreversibility, the thermal conductance inventory, the proper temperatures of external heat 

reservoirs unifying the first law of thermodynamics and the linear heat transfer law, the mean log 

temperature differences, and four possible operational constraints, i.e., constant heat input, 

constant power, constant energy efficiency and constant reference entropy. The reference entropy 

is always the entropy variation rate of the working fluid during the reversible heat input process. 

The number of internal irreversibility allows the evaluation of the heat output via the ratio of 

overall internal irreversible entropy generation and the reference entropy. The operational 

constraints allow the replacement of the reference entropy function of the finite physical 

dimensions parameters, i.e., mean log temperature differences, thermal conductance inventory, 

and the proper external heat reservoir temperatures. The paper presents initially the number of 

internal irreversibility and the energy efficiency equations for engine and refrigeration cycles. At 

the limit, i.e., endoreversibility, we can re-obtain the endoreversible energy efficiency equation. The 

second part develops the influences between the imposed operational constraint and the finite 

physical dimensions parameters for the basic irreversible cycle. The third part is applying the 

mathematical models to four possible standalone trigeneration cycles. It was assumed that there 

are the required consumers of the all useful heat delivered by the trigeneration system. The design 

of trigeneration system must know the ratio of refrigeration rate to power, e.g., engine shaft power 

or useful power delivered directly to power consumers. The final discussions and conclusions 

emphasize the novelties and the complexity of interconnected irreversible trigeneration systems 

design/optimization. 

Keywords: closed irreversible cycles; number of internal irreversibility; reference entropy; 

operational constraints; irreversible energy efficiency; trigeneration 

 

1. Introduction 

The energy systems, single or combined power and heat and refrigeration ones, are critical 

issues since the energy needs rise every year. The design of standalone energy systems is focused 

only on the energy client’s requirements and it is pursuing the partial optimized energy efficiency. 

This design is ignoring in fact the overall energy connections and thus the impacts on the other 
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energy systems and energy clients and on the environment. The management of energy systems 

originates new restrictive operational constraints such as variable energy needs depending on the 

environmental temperatures or on the time. The electrical power systems are interconnected 

through the national and international electricity grids which can so safely assure the variable 

energy needs of any client. The variable useful heat and refrigeration asked by specific customers, 

e.g., building heating and conditioning systems, could be designed through various scenarios 

considering possible operational constraints with supposed variable shapes. The best energy 

solutions are obtained for steady state operation. The variable operation generates energy/exergy 

losses depending on the energy/irreversibility “inertia”. Currently, almost all researches regarding 

energy systems, i.e., energy/exergy or exergoeconomic analysis, design, optimization, management, 

are assigned for new particular applications. For instance, ref. [1] presents an advanced 

exergoeconomic analysis of a waste heat recovery system based on the organic Rankine cycle from 

the exhaust gases of an internal combustion engine considering different operating conditions; ref. 

[2] uses an analytical approach to discuss the relationship between the exergy destruction and 

efficiency by assuming a simple thermodynamic system simulating an internal combustion engine 

operation; ref. [3] applies the Exergy Cost Theory to a hybrid system based on a 500 kWe solid oxide 

fuel cell stack and on a vapor-absorption refrigeration system by a model comprising chemical, 

electrochemical, thermodynamic, and thermoeconomic equations and using the Engineering 

Equation Solver. Ref. [4] performs exergy and exergoeconomic analysis of a novel combined cooling, 

heating, and power system, which is based on solar thermal biomass gasification, and finds the 

exergoeconomic costs of multi-products such as electricity, chilled water, heating water, and 

domestic hot water by using the cost allocation method based on energy level. Ref. [5] Identified and 

discussed the thermodynamic and environmental effects of scaling up systems that operate 

according Rankine cycle with reheating, considering ten scenarios considering different levels of 

steam pressure. Ref. [6] develops energetic and exergetic analyses using operating data for Sabiya, a 

combined cycle power plant with an advanced triple pressure reheat heat recovery steam generator. 

Ref. [7] proposes a municipal waste-driven tri-generation system through a comprehensively 

analysis using thorough thermodynamic, thermoeconomic, and thermoenvironmental 

investigations. Ref. [8] is performing the energetic and financial investigation of three different 

solar-driven trigeneration systems that can be applied in buildings with high energy needs. Ref. [9] 

develops an optimal trigeneration system based on the Pinch Analysis methodology by minimizing 

cooling, heating, and power requirements, taking into account energy variations in the total site 

energy system, and involving seven steps. Ref. [10] presents the results of analysis of energy and 

economic efficiency of the hierarchical gas-gas engine, with a note that a trigeneration system was 

analyzed. Ref. [11] discusses the possibilities of integrating the adsorption aggregate with a 

combined cycle gas turbine and its impact on the operation of all devices and simulations are 

performed on Sim tech IPSEPro software. Ref. [12] considers a performance analysis of a novel 

small-scale CCHP system where a biogas-fired, 5 kWel externally fired microturbine, an absorption 

refrigeration system and heat exchangers are integrated for supplying electricity, refrigeration and 

hot water demanded by Bolivian small dairy farms, the primary energy/exergy rate was used as a 

performance indicator. 

This paper develops generalizing entropic approaches of irreversible closed cycles. The 

mathematical models of the irreversible engines (basic, with internal regeneration of the heat, 

cogeneration units) and of the refrigeration cycles were applied to four possible operating 

irreversible trigeneration cycles. The models involve the reference entropy, the number of internal 

irreversibility, the thermal conductance inventory, the proper temperatures of external heat 

reservoirs unifying the first law of thermodynamics and the linear heat transfer law, the mean log 

temperature differences, and four possible operational constraints, i.e., constant heat input, constant 

power, constant energy efficiency and constant reference entropy. The reference entropy is always 

the entropy variation rate of the working fluid during the reversible heat input process. The number 

of internal irreversibility allows the evaluation of the heat output via the ratio of overall internal 

irreversible entropy generation and the reference entropy. The operational constraints allow the 
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replacement of the reference entropy function of the finite physical dimensions parameters, i.e., 

mean log temperature differences, thermal conductance inventory, and the proper external heat 

reservoir temperatures. The paper presents initially the number of internal irreversibility and the 

energy efficiency equations for engine and refrigeration cycles. At the limit, i.e., endoreversibility, 

we can re-obtain the endoreversible energy efficiency equation. The second part develops the 

influences between the imposed operational constraint and the finite physical dimensions 

parameters for the basic irreversible cycle. The third part is applying the mathematical models to 

four possible standalone trigeneration cycles. It was assumed that there are the required consumers 

of the all useful heat delivered by the trigeneration system. The design of trigeneration system must 

know the ratio of refrigeration rate to power, e.g., engine shaft power or useful power delivered 

directly to power consumers.  

2. The Irreversible Energy Efficiency—The Number of Internal Irreversibility 

The energy efficiency of irreversible energy systems is depending on the irreversibility of all the 

processes defining the energy cycle. The overall irreversibility might be quantified by the number of 

internal irreversibility [13]. Through this number and the reference entropy they must be connected 

the thermal energy interactions with external heat reservoirs (heat source and heat sink) for any 

energy system. They will be demonstrated the equations of the irreversible energy efficiency for 

basic closed engine cycle, see Figure 1, closed engine cycle with internal regeneration of the heat, see 

Figure 2, closed cogeneration cycle, see Figure 3, closed refrigeration cycle, see Figure 4. 

The reference entropy, Δsq > 0, is always the entropy variation of the working fluid during the 

cyclic reversible heating through the cyclic heat input. It must be mentioned that the reversible heat 

input is equalizing the irreversible one, because the extra irreversible entropy generation, caused by 

friction is corresponding to an equivalent throttling process. The same statement must be used for 

the cyclic heat output.  

 Basic closed engine cycle, see Figure 1 

 The reference specific entropy during the cyclic heating  
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 The specific heat input 

0 qmq sTq  (2) 

where Tmq is the mean thermodynamic temperature of reversible heating process. 

 The specific entropy variation during the cyclic cooling 

 

01-           14433221

14433221450



























irrq

q

q

qirrrevq

Ns
s

ssss
s

ssssssss

 (3) 

 The specific heat output 

00000  irrqmqqmq NsTsTq  (4) 

where Tmq0 is the mean thermodynamic temperature of reversible cooling process 

 The number of internal irreversibility (Nirr) and the irreversible energy efficiency (EEirr) 
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where w is the specific useful work. When 1irrN  respectively qq ss  0  it is re-obtained the 

energy efficiency of the endoreversible basic closed engine cycle. The number of internal 

irreversibility might ensure the needed link between the external heat reservoirs parameters 

(constant or variable) by the intermediary of the internal overall irreversibility. 

 
1–2irr irreversible adiabatic compression;  

2irr–3irr irreversible heating; 

3irr–4irr irreversible adiabatic expansion;  

4irr–1 irreversible cooling 

2rev, 3rev, 4rev, 5rev are the reversible processes ending states 

Δs1-2, Δs2-3, Δs3-4, Δs4-1 are the irreversible processes entropy generation 

Figure 1. The scheme of basic closed engine cycle. 

 Closed engine cycle with internal regeneration of the heat, see Figure 2 

 The reference specific entropy during the cyclic heating  

034  irrrevq sss  (7) 

 The specific heat input 

0 qmq sTq  (8) 

where Tmq is the mean thermodynamic temperature of reversible heating process. 

 The specific entropy variation during the cyclic cooling 
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where Δsreg is the entropy variation during the pre-heating process 2irr–3rev, Treg is the mean 

thermodynamic temperature of the pre-heating process 2irr–3rev, T*reg is the mean thermodynamic 

temperature of the pre-cooling process 5irr–6rev. 

 The specific heat output 
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where Tmq0 is the mean thermodynamic temperature of reversible cooling process 

 The number of internal irreversibility (Nirr) and the irreversible energy efficiency (EEirr) 
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where w is the specific useful work. When 1irrN  respectively, qq ss  0 , *
regreg TT  , it is 

re-obtained the energy efficiency of the endoreversible closed engine cycle with internal 

regeneration of the heat. The number of internal irreversibility might ensure the needed link 

between the external heat reservoirs parameters (constant or variable) by the intermediary of the 

internal overall irreversibility. 

 
1–2irr irreversible adiabatic compression;  

2irr–3irr irreversible pre-heating by internal regeneration of the heat;  

3irr–4irr irreversible heating;  

4irr–5irr irreversible adiabatic expansion;  

5irr–6irr irreversible pre-cooling through internal regeneration of the heat;  

6irr–1 irreversible cooling 

2rev, 3rev, 4rev, 5rev 6rev, 7rev are the reversible processes ending states 

Δs1-2, Δs2-3, Δs3-4, Δs4-5, Δs5-6, Δs6-1 are the irreversible processes entropy generation 

Figure 2. The scheme of closed engine cycle with internal regeneration of the heat. 

 Closed cogeneratione cycle, see Figure 3 

 The reference specific entropy during the cyclic heating  
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 The specific heat input 

0 qmq sTq  (14) 

where Tmq is the mean thermodynamic temperature of reversible heating process. 

 The specific entropy variation during the cyclic cooling 
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where Δscog = s5rev–s4irr < 0 is the entropy variation during the cogeneration (cooling process) 4irr–5rev. 

 The number of internal irreversibility (Nirr,cog) 
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where Tmq0 is the mean thermodynamic temperature of reversible cooling process. 
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energy efficiency of the endoreversible closed cogeneration cycle correspondingly, it is equalizing 

the unity. The number of internal irreversibility might ensure the needed link between the external 

heat reservoirs parameters (constant or variable) by the intermediary of the internal overall 

irreversibility. 

 
1–2irr irreversible adiabatic compression;  

2irr–3irr irreversible heating;  

3irr–4irr irreversible adiabatic expansion;  

4irr–5irr irreversible cooling by cogeneration;  

5irr–1 irreversible cooling  

2rev, 3rev, 4rev, 5rev 6rev are the reversible processes ending states 

Δs1-2, Δs2-3, Δs3-4, Δs4-5, Δs5-1 are the irreversible processes entropy generation; Δscog is the entropy variation during the cogeneration 

Figure 3. The scheme of closed cogeneration cycle. 

 Basic closed refrigeration cycle, see Figure 4 

 The reference specific entropy during the cyclic heating  
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 The specific entropy variation during the cyclic cooling 

 0 3 2 1 2 2 3 3 4 4 1

1 2 2 3 3 4 4 1          1 0

q rev irr q

q q irr

q

s s s s s s s s

s s s s
s s N

s

   

   

              

       
        
 
 

 (24) 
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where Tmq0 is the mean thermodynamic temperature of reversible cooling process. 
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where COP is the coefficient of performance of refrigeration cycles and w is the specific consumed 

work. When 1irrN  respectively qq ss  0  it is re-obtained the energy efficiency of the 

endoreversible basic refrigeration engine cycle. The number of internal irreversibility might ensure 

the needed link between the external heat reservoirs parameters (constant or variable) by the 

intermediary of the internal overall irreversibility. 

 
1–2irr irreversible adiabatic compression;  

2irr–3irr irreversible cooling; 

3irr–4irr irreversible adiabatic expansion (throttling);  

4irr–1 irreversible heating 

2rev, 3rev, 4rev, 5rev are the reversible processes ending states 

Δs1-2, Δs2-3, Δs3-4, Δs4-1 are the irreversible processes entropy generation 

Figure 4. The scheme of closed refrigeration cycle. 
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find the irreversible link between the reference entropy and the reversible entropy variation of the 

working fluid during the cyclic heat output. In this paper they were defined the numbers of internal 

irreversibility for some simple cycles. For other complex/combined cycles they might be defined the 

overall number of internal irreversibility. The principles are: the reference entropy, Δsq, is the 
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Figure 5. The operational dependences of the maximum temperature on the cycle, T3 = f(π), 

1—constant reference entropy; 2—constant specific heat input; 3—constant specific power output; 

4—constant energy efficiency. 

4. The Irreversible Trigeneration Cycles Design Based on Finite Physical Dimensions 

Thermodynamics 

The reference [15] developed the analysis of endoreversible trigeneration cycles design based 

on finite physical dimensions thermodynamics (FPDT). This section is extending the mathematical 

models to irreversible closed trigeneration cycles. Cogeneration and trigeneration are based on four 

main power cycles: Closed Rankin cycle, open Joule-Brayton cycle, open reciprocating engine cycles, 

and fuel cells. Four possible energy operating schemes of various generic regeneration systems 

might be analyzed [15]: 

a. Supplying power and refrigeration rate, the summer season; 

b. Supplying power and heat rate by engine cycle, and refrigeration rate by reverse cycle, the 

winter season; 

c. Supplying power by engine cycle, and heat and refrigeration rates by reverse cycle, the winter 

season; and 

d. Supplying power and heat rate by engine cycle, and heat and refrigeration rates by reverse 

cycle, the winter season. 
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4.1.1. Engine Irreversible Cycle 

 The reference entropy rate for the irreversible engine cycle is, see Figure 1:  

qE smS    (28) 

The finite physical dimension control parameters are:  

 The ratio of external heat reservoirs temperature   HS
HS

CS

T

T
, and  

 The mean log temperature difference ΔTH [K], inside the heat exchanger allocated to the hot 

side of engine, having the thermal conductance  HAU  . 

 Thermal conductance inventory: 

        
TE H C H C

G G G U A U A  [kW.K–1] (29) 

 , CH
H C

TE TE

GG
g g

G G
,     1    1

H C C H
g g g g  (30) 

where U [kW·m–2·K–1] is the overall heat transfer coefficient and A [m2] is the heat transfer area. 

 Energy balance equations: 

          
H H TE H H E HS CS H E

Q g G T T S T T S
     

 


HS CS H E

TE

H H

T T S
G

g T
 (31) 

    CTEHEirrECCSC TGgNSTTQ  1,

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


















CSHS

EirrHH
HHS

EirrHH
C

T

NgT
g

NTg
T

11
1 ,

,
 (32) 

CH QQW    
H

Eirr
Q

W
EE 


 ,  (33) 

where  

 m [kg·s–1] is the working fluid mass flow rate through engine; 
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As an example, they were imposed: W = 100 kW, θHS = 4, TCS = 323 K, and EEirr,E = 0.35, see Figure 6. 

 

Figure 6. The main design dependence between the thermal conductance inventory and 

the number of internal irreversibility, 1—Nirr,E = 1, gH,opt = 0.5 (GTE minimum), ΔTH = 795.077.(1 − 

gH); 2—Nirr,E = 1.1, gH,opt = 0.4881 (GTE minimum),  
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4.1.2. Refrigeration Irreversible Cycle 

 The reference entropy rate of working fluid for the irreversible reverse cycle is, see Figure 4: 

qR smS    (34) 

The finite physical dimension control parameters are:  

 External heat reservoirs temperatures ratio   0S
RS

RS

T

T
; 

 Variable mean log temperature difference ΔTC [K], inside the heat exchanger at the heat source 

having the thermal conductance  RAU  .  

 Thermal conductance inventory: 

        
0 0TR R R

G G G U A U A  [kW·K–1] (35) 
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where U [kW·m–2·K–1] is the overall heat transfer coefficient and A [m2] is the heat transfer area. 

 Energy balance equations:  
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0QQW R
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COPEE R
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where  

 m [kg·s–1] is the mass flow rate of the working fluid through the refrigeration machine; 

 R
Q  [kW] is the refrigeration heat rate;  

    


0S
R RS R R

RS

T
T T T T [K] is the mean thermodynamic temperature at the cycle cold side;  

 


0S
RS

RS

T
T  [K] is the fitting mean temperature of the cold source; 

 0
Q  [kW] is the absolute heat rate at the heat sink;  

   
0 0 0S

T T T  [K] is mean thermodynamic temperature at the cycle hot side;  

 T0S is the fitting mean temperature of the heat sink. 

The dependences between FPDT imposed control parameters and the irreversible refrigeration 

cycle performances might be obtained through the adopted operational restrictive condition, see 

Section 3. As an example, they were imposed: RQ = 10 kW, TRS = 263 K, T0S = 323 K, EEirr,R = COP = 2, 

see Figure 7. 

 

Figure 7. The main design dependence between the thermal conductance inventory and the number 

of internal irreversibility. 1—Nirr,E = 1, gR,opt = 0.5 (GTR minimum), ΔTR = 143.(1 − gR)/3; 2—Nirr,E = 1.1, 
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The Equations (28)–(33) allow the preliminary FPDT based design of engines and refrigeration 

machines by involving the appropriate operational conditions, i.e., Section 3. This design has to 

know the pre-design internal number of irreversibility, respectively working fluid nature, the 

irreversibility coefficients for all processes, see Section 2. This pre-design and FPDT design steps 

might also involve optimization procedures. 

4.2. Irreversible Trigeneration System  

The dependences between the reference entropies, ES  and RS , and the adopted finite 

dimensions control parameters are imposed by the consumers of useful energies. They must be 

known the prime energy, i.e., either the power or the refrigeration rate or heating rate, and the ratios 

of refrigeration rate to power (x) and of heating rate to power (y). In this paper they were previously 

imposed the power and the ratio x, Sections 4.1.1. and 4.1.2. The ratio of heating rate to engine power 

(y), especially during the winter season, is dependent on the energy operating scheme.  

The general equation of trigeneration irreversible energy efficiency (EE) is the ratio 

Useful Energy

Consumed Energy
EE 




 where for all cases   HQ Energy Consumed . The term Useful Energy

has specific forms for each case a, b, c, and d, see [15]. 

 Case “a”—energy efficiency: 

0 1
1

E R R

a E

H

W W Q COP
EE EE x

COPQ

    
     

 
 (40) 

 Case “b”—energy efficiency: 

*
0 1CE R R

b cog E

H

W Q W Q COP
EE EE EE x

COPQ

   
      (41) 

 Case “c”—energy efficiency: 

 
  

    
0 0

1 2
E R R

c E

H

W W Q Q
EE EE x

Q
 (42) 

 Case “d”—energy efficiency: 

*
0 0

2CE R R

d cog E

H

W Q W Q Q
EE EE EE x

Q

   
      (43) 

The engine cogeneration energy efficiency must be EEcog ≥ 0.85. Also, they might be accounted 

the heat losses along the delivering path of useful thermal energies (heating) for all cases.  

For all cases, the useful power is:  

 
      

 
0 0 ,min

1
u E R E u

x
W W W W W

COP 












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E

u

W

W
COPx 


min,1  (44) 

where 
,minu

W  is the minimum admissible useful power, required by the power end users. 

Equations (28)–(44) provide the preliminary mathematical algorithm to design the irreversible 

trigeneration systems. This design has to know the real energy efficiencies of system components, 

i.e., EEcog, EEE,real, and COPreal, and ratios x and y. The conditions 
0E E

W W , TCS, TRS, x, y, θHS, and θRS 

are imposed by the trigeneration clients. The FPDT control parameters are gH, gR, ΔTH, and ΔTR. In 
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this paper, efficiency evaluation was simplified by assuming two extra restrictive conditions, see 

Figure 8:  

EEirr,E = 0.35, and COP = 2, and EEcog = 0.85 and the useful power 50% from engine power, i.e., 

xmax = 1. 

 

Figure 8. The irreversible energy efficiency of trigeneration systems. 1—Case a; 2—Case b; 3—Case 

c; 4—Case d. 

5. Discussion 

Development of proof thermodynamic design models for irreversible trigeneration systems has 

to be performed by several logical stages, synthetically presented below. 

1. Defining the reference complete reversible trigeneration models by considering the Carnot 

cycle.  

2. Defining the reference endoreversible trigeneration models well completed through FPDT 

models, [15].  

3. Defining the reference irreversible generalizing by FPDT assessments. This stage way is shortly 

described by this paper. 

4. Defining the optimization methods considering either thermodynamic, or CAPEX, or 

operational costs or mixed criteria. 

5. Defining the reference models for possible interconnected trigeneration grids and the 

evaluation and optimization methods. 

The present paper is developed inside stage three. The developed mathematical model designs 

of irreversible trigeneration systems might be used as reference CCHP. The FPDT principles 

minimize the number of finite physical dimensions design parameters.  

6. Conclusions 

This paper proposes an original FPDT approach design of four possible irreversible 

trigeneration cycles. These trigeneration systems might be as reference CCHP.  

The FPDT generalizes the design of CCHP systems by substituting the entropy variations of the 

working fluids with four operational finite dimensions control parameters, depending on particular 

imposed restrictive operational conditions.  

Choosing always the reference entropy as the reversible entropy variation of the working fluid 

during the cyclic heat input, the number of internal irreversibility has to be defined in order to find 
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the irreversible link between the reference entropy and the reversible entropy variation of the 

working fluid during the cyclic heat output. In this paper they were defined the numbers of internal 

irreversibility for some simple cycles. For other complex/combined cycles they might be defined the 

overall number of internal irreversibility. The principles are: the reference entropy, Δsq, is the 

entropy variation during the reversible heat input (from the heat source), the reversible entropy 

variation during the heat output (to the heat sink) is 00  irrqq Nss  and therefore the number 

of overall internal irreversibility, Nirr, is defined to assure the needed link between the parameters of 

external heat reservoirs. 

In this paper they will be applied these four preliminary design operational conditions to an 

irreversible Joule-Brayton engine cycle as basic irreversible engine cycle, constant reference entropy, 

constant heat input, constant power and constant energy efficiency. 

The main design dependence between the thermal conductance inventory and the number of 

internal irreversibility showed minimum values of thermal conductance inventory, i.e., minimum 

CAPEX for corresponding heat exchangers. 

The Energy Efficiency functions depend on x, EEcog, EEE, and COP see Figure 8.  
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